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Foreword to the second edition 


After the first edition of our book on the fascinating number a was 
so well received, we are pleased to present the second edition, which 
has been completely revised. All the various subject areas have been 
expanded, improved and updated. We are grateful to those of our 
readers whose suggestions we have adopted. 

The update includes a report on the latest world record by the 
Japanese Professor Kanada, who has now calculated 7 to 206.1 billion 
decimal places, and also the record achieved by Colin Percival, who 
in 1999 while still a teenager calculated the 40 trillionth binary digit 
of 7 with the assistance of a team of Internet collaborators. In addi- 
tion there is also a new section on FFT multiplication (multiplication 
using fast Fourier transforms), in which this technique that today is 
indispensable for modern 7 calculations, is explained in detail with 
appropriate examples of code. 

The historical section has been completely reworked and consider- 
ably enlarged. 

We have also expanded the (platform-independent) CD-ROM to 
include, in particular, 400 million decimal places of 7 and several free- 
ware high precision libraries. Last but not least, the URLs for many 7 
sites on the Internet have been brought up-to-date. 

We would particularly like to thank Professor F.L. Bauer of the 
Technical University of Munich for his invaluable ideas and suggestions 
for improvements on every topic in the book. We feel honoured to have 
enjoyed Professor Bauer’s encouragement and advice. 

We look forward eagerly to the reactions and verdict of our readers. 
We now have a special e-mail address to which you can send your 
comments. Please write to pibook@jjj.de. 


Have fun! 


Jérg Arndt and Christoph Haenel 


Foreword to the first edition 


The number 7, about which most people know only that it is expressed 
as the ratio of the circumference of a circle to its diameter and begins 
with 3.14..., was calculated in July 1997 to 51.5 billzon decimal places. 
In this book you will discover why anyone should be interested in 
achieving world records with such bizarre calculations, which are long 
enough to fill up thousands of phone directories, and you will also find 
many other interesting things about this number. The methods which 
are used for these high-precision calculations reflect developments in 
mathematics whose significance goes far beyond simply “working out 
a”. These new and effective algorithms surprisingly have the pleasant 
characteristic that they are easy to understand. 

In this book we describe in detail the quest for world records in 7 
and on the enclosed CD-ROM we provide programs which will enable 
you yourselves to calculate several million digits of 7 on your computer. 
The CD-ROM also contains source code versions of all the programs 
and examples, together with more detailed text on topics which had 
to be left out of the book due to space constraints. To help you get 
started with your own research on the Internet, we have also provided a 
collection of URLs. For the statisticians amongst you, we have included 
several million digits of 7 on the CD-ROM. 

Finally we narrate the main personalities and milestones in the 
history of 7, amongst which you will find not only facts of scientific 
interest but also some examples of both the curious and the bizarre. 

The following persons provided extremely useful comments and sug- 
gestions as we were writing the book: Dieter Beule, Lothar Kriiger, 
Heinz Péhlmann, Georg Sessler, Mikko Tommila, Ute Zwerschke plus 
a particularly co-operative reader who wishes to remain anonymous. 
We would like to express our heartfelt thanks to all of them. 


We wish you a pleasant journey into the fascinating world of the 
number 7 . 


August 2000 
Jérg Arndt and Christoph Haenel 
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1. The State of Pi Art 


In October 1999 Professor Yasumasa Kanada of the University of 
Tokyo announced on the Internet? that he had set a new world record 
for the calculation of 7; namely, he had calculated it to 206,158,430,000 
decimal places. He had performed two independent calculations using 
two different algorithms, each of which had produced identical results 
except for the last 45 digits. The programs used to perform the calcu- 
lations were written by Kanada and his assistant, Daisuke Takahasi. 
They had taken 83.5 hours of computer time to execute. 

With this latest breakthrough, humankind now possesses 206.1 bil- 
lion digits of + beginning with 3.1415. That is indeed a lot of num- 
bers. Just to have them race past on the screen would take several 
weeks. If one were to print out 100 million digits from this 7 (on 
around 10,000 sheets of paper), there would still be 206 billion digits 
left. They would occupy 30,000 books, each 1000 pages long, although 
equally they would also fit on just a few hard disks each weighing less 
than a pound. 

Yasumasa Kanada’s statement came only five months after the 
same man announced he had set a new world record of 68.7 billion 
decimal places. That announcement in turn came only 18 months af- 
ter reaching 51.5 billion digits. Since 1981, when the record stood at 
2 million digits, it has been beaten 26 times, almost doubling every 
year. 

For some years Kanada has been the only 7 mathematician intent 
on achieving new world records. Up until 1986, when a comparatively 
modest 30 million digits was still a world record, a number of competi- 
tors were still in the arena. Ten years later this had been whittled down 
to two, Kanada in Japan and the Chudnovsky brothers in the USA, 
who took it in turns to outdo each other until in 1996 the 8 billionth 


1 ttp://pi.super-computing. org/README.our_latest_record 
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decimal place was reached. Since 1997 and from 51 billion digits, only 
Kanada and his team are still in the running. 

The computers used to attain these world records have gener- 
ally been supercomputers which were specially developed for number- 
crunching and cost millions of dollars. For example, Kanada achieved 
his latest. record on a Hitachi SR8000 with 128 processors. Neverthe- 
less, if one has the skill it is possible to make smaller computers per- 
form 7 calculations which are still competitive. In the history of the 
world records there have been several examples of this. Thus, for ex- 
ample, a few years ago the above-mentioned Chudnovsky brothers cal- 
culated their 8 billion decimal digits of 7 in New York on a computer 
which they had built themselves from parts purchased in department 
stores [92]. 


One might expect Kanada to record his 7 calculations in com- 
pressed form? on around 150 CDs and to offer them for sale to inter- 
ested parties. However, the professor seriously views his x as “non- 
commercial digits” and will only release them after checking carefully 
that they are to be used for scientific purposes. He will only allow the 
first few billion digits to be downloaded over the Internet from his 
server in Tokyo. This itself is not a trivial task since, with a normal 
telephone line, downloading the data would take approximately one 
day per billion digits (with the associated expense). If the explosion 
in the capability of computers continues, it will soon be quicker and 
simpler to calculate one’s own 7 to a suitable length than to download 
it from elsewhere. When one is dealing with a few hundred million 
digits this is in fact already the case today. And even a sophisticated 
mw program will always be shorter than the number of digits to which 
it can calculate. 


What is the point of having such a long representation of 7? One 
obvious task is to search through the digits looking for rare or unusual 
patterns and possibly for lengthy sequences of the same digits. For the 
first few thousand digits, which are shown on page 240ff. of this book, 
it is probably still feasible to do this without a computer. Above that 
limit, however, one will probably need a search program, for example 
our piseek program, which is included on the enclosed CD-ROM along 
with the first 400 million digits of 7 and should provide a few hours’ 
pleasure. 


? Because the decimal digits of t are (probably) normally distributed, at best N 
digits would compress down to 1/(8 log), 2) N, around 0.4.N bytes. 
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As one examines 7, one is struck by a striking feature which occurs 
as early as at position? 768, where 9 occurs six times in succession. This 
peculiarity, the probability of which is only 0.08%, even has a name. It 
is known as “Feynman point”, after the American Nobel prize winner 
Richard Feynman (1918-1988). He once claimed that if he had to recite 
the digits of 7, he would name them accurately up to this point and 
only then say and so on. His words have an elegant double meaning, 
since after these six 9s it is of course not at all a case of “and so on”, 
but something quite different follows, in this case an 8. The next block 
of six identical numbers occurs only much later, but still ‘too early’, 
at position 193,034. Remarkably, it consists of a second series of 9s. 

On the other hand, the first zero in 7 does not occur until posi- 
tion 32, i.e. much later than one would expect. These properties of the 
number 7 have facilitated the task of “a poets” seeking to compose 
aids to remembering 7 in which every word has the same number of 
letters as the related 7 digit. A zero would terminate such a sequence 
by definition. One of these mnemonic verses, which produces a lot of 
coffee and 11 pieces of 7, runs as follows: 


May I have a large container of coffee? Cream and sugar? 
3 1 4 1 5 9 2 6 5 3 5 


Where does the sequence 0123456789 first appear in 7? It was only 
in 1997, at the time of the last but one world record, that this obvi- 
ous question was finally answered. In fact that sequence does not oc- 
cur until position 17,387,594,880, i.e. long past the 6.4 billionth digit, 
which was previously the furthest that was known. But, if this special 
sequence does not occur until that late, another special sequence, con- 
sisting of 10 digits all different from each other, occurs relatively early, 
commencing in position 60. Even in the 17th century, mathematicians 
had calculated 7 this far, as the history of 7 world records shows on 
page 205. 


Number fanatics might perhaps search in 7 for “self-referential po- 
sitions”, in which the numeric sequence is the same as the position 
number. The first such position occurs right at the beginning, namely 
in position 1. Other examples are to be found at positions 16,470 
and 44,899, but after that there are no further instances until posi- 


3 It is customary to count digit positions from 0, beginning with the 3 in front of 
the decimal point. In this way 3 1 4 1 5 correspond to positions 0 to 4. 
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tion 79,873, 884. Whether there are any self-referential decimal places 
after that we do not know. 

It may be more communicative to search through a for particular 
telephone numbers or other numbers such as one’s own birth date, as 
people have always been intrigued by the question, Where do I occur 
in x? (For example, the author’s birth dates are at positions 5,407,560 
and 14,666,671). If I liked, I could print the position on my business 
cards, communicating vital information about what kind of person I 
am. On the Internet there is a game like this, although currently it is 
only based on 50 million digits*. 

Somewhere in a, everything that is finite is surely to be found, 
including, when coded in numeric form, every text in the world, the 
shortest, the longest, the cleverest. Naturally that includes this text, 
and also of course the Bible, in every language, and every piece of 
music. (Moreover, 7 also contains 7 itself, albeit only once, whereas 
neither 7 + 1 nor the root of 2 will be found within 7.) 

Human DNA contains about 3.6 billion digits of information, so my 
neighbour’s DNA could already be contained in the known digits of 7. 

Perhaps, but highly improbable. For example, the number which 
Y. Kanada has calculated does not even contain all the 20-digit num- 
bers that are possible, which is 107°, ie. far more than the approxi- 
mately 10!! digits which occur in Kanada’s number. Still less does it 
contain all the 21-digit numbers, let alone all the numbers of DNA or 
Bible length. This makes it unlikely that the Bible, with its estimated 
10’ digits, occurs in the first “few” digits of 7; to find the Bible, we 
would need to possess around 1010” digits, whereas in fact we have 
little more than 100. 

Even worse, it simply is not possible for theoretical reasons to cal- 
culate 7 to so many digits, for the universe consists only of 109 ele- 
mentary particles, and even if one were to turn the entire universe into 
a supercomputer, it would only be able to store about 107° decimal 
places, which is far fewer than the 10/0” Bible digits mentioned above. 
However, it is conceivable that individual positions on this side of that 
limit can be calculated. 


Anyone who wants to make a name for himself can examine the ma- 
jor issue of whether 7 is normal, or perhaps more accurately, whether 
mT is not normal. If 7 were not normal, this would mean that particular 


4 nttp://www.aros .net/~angio/pi_stuff/piquery 
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numbers or blocks of numbers of the same length occur more often or 
less often than others, so that, for example, in the 50th billion positions 
significantly more sixes occur than in the 60th billion. 

Anyone who succeeded in making such a pronouncement would cer- 
tainly make the headlines. For up to now no one has found any sections 
within a which are non-normal. Attempts to represent 7 in hexadeci- 
mals, under which 7 begins with 3.243F6 A8885, rather than in the cus- 
tomary decimal representation, have likewise been unsuccessful. Even 
the so-called simple continued fraction of 7, i.e. the representation of 
mw using an infinite series of fractions in which all the numerators are 
equal to 1, 


=o4 
7+ 
15 + ——- 
999 4. 


under which the fine structure of numbers becomes evident, has not 
revealed any regularities, although the simple continued fractions of 
some other transcendental numbers, such as the number e, indeed do 
exhibit recognisable patterns. 

Mathematicians conclude from these observations and from other 
indications that 7 is a normally distributed number. But to date they 
have not been able to prove this, so it is entirely possible that “some- 
where” within 7 a big sensation is waiting to be uncovered. This ques- 
tion is considered further in the next chapter. 


It is thus unclear whether a is normal. On the other hand, it is defi- 
nitely known to be irrational, as was demonstrated for the first time in 
1766 by the Alsatian mathematician, Johann Heinrich Lambert (1728- 
1777). An irrational number is one which cannot be represented as a 
ratio of two integers. For example, the fraction oe = 3.141592...isa 
very good approximation as it specifies 7 to 6 correct decimal places; 
nevertheless, it is not equal to 7, and no other fraction having an in- 
teger numerator and denominator no matter how long can produce 
the exact value of 7. The approximation aa was discovered already 
in the 5th century AD by Tsu Chhung-Chih in China, and for almost 
800 years was the best 7 approximation available. This and other ap- 


proximations are considered in Chapter 4. 
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It is also known that 7 is transcendental. A famous, but extremely 
complicated proof of this was provided by the Munich mathematician 
Ferdinand Lindemann (1852-1939) in 1882, i.e. more than 100 years 
after Lambert’s conclusions as to the irrationality of 7. Lindemann’s 
proof states that 7 cannot be the root of a polynomial with integral 
coefficients, however many terms it may have. It is true, for exam- 
ple, that 974 — 2407? + 1492 is approximately 0 (or, more precisely, 
—0.02323...), but it is impossible to find such an expression which 
gives 0 exactly. 


It is astonishing but nevertheless true that today, several hundred 
years after the transcendence of 7 was proven, we do not know much 
more about 7. 

Admittedly, the constants 7?, e” and m + log2 + V2log3 have 
now also been proven to be transcendental. But we still do not know 
whether similar quantities such as e+7, e-7, 7/e, log or 7® are irra- 
tional or not. Many other questions regarding 7 remain unanswered. 
Some questions, such as the issue of whether a is normal or not, are 
definitely unresolved, because no one has an inkling as to what method 
one might employ in order to resolve the matter one way or the other. 
And when we consider the 206.1 billion digits that are known, all we 
know about the decimal sequence of 7 is trivial information such as the 
frequency and distribution of (short) blocks of numbers [11, p. 203]. 

The number 7z is thus one of the oldest subjects of research by 
mankind and possibly the one topic within mathematics which has 
been researched for the longest. Humans have concerned themselves 
with a for several thousand years. For example, already in 2000 BC 
the Babylonians and Egyptians had discovered approximations for 7 
which were less than 0.02 away from its true value. Over the next, 
increasingly enlightened 4000 years, researchers tirelessly never gave 
up trying to unravel the secrets of 7. The fascinating history of this 
research is covered in more detail in Chapter 13, page 165ff. 

When one considers all the work that has been done on 7, the mea- 
gre amount that is known about it is somewhat surprising. But then 
when one considers that scarcely no other field is quite like number 
theory in throwing up very simple questions that are so difficult to 
answer, perhaps it is not so surprising after all. One example here is 
the so-called Last Theorem of Pierre de Fermat (1601-1665) of 1637, 
which states that there are no integer solutions for the equation 
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Peay = 2" 


if n is greater than 2. This old and easy-to-state problem remained 
unresolved for centuries although countless numbers of (more or less) 
educated people endeavoured to resolve it; it was only recently (Octo- 
ber 1994) and with a complicated 100-page proof that Fermat’s Last 
Theorem was finally proven by Andrew Wiles. On the other hand, 
problems of number theory which are also easy to formulate always 
turn out to defeat all but the very best minds, for example the fa- 
mous question of whether the number of prime pairs, i.e. sequences of 
two prime numbers separated by 2 such as the sequence 3 and 5 or 
10,007 and 10,009, is infinite. Simple questions - yet no one has solved 
them yet. 


With his proof of the transcendence of 7, Lindemann also settled 
another problem which has preoccupied the brains of the best math- 
ematicians and philosophers since the ancient Greeks and which was 
already so well-known in 414 BC that Aristophanes made use of it in 
his comedy “The Birds”. 

This is the problem of the squaring the circle, i.e. the challenge of 
finding a square which has exactly the same area as a given circle using 
a geometrical construction whose execution requires nothing but an 
unmarked straight edge and compass and must be possible in a finite 
time. With r as the radius of the circle, one needs to construct side x 
of a square whose area 2? is equal to the area of the circle r?7. The 
sides of the square must therefore equal x = r/7. 

But only certain line lengths can, under the specified conditions, be 
determined through geometric constructions, namely ones which are 
integers and are produced through normal, rational operations such as 
addition or division and/or through the formation of square roots [32, 
p. 347]. 8/17 , for example, can be constructed in this way, whereas 
3%/3 cannot. The expression r./7 does contain a multiplication and a 
square root, and hence meets the above requirement for a solution to 
the problem. But to allow the circle to be squared, it would have to 
be possible to obtain the radicand 7 through the specified operations, 
and it is precisely this that does not occur according to Lindemann’s 
proof. Hence, it is not possible to square the circle with a geomet- 
ric construction using only compass and ruler. (On the other hand it 
is possible if the constraining conditions are varied. For example, in 
hyperbolic geometry there may well be a circle, i.e. one whose area 
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is equal to 7, which can be transformed into a square with the same 
area with the aid of (unmarked) compass and straight edge; but in 
this - non-Euclidean - geometry a straight line cannot be drawn with 
a ruler.) 

After Lindemann had resolved the problem of the Squaring the 
circle once and for all in 1882 (even if his achievement was only to 
demonstrate that the problem cannot be resolved), one would have 
expected all further attempts at a solution to cease immediately. It 
is all the more amusing to find that despite Lindemann’s proof a lot 
of people continued to try to solve the problem, and they are still at 
it even today. Dudley writes about such “mathematical cranks” in a 
monograph [50], in which he mentions amongst others the ship builder 
O.Z. (Otto Zimmermann) from Hamburg who published a book enti- 
tled “z is rational” in 1983. In his book Dudley also classifies those who 
have attempted to square the circle. According to this, O.Z. is a mem- 
ber of that relatively rare species who keep revising their opinion over 
time: before 1975 his construction produced a = 3.14159 26535 576, 
then up to January 1976 it was 3.14159 26535 98, while from then on 
m amounted to exactly 3.1428. 


m is the ratio of the circumference c of a circle to its diameter d; 
x =c:d. This is the classic geometrical definition of the number. The 
popular rule that 7 is the circumference of a circle with diameter 1 is 
based on this. 

A second geometrical definition states that ma is the ratio of the 
area of a circle A to the square of the radius r of the circle i.e. it is 
determined by the relationship 7 = A: r. This results in the obvious 
statement that the ratio of the area of the circle to the area of the 
surrounding square is given by 7: 4. 

The oldest Indo-Germanic cultures were already aware, thousands 
of years BC, that a fixed ratio exists between the circumference and 
the diameter of all circles, large or small. The second fixed ratio in 
the circle, namely the relationship between the area of the circle and 
the square of the radius, was also known unimaginably long ago, even 
though this is less obvious than the first. On the other hand, it was 
considerably later, perhaps not until ancient Greece, that it was appre- 
ciated that both these relationships involve the same ratio, 7. This fact 
is not readily understood. The picture below is perhaps the simplest 
way of examining the concept: 
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= circumference 


In the picture on the left, a circle has been divided into a number of 
equal-sized “slices of cake”. If one imagines that the slices were taken 
out and arranged side by side in a rectangle, they would appear as 
shown in the picture on the right. The greater the number of slices, 
the more the outline of the rectangle approximates the length of the 
circumference of the circle, while the height of the rectangle approaches 
the length of the radius of the circle. The rectangle in the picture is 
only half occupied by the cake slices, and is therefore twice as big as 
the sum of their areas, which is equal to the area of the circle. Thus, if 
m appears in the formula for the area of the circle, then it also figures 
in the calculation of the circumference. 


In addition to the geometric definition of 7, there are many other 
definitions, including ones drawn from quite different contexts. For 
example, 7 appears in interesting probability problems. 

What is the probability that a coin tossed an even number of times 
will land an equal number of times on its head and on its tail? From 
one’s schooldays one may recognise the formal treatment of such exer- 
cises: if the coin is tossed 2n times and there are two possible outcomes 
per toss, then altogether there are 2?” possible outcomes, of which 
(2”) will be the desired outcome. The probability of this is therefore 


p= (72)/2", or 


(1.1) 


This fraction is difficult to calculate for large values of n. We have 
John Wallis (1616-1703) to thank for calculating it before infinitesimal 
analysis was invented. Following an interesting train of thought, he 
discovered that the infinite product comes to 


3x3x5x5x7x7x... 4 12 
2x4x4x6x6x8x... 7 (1.2) 


It is not difficult to see [123] that this Wallis product occurs in the 
formula for the calculation of p shown above, and in such a manner 
that 
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prl/V/r-n (1.3) 


which, for example produces a 10% probability with 2n = 62 tosses of 
the coin. 

We thus have here a definition for 7 which has nothing to do with 
circles; although only integers are used, the transcendental number 
still appears in the formula. 

m figures in many other probability statements as well. In particular 
it occurs in the well-known Gauss error distribution curve, which, for 
instance, is used in graduated life tables for life assurance. Some bright 
spark [92] remarked 4 propos of this that 7 even occurs in death. 

There are definitions of 7 which are even more abstract, for ex- 
ample, analytical definitions using integrals. Two particularly visually 
attractive examples were produced by the Swiss mathematician Leon- 
hard Euler (1707-1783): 


1 
eh fee ees 1.4 
. i 5 | Vv1l—24 ne) 
or 
n 
r= lim S30 Vn (1.5) 
n—>00 n2 = 


You can admire a whole range of other 7 formulae in our collection of 
formulae on page 223. 


Mathematics professors sometimes use yet another definition in 
their lectures. 
Under this definition, > is declared simply as 
the smallest possible zero of the cosine func- 
tion. For it is the case that the function cos x 
is positive at. x = 0, but later on, for exam- 
ple when x = 2, it is negative. Since in be- 
tween it runs continuously without any sud- 
den changes, it must cross x-axis at some 
point, which is defined as 5 

It is difficult to believe, but this definition provided grounds for the 
important mathematician Edmund Landau, who taught at Gottingen 
University in Germany, to lose his chair in 1933, since it was stated 
that such a definition was “un-German”. You will find further details 
of this disgraceful story later on (see page 213). 
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The number 7 has fascinated people throughout the ages, but it is 
unlikely that there have ever been as many 7 enthusiasts as there are 
today. This is suggested by the fact that on the Internet world-wide 
web (WWW) there are at least 200 home pages explicitly devoted to 7 
and thousands of online documents referenced by them. It is possible 
to obtain everything to do with a from the Internet, including some 
clever things. Several of the statements made in this book you will also 
find somewhere in the Internet. You will find it is quite different with 
our CD-ROM, which contains a lot of information you will probably 
not be able to read anywhere else. It also contains a large number 
of z-relevant Internet addresses in the file pilinks.htm and in the 
pilinks directory. 

There are also websites on which renowned z-researchers introduce 
themselves, for example, Yasumasa Kanada and the brothers Peter 
and Jonathan Borwein, who developed the algorithms which Kanada 
used to perform his 7 calculations. The Borweins and a number of 
other researchers also make their publications available for reading 
and downloading. 

There are a number of cheerful a clubs on the Internet. It is possible 
to become a formal member, although in some cases you have to pass 
an entry test. This test often consists of reciting by heart the first digits 
of 7. For example the “Freunde der Zahl Pi” (Friends of the number 
Pi) in Vienna, which also publishes a journal called “pi vobiscum”, 
requires successful candidates for membership to be able to recite the 
first 100 digits by heart®. Some aids for remembering 7 are presented 
in Chapter 3. 


When 7z is under discussion, often the number e is not far away. 
This may be because that number, which is also known as the “base 
of natural logarithms” and whose value 2.71... is fairly close to 7, is 
also a transcendental number. Another reason could be that the two 
numbers are linked by a wonderful formula by Euler (1.10), to which 
we shall refer below. 

Otherwise, 7 and e do not have a lot in common. e is a relatively 
recent discovery, only about 400 years old, whereas 7 is 10 times as 
old; e is an offshoot of infinitesimal analysis which was developed in 
the 17th century when mathematicians learned how to calculate with 
limits. e is just such a limit. A commercial way of explaining e is to ask 
to what value an initial sum of money would grow in a year if the rate 


® http: //pi314.at/ 
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of interest payable on it was 100% per interest period and this interest 
period became ever shorter, from a year to half a year, three months 
etc. until eventually it became “infinitesimally small”. The answer to 
this question is that the end value is e times as great as the initial 
investment. 

The number e has been calculated to far fewer digits than the num- 
ber 7. As of February 1999, 200 million digits had been calculated by 
Sebastian Wedeniwski, exactly one thousandth of the number of digits 
to which 7 has been calculated. (The Chudnovsky brothers are said 
to have calculated e to 1 billion digits, but this has not been officially 
confirmed.) Due to this disparity it is assumed that e is in principle 
more difficult to calculate than 7, but this has not been proven. 


The latest world record makes 7 the mathematical constant which 
has been calculated to the greatest number of decimal places. The 
inverse value of 7, i.e. 1 = 0.31830 98661 ..., has similarly been cal- 
culated to 206.1 billion decimal places. Then comes the square root 
of 2 (/2 = 1.41421 35623...), with 137 billion (~ 2°”) decimal places 
calculated. All three calculations have been performed by Kanada. 
These are followed (as of October 1999) by e = 2.71828 18284... (as 
mentioned above, either 1 billion or 200 million), Riemann’s num- 
ber ¢(3) = 3%, +s = 1.20205 69031... (128 million) and In(2) = 
0.69314 71805... (108 million). 

A table of such world records can be found on the Internet at 
http://www. lacim.uquam.ca/pi/records.html. 


Not only are the first 206.1 billion decimal places of 7 known, but 
individual digits beyond that are also known. Thus, for example, since 
February 1999 we have known the 10 trillionth digit of 7 from its 
hexadecimal representation, an A. This and other such astonishing 
findings resulted from the use of a new approach to the calculation 
of a which was discovered quite by surprise in 1995. This subject is 
discussed in Chapter 10. 


Whereas the decimal representation of the 206.1 billion a digits is 
still awaiting an artistic representation, the formal representation of 7 
is always an art at the same time. No doubt the fact that there are 
grandiose formulae for 7 has contributed to its fascination. Here is a 
selection of the available formulae, arranged in historical order: 
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1. Frangois Viéte (1540-1603) developed the first infinite product for 
2/m in 1593: 


2 v2 V24+vV2 V2+v24+Vv2 
a 2 2 


as _. FN EN a (1.6) 


The formula shows that 7 can be expressed solely in terms of the 
number 2 (Compare the formulae (16.137) on page 234). 


2. Lord William Brouncker (c. 1620-1684) made his mark in 1658 
with the first ever continued fraction for 7: 
12 
32 


52 
rary 


2+ 


4 
-—=1 1.7 
=1+ (1.7) 


2 


2+... 
The unusual feature about this continued fraction is the fact that 
it contains a regular pattern ee 3°,57,...), however the price for 
this is that it is not a simple continued fraction as its numerators 
do not = 1. There is also a simple continued fraction for 7, but, as 
mentioned, it does not exhibit any regularity. 


3. From 1650 to at least 1973 virtually all calculations of 7 were 
performed using arctan formulae. The arctan formula used most 
frequently was first developed by John Machin (1680-1752), who 
used it in 1706 to generate what was then a world record of 100 
decimal places: 

7 1 1 
ri 4 arctan 5 arctan 939 (1.8) 

4. The next sequence discovered by the Indian mathematician S. Ra- 
manujan (1877-1920) in 1914 has the attraction that it converges 
extremely quickly. Every term in this series produces 8 accurate 
digits of 7m: 

1 V8 i (4n)! (1103 + 26390n) 


phir 2 ONS he SS 1. 
7 9801 2+ (nt 396% oe 


5. But of all the mathematical formulae, the prize goes to the follow- 
ing theorem by Leonhard Euler dating from 1743. It combines five 
base quantities 7, e, 7, 0 and 1) and four basic operators (+, =, - 
and exponentiation) into a single expression: 
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e™+1=0 (1.10) 


This formula has always held a certain fascination, possibly be- 
cause it is attractive to look at, although it is not at all easy to 
understand. What it says is that that if the transcendental number 
e is first raised to the power of the transcendental number 7 and 
then raised again by the imaginary number j, the result is equal to 
-1. 

After the important American mathematician Benjamin Peirce 
(1809-1880) had proved the formula to his students, he cried: 
“Gentlemen, that is surely true, it is absolutely paradoxical; we 
cannot understand it, and we don’t know what it means. But we 
have proved it, and therefore we know it is the truth.” (39, p. 585]. 


In the meantime there is at least one relationship between a and 
e which comes out without imaginary numbers [73, p. 98]: 


e+1 = 1 
= 5 a 1.11 
e-1 +4) Oma oe, 


This formula establishes a link between the “growth number” e 
and ever greater circumferences (277). 


Again and again the number 7 has attracted poets and philoso- 
phers. In the short story Contact by Carl Sagan an extraterrestrial 
tells an Earth woman that 7 contains an important message for us in 
encrypted form. At some point in 7, the woman is told, the digits sud- 
denly cease to be randomly distributed numbers and then for a long 
time only zeros and ones occur, representing the product of 11 prime 
numbers. It is thus an 11-dimensional message. The sender is thus us- 
ing mathematics to communicate with humans. His message will even 
be authenticated, as the zeros and ones only occur in the decimal repre- 
sentation of 7, which in turn is only meaningful to beings who possess 
ten fingers. This important message has been in 7 for trillions of years 
waiting until 10-fingered mathematicians with fast computers are able 
to unravel it — which, of course describes present-day man. 

This reflection entirely explains the enthusiasm for 7 all over the 
world. It also comes at the right time for 7 researchers, who always 
need new reasons to justify their research grants. 


Unquestionably, 7 is a “natural constant” which is valid through- 
out the universe, applying to all living creatures and in the same way. 
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It would thus seem well suited to the initiation of communication 
with strange beings. It has therefore been suggested that a should 
be painted on all the space probes which leave our solar system. 

Douglas R. Hofstadter, who caused a sensation a few years ago with 
three ultra-clever books, presents the following sentence in “Metam- 
agicum”. 


If 7 were equal to 3, ... 


What Hofstadter means is, firstly, that if 7 were equal to 3, no 
one would bother to write the sentence in the first place. Instead, it 
would be the case that 7 is equal to 3, so the subjunctive would not be 
necessary. Secondly, all circles would be hexagons, as only hexagons 
have the perimeter : diameter ratio of 3. And we would probably not 
use a round o, but a hexagon instead. 


Algorithms, Computers and Arithmetic 


The history of the calculation of 7 may be broken down into three 
distinct phases. 

The first era began around 250 BC with the Greek mathemati- 
cian Archimedes of Syracuse. Whereas up to then only experimental 
methods had been used, he was the first person to develop a systematic 
procedure for arriving at limits for 7. He calculated the circumferences 
of regular polygons which he placed in and around a circle. The outer 
polygons have a perimeter that is greater than the circumference of the 
circle and therefore provide an upper approximation for 7, whereas the 
inner polygons have a smaller perimeter and therefore produce a lower 
approximation. The more sides the polygons used have, the smaller the 
difference between these approximations. Archimedes began with reg- 
ular hexagons and progressed through 12-, 24-and 48-sided polygons 
to polygons with 96 sides. Using this method he obtained for 7 a lower 
limit of 322 (= 3.1408...) and an upper limit of 34 (= 3.1428...). 
Both values are accurate to two decimal places, the first being more 
accurate than the second, which is still more accurate than our decimal 
3.14. 

From then on, anyone who found two statements too much used the 
upper limit of 34 for x, which as a result became possibly the longest- 
living standard in the world. In the Middle Ages, a few scholars still 
believed this to be exact. But even more important than the goodness 
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of fit of the two approximations was the fact that Archimedes and his 
polygon method determined the direction in which virtually all suc- 
ceeding 7 mathematicians proceeded for nearly 2000 years. Over the 
centuries mathematicians increased the number of sides in the poly- 
gons used for the calculations until by the end of this era of geometric 
approximation in 1630 AD, 7 was known to 39 decimal places. 

The second era began in the middle of the 17th century after the 
discovery of infinitesimal analysis and infinite expressions. A specific 
method, namely the arctan formulae method (see Chapter 5), domi- 
nated 7m calculations after that for more than 300 years until around 
1980. The first extensive calculation of 7 on this basis produced ex- 
actly 100 digits in the year 1706 (using paper and pencil), and the last 
one in 1973 (using a computer) somewhat more than 1 million. 

We are currently in the third era of 7 calculation. It began around 
1980 when mathematicians discovered how to utilise a combination of 
three independent developments. 

The first development was the speeding up of an apparently simple 
arithmetic operation, namely the multiplication of long numbers. As 
this is the primary operation involved in calculations of 7, speeding it 
up reduces the total time required by a similar amount. Surprisingly, 
the new method of multiplication known as FFT multiplication has 
only been around since 1965. Under this method, the time required 
to perform multiplication operations no longer rises quadratically as 
the number of factors is increased, as had been the case in what was 
previously virtually the only multiplication “school”, but more or less 
linearly. In Chapter 11 we discuss this subject in more detail; a numeric 
example in that chapter indicates that the time required to multiply 
two factors each of one million digits using the new multiplication 
procedure is reduced from one day to three seconds. 

The second major breakthrough was the development of high- 
performance algorithms specifically designed for calculating 7. They 
surpass the arctan formulae by several orders of magnitude. 

To the extent that these algorithms still utilise infinite series, they 
are much more productive than even the best arctan series. We have 
already mentioned such a series produced by Ramanujan with 8 digits 
per series term (1.9). An even more effective series was developed by 
the Chudnovsky brothers (8.7), who used it in 1989 to calculate 15 
digits per term and thus to attain what was then a world record of 
1 billion digits. 
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Other 7 algorithms which operate in an entirely different fashion 
were developed at the beginning of the 1980s primarily by the Cana- 
dian brothers, Jonathan (born 1951) and Peter Borwein (born 1953). 
One of these algorithms is capable of discovering in each step four 
times as many accurate digits as in the previous step. This “quartic” 
(i.e. gigantic) progression enabled Kanada to calculate his 206.1 billion 
m digits in 1999 in only 20 iterations. The general design of such pro- 
cedures is discussed in more detail in Chapters 7 and 9. The German 
mathematician Carl Friedrich Gauss (1777-1855) had in fact already 
developed precisely such an ultra-fast algorithm in the 19th century. 
However, for reasons which are not entirely obvious his procedure was 
overlooked for over 170 years. 

The third development, which is virtually taken for granted these 
days, is the performance explosion of the computer. For some time now 
we have observed that the “standard computer” doubles its speed at 
least every two years. This alone has contributed by a factor of 1000 
or more to the explosion in 7 digits since the beginning of the 1980s. 
Measured in these terms, the 2 million digits which brought Kanada 
his first world record in 1981 are the equivalent of the first 2 billion 
digits in his latest world record in 1999. 

With all three developments harnessed in parallel, there has been 
a huge increase in productivity. Since 1981 the number of known 7 
digits has increased 100,000-fold to the current record of 206.1 billion 
digits. This is the equivalent of a growth factor of 190% per year. Few 
other technologies have developed so rapidly. 


Why? 


What motivates people to pursue those elusive a digits? For practical 
calculations, 10 or even fewer digits are generally sufficient. 39 digits of 
m are sufficient to calculate the volume of the universe to the nearest 
atom. Some scientific applications require intermediate results with 
significantly more digits than the final result, but we are talking here 
of no more than a few hundred digits. It is conceivable that studies of 
mathematical problems using computers could require a few thousand 
digits, but certainly no more than that [13]. The precision to which 
m can be calculated far surpasses any practical need, so why continue 
beyond that? 
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One practical use for large 7 programs is to test computer systems. 
Calculating billions of 7 digits means executing trillions of arithmetical 
and logical single operations, so that if there are any hardware errors in 
a computer subjecting it to such an ordeal is bound to uncover them. 
In fact there are known instances in which large 7 programs have 
brought to light subtle logic errors in computers. Error-free running of 
a large 7 program today constitutes an essential ingredient of quality 
testing new processors. 

The number 7 is the classical and ultimate testbed for numeric 
analysis. Because so many decimal places are known with certainty, 
new techniques and methods can be verified using 7 as a yardstick. 
Every extra digit that is acquired magnifies this advantage. 

The main reason for the preoccupation with 7, however, is the 
unresolved questions which this number raises. What we do not know 
about 7 is not only enormous, but it is also enormously interesting. 

nm research offers extraordinary breadth. It expands far into anal- 
ysis, number theory, function theory, complexity theory, the study of 
algorithms, statistics and other areas beside. Such a wide spectrum 
naturally exerts an exceptional fascination. 

For 4,000 years z has proved an inexhaustible source of new discov- 
eries and surprises. This has been reaffirmed only in the last few years, 
which have seen the discovery of novel procedures for the calculation 
of 7, such as the “spigot algorithm” (see Chapter 6) and the “BBP 
algorithm” (see Chapter 10). 

Empirical data can often be an advantage when approaching theo- 
retical issues, and the digits of provide a wealth of empirical knowl- 
edge. Moreover, today we possess aids, such as computer algebra, to 
enable us to tackle theoretical questions experimentally, and here too 
it is helpful to have a large stock of digits available. 

Every world record achieved is crying out to be bettered. Any- 
one who has the necessary ability and (access to) resources to achieve 
something which no one else has yet managed will try. This is true 
both of sportsmen and scientists. 

m mathematics does not end with the development of formulae, 
theorems and algorithms. The calculation itself is still mathematics, 
at least calculations beyond the first million digits. Without in-depth 
knowledge of arithmetic, asymptotic behaviour and Fourier transforms 
it is not possible to write a a program that will keep up with the 
competition. 
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Someone once said that one can turn a normal person into a 7 fan 
but that the reverse is impossible. He was quite right. The enthusiasm 
and pleasure which leaps out of texts written by 7 digit-hunters sug- 
gests that 7 lives a life of its own in these people. The authors have 
certainly been caught by the bug. 

And last but by no means least, new discoveries about 7 meet 
with the interest even of people who are not mathematicians. Put 
another way, 7 matters. 7 is one of those rare objects in mathematics 
which act as a showpiece. The hunt for ever more z digits provides 
the opportunity to gain an insight into the research laboratories of 
mathematicians, who otherwise tend to live out of sight of the public. 


New goals 


For some years, since around 1995, 7 mathematicians have increasingly 
been turning to new goals. “Pi: a 2000-year search changes direction,” 
so Victor Adamchik and Stanley Wagon describe the new trend [2]. In- 
stead of continually calculating more 7 digits all over again, people are 
now devoting ambition and resources to the calculation of individual 
digits at the far end of 7. 

The impetus for this new development came from the unexpected 
discovery of a method which allows individual hexadecimal digits in 7 
to be calculated without having to calculate all the digits which come 
before. The basis for this is the following new formula: 


el 4 2 1 1 

Pon (ree Bn +4 mie - a) a) 

The inventors of this formula (David Bailey, Peter Borwein and 
Simon Plouffe) won world-wide admiration when they presented it in 
October 1995 (see Chapter 10). Up to then it was difficult to imagine 
that individual digits could be resolved independently. A 7 calculation 
is like an enormous “tree” of single operations, and the task of calcu- 
lating a single “leaf” would appear impossible, rather like removing 
a needle from a haystack without moving the hay on top of it to one 
side. But with the new formula it is possible, as it were, to fly over 7 
in helicopter and then pick individual locations on which to land. The 
critical factor here is the magnitude of 16” in the denominator of all 
the terms in the series. 
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When the inventors of the “BBP series” (named after the initial 
letters of their names) introduced the new theory, they also delivered 
proof of its efficacy with the announcement of the identity of the 10 
billionth hexadecimal digit of 7, which at the time was far off from 
discovery. 

The new idea seems to have electrified 7 researchers all around the 
world. Since then they have found more formulae of the same type as 
the BBP series and even an algorithm for generating additional such 
formulae. It was with one of these new formulae that digits 100 times 
further on in 7 than the last a digit calculated by Yasumasa Kanada 
were successfully calculated. 

The most recent and youngest world record holder in this  disci- 
pline is Colin Percival, who was only born in 1981 and has only recently 
gone up to university. Unlike Kanada, he did not perform his individ- 
ual digit calculations on a university supercomputer but divided up the 
calculations over 1700 computers on the Internet all over the world. 
He invited owners of computers to help him with his project, called 
the PiHex project, and sent them his calculation program by e-mail, 
which the computers then executed in their dead time when they did 
not have anything more important to do. Every computer took on a 
different subtask and Percival then put the individual pieces together. 
In this way after two years elapsed time and almost 700 years of com- 
puter time (P90 CPU) he attained a new world record on the 11th 
September 2000: he had found the 250 trillionth hexadecimal digit of 
aw, an E. Because this E consists of the four binary digits 1110, Percival 
was able to proudly announce:®: 


The quadrillionth bit of w is 0. 


The one slight imperfection of these 7 calculations is that they only 
provide hexadecimal or binary digits of 7, rather than decimal digits. 
To be precise, to the present date we still do not know a way to cal- 
culate individual decimal digits in 7 which is quicker than calculating 
all the digits which precede them. 

But this problem seems to be only a question of time. At any mo- 
ment someone could devise a “BBP formula” for calculating individual 
decimal digits of 7. We look forward to the day. 


8 nttp://www.cecm.sfu. ca/projects/pihex/announceiq. html 


2. How Random is 7? 


2.1 Probabilities 


What is the probability that decimal position s of a will contain the 
digit z? 

At first glance the answer appears quite simple. Because position s 
must be occupied by one of the 10 decimal digits 0,1,...,9, the prob- 
ability of any one of them occurring is exactly 10%. 

On the other hand, a so-called probability subjectivist, i.e. a fol- 
lower of the teachings of Thomas Bayes (1702-1761), would say that 
the answer depends on how much he already knows about 7, since ac- 
cording to this philosophy, “probability” measures the extent of what 
one does not know. If he already knows which number occurs in posi- 
tion s, then the probability that it is a z is either 0% or 100%. If on 
the other hand he knows nothing about position s, then as far as he 
is concerned the probability that the number will be z is 10%. “No!” 
mathematicians or followers of classical philosophy will respond, “the 
basic question is fundamentally flawed.” For the positions of 7 are not 
random but precisely determined. For example, in the second decimal 
place there is a 4, so there is no point in asking what the probability 
is that a 5 will occur in that position. Where certainties reign, there 
is no need for probabilities. 

But if the basic question is now not a reasonable mathematical 
question, is there another question which we can ask about the “ran- 
domness” of 7? There is indeed: “Is 7 normal?” 


2.2 Is 7 normal? 


Mathematicians call a decimal number “normal” when every sequence 
of n digits is equally likely to occur. Thus, for example, in a normal 
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number the digit 0 occurs with a frequency of 1/10 and the sequence 
of digits 357 with a frequency of 1/1000. 

If all ten digits occur equally often in a decimal number, it is said 
to be “simply normal”. 

The question as to whether a number is normally distributed is 
only meaningful and interesting if it is of infinite length. The number 7 
has been proven to be irrational, i.e. it is a number that contains an 
infinitely long and non-periodic decimal fraction, and therefore it is 
possible that it could also be normal. But we do not know this. No one 
has succeeded in proving either that 7 is normal or that it is not. Nor 
has anyone been able to demonstrate that such a proof is impossible. 

If + were not normal, then this would manifest itself in individual 
digits or sequences of digits occurring at. unequal probabilities. For 
example, the number 7 might occur more frequently than 3, or perhaps 
from some point in the sequence there would be no further instances of 
the combination 314159265. Although there are certainly intervals in 
which such irregularities (or regularities, depending on how one looks 
at it) occur, it is not known today whether this is also the case when 
one views the entire sequence of 7. 

In a number which is normal, there should always be a point some- 
where where, say, the number 5 occurs a million times in succession. 
But we do not know whether such a sequence also occurs in a num- 
ber such as 7, of which we do not know whether or not it is normal. 
In a random sequence it easy to find an interval which apparently is 
non-random. 

One thing is certain: the digits of 7 are not random numbers be- 
cause they can be calculated. 

The fact that 7 is not only irrational but also transcendental does 
not exclude the possibility of regular patterns occurring within its 
number sequence. Conversely, the existence of a pattern in the decimal 
sequence of 7 does not mean that 7 is “non-normal”. To illustrate 
this point, let us consider the artificial number 0.123 ...10111213... 
which is made by writing all the natural numbers n in sequence after 
the decimal point. Clearly this number follows a pattern, yet it is 
normal. This has been proven by Ivan Niven [86]. 

The preoccupation with the question of whether 7 is normal has 
provided the impetus to many statistical studies. The results of these 
studies are in part instructive, in part disappointing, in part curious. 
We will now report some of those findings. 
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There are several statistical tests available which enable one to 
ascertain to what extent the decimal digits in 7 are randomly arranged; 
however, the answers are always expressed as statements of probability. 
If, for example, such a test is used on a particular roulette table, then 
no result can provide 100% certainty that the table has not been rigged, 
as even on the “cleanest” table an “impossible” sequence will occur at 
some point. However, it is possible to quantify the probability of this. 

One statistical test, for example, is the “poker test”. In the poker 
game, seven different combinations of five cards are considered “poker 
hands”, e.g. “a pair” or “full house”. In the poker test, the actual 
number of poker hands is compared with the number that one would 
expect. For example, 2 million “poker hands” occur in the first 10 
million decimal digits of 7. Their distribution is as follows [117]: 


Poker hand Pattern Actual number Expected number 
All different abcde 604,976 604,800 
One pair aabcd 1,007,151 1,008,000 
Two pairs aabcd 216,520 216,000 
Three identical aaabc 144,375 144,000 
Full house aaabb 17,891 18,000 
Four identical aaaab 8,887 9,000 
Five identical aaaaa 200 200 


The comparison does not exhibit any striking departures from the 
numbers one would expect. In fact, the y? test produces the value of 
53% for this distribution, which means it is completely normal with 
no striking features. Only if percentages above 95% or below 5% were 
obtained, would one view a distribution as “suspect”. 

If one considers smaller intervals, e.g. intervals of 500,000 decimal 
places, which are sufficiently large to allow one to expect even the 
rarest poker hand, “5 identical”, to still occur 10 times, the picture 
is different. For example, the interval from 3,000,001 to 3,500,000 has 
the following distribution: 
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Poker hand Pattern Actual number Expected number 
All different abcde 30,297 30,240 
One pair aabcd 50,263 50,400 
Two pairs aabcd 10,877 10,800 
Three identical aaabc 7,156 7,200 
Full house aaabb 927 900 
Four identical aaaab 459 450 
Five identical aaaaa 21 10 


In this case, an opponent would very likely suspect that all was no 
longer as it should be, especially if he examined the number of “Five 
identical”. The probability that this distribution occurs in a random 
sequence is only 2.6%, so the alarm bells would definitely start ringing. 
On the other hand, in the next equal-sized interval, the probability 
reverts once more to 69.5%, and when one considers both intervals 
together the overall probability is 32.0%, which would certainly not 
arouse suspicion. 

There is also the possibility of the opposite occurring, namely that 
the distribution of the poker hands matches the expected values so 
exactly as once again to look suspicious. Such an interval begins, for 
example, in position 4,250,001. In that sequence the distribution of 
poker hands is only 0.5% away from the expected figures. 


2.3 So is wm not normal? 


In an early edition of his “Mathematical Games” column Martin Gard- 
ner reports a conversation with a “Dr. Matrix” [54]: 

“Dr. Matrix borrowed my pencil and rapidly jotted down the value 
of x to 32 decimals.” 


3. 141592653589 sa2geso 261998227050. i 
KA aes 


iirear xem 
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“Mathematicians consider the decimal expansion of 7 a random se- 
ries, but to a modern numerologist it’s rich with remarkable patterns.” 


He bracketed the two appearances of 26. “Twenty-six, you observe, 
is the first two-digit number to repeat. Note how the second 26 marks 
the center of a bilaterally symmetric series.” Dr. Matrix inserted verti- 
cal bars to enclose 18 numerals, then bracketed six other number pairs 
shown in the illustration. “The number pairs 79, 32 and 38 on the left 
are balanced by the same three pairs in reverse order on the right!” He 
also called attention to the sets of five digits on each side of the first 26: 
“The first set sums to 20, the number of decimals preceding the second 
26. The second set sums to 30, the number of decimals preceding the 
second bar. Together they sum to 50, the two-digit number following 
the last bar. The sequence between bars starts with the 13th decimal 
and 13 is half of 26. The three pairs — 79, 32 and 38 — have six digits 
that sum to 32, the pair in the middle as well as the total number of 
decimals shown. The 46 and 43 on each side of the second 26 sum to 
89, the number pair preceding the first bar...” 


2.4 The 163 phenomenon 


If you were not convinced by Dr. Matrix, then what do you think of 
this next case? 
The number 


enV 163 (2.1) 


looks particularly contrived. It contains nothing but “unusual” com- 
ponents - the transcendental numbers e and 7 and the prime number 
163, plus a square root and an exponentiation. Anyone would suppose 
that the combination of such numbers must be an “awkward” number. 

But in fact expression (2.1) produces the following remarkable re- 
sult: 


mv 163 _ 262, 537, 412, 640, 768, 743.99999 99999992... (2.2) 


That is very nearly an integer. The difference between this and an 
integer is less than 107}. 

This “163 phenomenon” was brought to light by the Scottish math- 
ematician Alexander Aitken (1895-1967) [15, p. 386]. As far as he was 
concerned it was no accident. In the mathematical world Aitken has 
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become well-known not only for his academic achievements (4 books 
and 70 publications) but also for his legendary abilities in mental arith- 
metic. He was able to break down even large numbers into their fac- 
tors in his head and to say straight off and with unswerving accuracy 
whether a number called out to him was a prime number or not. One 
can just hear him saying, “The number ’smells’ prime.” To elucidate 
the 163 curiosity one would no doubt need to be cast of the same 
mould. 

One would perhaps first try seeing whether there any other values 
of n for which e™V” is almost integer. In fact there are some. Have a 
look at the following table: 


n emvn 

6 2,197.990... 
17 422,150.997... 
18 61,4551.992... 
22 2,508,951.998. .. 
25 6,635,623.9993... 
37 199,148,647.99997. .. 
43 884,736 ,743.9997... 
58 24,591,257,751.99999 98. .. 
59 30,197,683,486.993. .. 
67 147,197,952,743.99999 8... 
74 545,518, 122,089.9991... 


163 262,537,412,640,768,743.99999 99999 992. . . 


The author of the list, Roy Williams, offered a prize for anyone who 
could either convincingly demonstrate that this is a chance occurrence 
or else explain to an intelligent university graduate why it is not a 
chance occurrence. 

One thing is certain: the length of the list alone suggests that not 
all of these instances are chance. The list is actually not even com- 
plete, as there are many other values of n above 163 for which e™V” 
produces three or more nines after the decimal point, for example, 
n = 232(5 nines), 719(4), 1169(4), 1467(8), 4075(5), 5773(4). 

But knowing this does not make us any the wiser. For the mathe 
matical proofs are so complicated that, however highly one rates uni- 
versity graduates, the prospects of winning the prize are extremely 
slim because the phenomenon defies simple explanation. The topic be- 
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longs to the theory of modular equations, of which only a few experts 
have a full grasp [61]. 

For n = 48, 67 and 163 there is the explanation that here the “j 
function” 


1 
j(n) = a 744 + 196884q + 21493760" + 8642999709? + ... (2.3) 
with : = —etvin 


is an integer and furthermore a perfect cube. For n = 43 it has the 
value —960%, for n = 67 the value —5280° and for n = 163 the value 
—640320°. Why that is so is understood only by specialists. But if 
we assume that it does behave like this, then in these cases the phe- 
nomenon can be explained from the fact that in the series expansion 
(2.3), e™V” differs from an integer by the sum of the terms q, q? etc., 
which are very small and can be neglected. 

At any rate, if one knows these facts, then the relationship (2.2) 
can be written in even more spectacular fashion as follows: 


\/ et 163 — 744 = 640319.99999 99999 99999 99999 99993... (2.4) 


There are a few other values of n for which approximating se- 
ries expansions can be used by way of explanation, even if they can- 
not explain the j function. The Indian mathematician S$. Ramanujan 
(1887-1920), of whom we shall hear more in Chapter 8, discovered 
some such series. However, he was not given to lengthy explanations, 
and his essay [96] is no exception. As far as one can tell, he followed 
a semi-heuristic path which involved combing through the first few 
hundred degrees of modular equations. In the course of so doing he 
came across the degrees 22, 37 and 58, which in a certain combina- 
tion actually produce integers. For example, he found the relationship 

et V37 — 64((6 + /37)® + (6 — V37)®) — 24 — 4372e-TY3" — |, whose 
approximation then “explains” the case of n = 37 in the list if one 
leaves out the terms after the —24. 

With these six values of n, those n which are bigger by a quadratic 
factor are then also explained, e.g. n = 232 = 58-2? or n = 1467 = 
163-3%. But we are still no closer to explaining the (many) other cases, 
e.g. the spectacular case of e"Y"!9 which is only 0.000013 away from 
an integer. 


The assumption that combination of many complex variables in- 
evitably produces a complex result is deceptive, as we have seen. This 
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was also the experience of Donald E. Knuth of Stanford University, 
California. Knuth, whom we shall encounter several times more in this 
book, is the author of the multi-volume work The Art of Computer 
Programming, which is one of the most cited (and possibly even most 
read) books in the field of computer science. In the introduction to the 
second volume, Knuth tells the story of his super-random number gen- 
erator [77, p. 4], with which he planned to generate the most random 
of all random numbers. 

To this end Knuth wrote a program which was designed to be espe- 
cially random. For example, on every pass it branched off to a random 
place in the program and for each random number it performed a ran- 
dom number of loop passes. Knuth also coded the program in such 
a complicated way that no one could understand it. Then he started 
with an initial value, which naturally was chosen at random. He ex- 
pected that since his program contained so much randomness it would 
produce incredibly random numbers. 

But what happened? After starting up, the program converged al- 
most immediately on the 10-digit number 6065038420, which there- 
after transformed itself back into itself in only 27 cycles. When he 
tried a different initial value it took 3178 cycles, but even this value 
may be regarded as lamentable. 

The conclusion he drew was that one should never generate random 
numbers with a random method. 

This applies to investigations into 7 as well. Thus, we should add 
that not only is the 163 phenomenon no chance occurrence but it even 
constitutes the background for one of the fastest methods of calculat- 
ing 7. It was on the basis of the underlying theory that the Chudnovsky 
brothers developed their brilliant “Chudnovsky series” (8.7) which en- 
abled them in 1989 to break through the one billion decimal places 
of 7 mark for the first time 


2.5 Other statistical results 


Naturally the digits of m have been counted by computers in many 
different ways. For example, when Yasumasa Kanada issued his state- 
ment about his 206.1 billion decimal place world record in October 
1999, he published along with it the distribution of the first 200 billion 
digits of 7. It goes like this: 
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Number Occurrences 
20,000,030,841 
19,999,914,711 
20,000,136,978 
20,000,069,393 
19,999,921,691 
19,999,917,053 
19,999,881,515 
19,999,967,594 
20,000,291 ,044 
19,999,869,180 

Total — 200,000,000,000 


CON OOK WMH © 
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As you see, the numbers are very evenly distributed. The number 
which deviates most is the number 8, but even this number deviates by 
only 0.00001% from the mean. The y? test produces a probability of 
around 55% for the randomness of this distribution, i.e. “statistically 
insignificant” . 

Kanada also searched through his record-breaking 7 for interest- 
ing patterns. He reports, for example, that the sequence 01234567891 
occurs five times among the 206.1 billion decimal places of 7, which 
is somewhat striking as one would only expect this sequence to occur 
twice. Another peculiarity is the fact that the sequence 543210987654 
appears for the first time relatively late in 7, at the end of the 206 
billion, in position 197,954,994,289, although there is a 50% proba- 
bility that this sequence would appear in the first 69 billion decimal 
places. This probability figure is obtained from inserting w = 0.5 and 
k = 11 in the formula below (2.5), which states that the probability of 
a k-digit number not appearing in a number containing n digits is 

ofa log w 
log(1 — 10-*) 
w = (1—107*)” (2.6) 


According to the inverse formula (2.6), the probability of the fact as- 
certained by Kanada (despite the inherent difficulty of making such a 
statement) is only 13%. Even so, such numbers would not arouse the 
suspicion of any statistician. 


(2.5) 


If one divides up the digits of 7 into blocks of 10 decimals, what 
is then the probability that any given block will consist of all dift 
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ferent numbers? One such block could, for example, be the sequence 
0123456789. 

There are three points to make here. 

Firstly, the probability of this case is greater than one might think. 
We are looking for 10! hits out of a total 10!° possibilities. This fraction 
can be calculated easily with a pocket calculator, and the result is 
the astonishingly large value of around 0.036% = 1/2755.... In other 
words, a block of 10 different figures will occur on average as frequently 
as every 2755 blocks. 

Secondly, in reality this case actually occurs much earlier than is 
suggested by this probability, which is already quite large. In fact a 
hit occurs as early as the seventh block, as you can see from this list 
of the first seven blocks of 10 digits: 


3.1415926535 
8979323846 
2643383279 
5028841971 
6939937510 
5820974944 
5923078164 <<<< 


Thirdly, this result is independent of whether the blocks begin be- 
fore or after the decimal point of 7, because the same number 4 appears 
immediately before as well as at the end of the block. 


2.6 The Intuitionists and 7 


Kanada’s calculation feat has an interesting historical association, as 
was pointed out by Jonathan Borwein [29]. 

At the beginning of the 20th century the Dutch mathematician 
L.E.J. Brouwer developed a theory which bears the name “Intuition- 
ism”. In short, Brouwer questioned “the Law of the Excluded Middle”, 
which had been sacrosanct to mathematicians from the time of Aris- 
totle: A statement is either true or false, “tertium non datur” — there 
is no third possibility. Brouwer argued that this law cannot be applied 
generally. By way of proof he asked, for example, whether it is true 
or false that the sequence 123456789 occurs in 7. Given the state of 
m research in his day, he could comfortably assume that this question 
would never be answered, since to do this, one would “probably” have 
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to know 6.9 billion decimal places of 7, whereas at the time (1908) only 
707 decimal places were actually known. So if one cannot say whether 
this statement is true or false then, according to Brouwer, no one can 
invoke the Law of the Excluded Middle for this statement. 

Today, that question has been answered (thanks to Kanada), and 
with it a number of examples which Brouwer and his disciples used 
to prove their theory have been rendered of no value. One of these 
examples was the following. 

One of the implications of tertium non datur is that proof of the 
impossibility of an impossible characteristic is also a proof of the char- 
acteristic itself. Brouwer’s counterarguments went as follows. I write 
down the sequence of decimal digits for 7 and underneath it the deci- 
mal fraction p = 0.33333 ..., which I terminate as soon as the sequence 
0123456789 occurs in 7. If the 9 in the sequence is the kth decimal 
place, then p = (10* — 1)/(3- 10*). 

Now let us assume that p is irrational. If that is so, then p cannot be 
equal to (10*—1)/(3-10*), as that would be a fraction and consequently 
a rational number. Hence the stated number sequence should also not 
occur in 7. But if it does not occur in 7, then p = 1/3, which again is 
a fraction, contrary to the hypothesis. 

In this way, the assumption that p is not a rational number leads 
to a contradiction. Despite this we cannot assert that p is rational, as 
that would mean that we would have to be able to state two integer 
numbers p and q for the numerator and denominator of p, and to do 
that we would either have to locate a sequence 0123456789 in 7 or else 
to prove that there is no such sequence. 

This and other examples were thus used by the Intuitionists to sup- 
port their thesis that the Law of the Excluded Middle could not be 
assumed to be always correct. Not only the example cited above but 
many other examples were based on the assumption that we would 
never know for certain whether the number sequence 0123456789 oc- 
curs in 7 or not. 

Unfortunately for the theory, we do now know, and so the question 
arises of whether this refutes the theory. In fact it does not. The pro- 
ponents of the theory would only have had to choose a much longer 
sequence in their examples, and they can still do that even today, for 
example they could suggest a sequence consisting of 100 billion zeros 
in 7, and everything would be back to the way it was before. Not only 
is Intuitionism not refuted, but in a certain way it is even confirmed, 


32 2. How Random is 7? 


and, indeed, precisely through experimental mathematics, which com- 
prises a lot of 7 research. 


2.7 Representation of continued fractions 


The decimal sequence of 7 reveals little that would enable us to draw 
conclusions as to the non-randomness of the 7 digits. So are there 
perhaps other representations of 7 which are more informative? This 
question is actually quite sensible, for every alternative representation 
of 7, such as the hexadecimal representation, is based on a quite differ- 
ent calculation tree, and there is every likelihood that the new variant. 
of z could look quite different. 

A promising approach here is the so-called simple continued fraction 
of 7}. As already mentioned on page 1, the “related” transcendental 
number e appears quite differently when represented as a continued 
fraction compared with its decimal representation. Whereas in its dec- 
imal form e begins with 2.71828 18284 590..., expressed as a continued 
fraction the number begins like this: 


eopt bite debridid 
Te 7 ROCA eae ae ie eek Tee 
The decimal representation of e thus possesses no regularity, whereas 
its representation as a continued fraction exhibits a lot of regularity: 
the formula is made up of sequences of three fractions whose denomi- 
nators are of type In1, in which every n is always 2 higher than the 
n in the previous sequence of three terms. 
The number z does not exhibit any such characteristics. In the case 
of 7, the continued fraction (apparently) does not follow any construc- 
tion rule: 


(2.7) 


a3¢4i 2 2 1 Pitididiida 
PSG is ey 000 FT Te TO hs SL id eek: 
One can perhaps conclude from this that 7 is structured even more 
randomly than e. 

In 1985 William R. Gosper calculated 17 million continued fraction 
positions of 7, so it is possible to perform statistical analyses of these 
as well. 

The results for the first 8192 elements (3, 7, 15 etc.) include the 
following: 


' We go into continued fractions in more detail in Section 4.4 on pages 64. 
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Mean value of Ist 2048 elements 27.5 
Mean value of 2nd 2048 elements 15.3 
Mean value of 3rd 2048 elements 8.2 
Mean value of last 2048 elements 10.4 


Is there anything in this? The mean value of the first 2048 elements 
appears to be quite out of line. It is almost twice as big as the mean 
value of all the elements and it is also significantly greater than the 
mean of the two next equally large sections. The picture does not 
change if one splits the number sequence up into smaller sections or 
divides it in different ways: every time the first or at least the foremost 
mean values are greater than those which come afterwards. 

When one examines the data more closely, however, even this dis- 
covery turns out not to amount to much. The fact is that quite early 
on, at position 431 of the continued fraction expansion of 7, an un- 
usually large element occurs, 20776, which has the effect of distorting 
the statistics. In the first section of 2048 elements shown above, that 
single element by itself accounts for 10.14 of the mean value. If one 
ignores the influence of that element, then this first section becomes 
inconspicuous. 

It is unfortunately the case that the simple continued fraction of 7, 
like the decimal (and every other) representation of 7, contains no 
other message than that there is little regularity in the irregularity of 
the number. 

However, there are other continued fraction representations than 
the simple continued fraction and in some of them there is a certain 
amount of regularity. One example here is the elegant new continued 
fraction for 7 which was developed by L.J. Lange in 1999: 

2 
aoe ee 
6+6+6+6+4+-: 


Lange, 1999 [80] 


(2.8) 


Here, all the elements follow the simple construction rule Gree 
The known 7 digits pass all random number tests with flying 
colours. For this reason one can use 7 as a random number generator 
— though one must not reveal to “the opponent” where the random 
numbers came from. For a lottery company it would not be a good 
idea to simply select the next 7 digits of 7 as the hits each week. 


So is there at least a ray of hope that a sensation might yet be un- 
covered in the digits of 7? Perhaps. The above-mentioned Chudnovsky 
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brothers, who have made a significant contribution to 7 research and 
are above the suspicion of starting rumours simply in order to create 
a sensation, hinted a few years ago (1992) that they might have found 
something: “It’s unfortunately not statistically significant yet (but) it’s 
close to the edge of significance.” They told the interviewer, Richard 
Preston, that they would need many billions of digits in order to be 
able to say anything more precise [92]. It seems that what the brothers 
were hinting at was a property which eludes common statistical tests, 
namely possible “waves” in the decimal sequence. If, for example, the 
first, third and fifth billions regularly have fewer than the expected 
number of a particular digit and the second, fourth and sixth billions 
regularly have more than the expected number of that digit, the x? 
test would probably not detect this, but it would still provide major 
cause to reflect. 

Since April 1999 the Chudnovsky brothers now have their “many 
billions of digits”, courtesy of their arch-rival in the world record 
stakes. They now have the evidence they need to either confirm or 
reject their hypothesis. We suspect that it will be a case of the latter, 
but we are eagerly awaiting the results. 


3. Shortcuts to 7 


Unquestionably the easiest way to arrive at 7 is to follow the cover 
of this book, which shows the first few dozen decimal places. 5000 
decimal places are listed on page 240f and 400 million decimal places 
are contained on our CD-ROM. Another easy way to access 7 is with a 
computer algebra system such as Mathematica or a special 7 program, 
of which there are several on the CD-ROM and dozens more on the 
Internet. 

However, this chapter concentrates on approaches to 7 which in- 
volve the exercise of a certain amount of initiative. 


3.1 Obscurer approaches to 7 


If area A and diameter d of a circle are known, then 7 is equal to 4A/d?. 
This is precisely the approach which underlies the following curious C 
program created by Brian Westley. It calculates 7 to 4 decimal places. 


#define _ 00>0070:--00,--F; 
int F,00; 
jaa as () ;printf ("%1.3£\n",-4.*F/00/00) ; }F_00() 
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The “circle” here has an area of 201 (measured using the charac- 
ters _ and -_) and a diameter of 16 (measured in lines made out of 
these characters), so that a value of 3.141 is obtained for “x”. To ob- 
tain more decimal places, you need only to make the circle larger, each 
additional decimal place requiring the size of the circle to be increased 
by a factor of around 10. 

The program does not look at all like an ordinary C program, but 
it even complies with the ANSI C programming standard. With this 
program, Westley took a prize at the International Obfuscated C Code 
Contest (IOCCC) in 1988. This competition has taken place every year 
since 1984 on the Internet. The winner is the person who creates the 
most incomprehensible and most creative C program, which, however, 
must be executable. The basic tools used are the concise C syntax 
and above all the C pre-processor (as here). The results are usually 
artificial yet also artistic. But they are invariably examples of how one 
should not write a program. 


Here is another example of such programming: 


char 
3141592654 [3141 
],__3141 [3141] ;_314159[31415] ,_3141[31415] ;main(){register char* 
~3_141,*_3_1415, *_3__1415; register int _314,_31415,__31415,*_31, 
~3_14159, __3_1415; *_3141592654=__31415=2, 3141592654 [0] [_3141592654 
-1]=1[__3141] =5;__3_1415=1 ; do{_3_14159=_314=0, __31415++;for( _31415 
=0;_31415<(3, 14-4) *__31415;_31415++)_31415[_3141]=_314159[_31415]= - 
1;_3141 [*_314159=_3_14159]=_314;_3_141=_3141592654+__3_1415;_3_1415= 


--3_1415 +_.3141;for 


(31415 = 3141- 


3.1415 ; ~31415;_31415-- 
»-3141 ++, _3_1415++){_314 
+=_314<<2 ; _314<<=1;_314+= 
*_3_1415;_31 =_314159+_314; 
if (! (*_31+1) )* 31 =_314 / 
~31415, 314 {_3141]=_314 4% 
31415 ;* (¢ ~3__1415=_3_141 
)+= *_3_1415 = *_31;while(* 
~3_.1415 >= 31415/3141 ) * 
~3__1415+= - 10, (*--_3__1415 
)++;_314=_314 [3141]; if ( ! 
-3_14159 && * _3_1415)_3_14159 
=1,__.3_1415 = 3141-_31415; }if ( 


314+ (__31415 
while ( ++ * 


>>1)>=__31415 ) 
~3_141==3141/314 


)*_3_141--=0 ; }while(_3_14159 

) ; { char * _3_14= "3.1415"; 
write((3,1), (-~*__3_14, __3_14 

), (3.14159 t++,++_3_14159) )+ 
3.1415926; } for ( _31415 = 1; 
.31415<3141- 1;_31415++) write ( 

31415% 314-( 3,14) ,_3141592654[ 

31415 J + "0123456789" ,"314" 


[ 3]+1)-_314; 
» 3141592654) ) 


puts ((+*_3141592654=0 
3-314= *"3.141592";} 
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This work of C-art created by Roemer B. Lievaart looks as if it 
is all about the number 7, especially since it produces 3141 decimal 
digits. Ironically enough, it actually calculates not a but its cousin, 
the number e. Its output therefore begins with 2.7128.... 

We will explain elsewhere which algorithm was used in the program. 


3.2 Small is beautiful 


Next we present a mini program only 133 characters long, once again 
programmed in ANSI C, which we believe is the shortest C program 
in the world for the calculation of 7 — naturally only until someone 
outdoes us. 


a[(52514] ,b,c=52514,d,e,f=1e4,¢,h; 
main(){for(;b=c-=14;h=printf ("%04d" ,e+d/f)) 


for (e=d4=f ; g=--b*2;d/=g) d=d*b+f* (h?a[b] :£/5) ,al[b] =d/--g;} 


Despite its short length, this little program calculates 15,000 deci- 
mal places of 7. 

The underlying calculation method is the so-called spigot algo- 
rithm, under which the program produces a steady trickle of digits 
one at a time without using or requiring previously computed digits. 
You can see the method in action for yourself if you run our JAVA 
applet spigot/pispigot.htm which is on our CD-ROM. The spigot 
algorithm and the little program are discussed in more detail in Chap- 
ter 6 from page 77. 

This algorithm was discovered by Stanley Rabinowitz, who pub- 
lished it in 1991 in the form of a program written in FORTRAN [94]. 
The author provided virtually no explanation or proof, instead promis- 
ing his readers all would be explained later on in a major article. This 
appeared a mere four years later in 1995 [95] (with Stanley Wagon 
as co-author). One can therefore say that programming of the spigot 
algorithm preceded its rationale. 

Our version shown above evolved in a number of stages, in which 
several authors (Dik T. Winter, Achim Flammenkamp and others) 
were involved. 
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3.3 Squeezing 7 through a sieve 


7m can be approximated using a method which recalls the “sieve of 
Eratosthenes” devised by the Greek mathematician of that name (284- 
202 BC) as a means of collecting prime numbers. 

Beginning with the sequence of natural numbers 1, 2,3,4,..., one 
first of all removes every second element, starting from the third ele- 
ment: 


1, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 24, 26, 28, 30, 32, 34,... 

Starting from the fifth element, every third element is now removed: 
1, 2, 4, 6, 10, 12, 16, 18, 22, 24, 28, 30, 34,... 

then, from the seventh element, every fourth element: 
1, 2, 4, 6, 10, 12, 18, 22, 24, 30, 34,... 


and so on. As a general rule, on the kth pass, every (k + 1)th element 
is removed from the (2k + 1)th element. 

The procedure produces the sequence of values f(n) = {1, 2, 4, 6, 
10, 12, 18, 22, 30, 34,...}. When these values are sequentially entered 


in the formula 


n2 


f(n) 
each result is a closer approximation to 7. For n = 1,2, 4, 8, 16, 32,... 
4096 = 2!” the following approximations are obtained: 


(3.1) 


1, 2, 2.7, 2.9, 3.12, 3.10, 3.08, 3.12, 3.1405, 3.13, 3.1423, 3.1414, 3.1412 


Unfortunately the increase in accuracy is only modest. The series con- 
verges only of the order of O(n*/3), which is a little better than linear 
convergence. Furthermore, the memory requirements are considerable: 
to use f(4096), as in the present case, for the approximation, one needs 
a sieve with 5.34 million holes in it. 

K.S. Brown discovered that the sequence of f(n) can also be ob- 
tained by intelligent rounding up . His algorithm goes as follows. 

Take an integer n and round it to the next multiple of n — 1, then 
to the next multiple of n — 2, and so on until the next multiple of 1. 
The result is then exactly the same f(n) as one obtains from the sieve 
procedure. For example, with n = 10, one obtains the intermediate 
values 18, 24, 28, 30, 30, 32, 33, and 34, with the end result f(10) = 34. 


3.4 a and chance (Monte Carlo methods) 39 


3.4 m and chance (Monte Carlo methods) 


The needle problem of the Comte de Buffon 


During the American Civil War, Captain C.O. Fox was recovering from 
a wound in a military hospital. To pass the time, he threw a number 
of identical needles in random fashion onto a board on which he had 
previously drawn a series of parallel lines each a needle’s length apart. 
He counted the number of throws and the number of hits, i.e. instances 
in which a needle touched or intersected a line. 

After 1100 throws, the Captain had determined 7 to two decimal 
places. How come? 

First of all it seems to have been the Comte de Buffon (1707-1788), 
who examined this kind of experiment and in whose honour it is now 
known as the Buffon needle problem. In 1777, Buffon showed that the 
ratio of hits to throws was 2:7, or, stated otherwise, that the probability 
of a needle thrown at random onto the area coming to rest across one 
of the lines was, 2 ~ 63.7%. With this knowledge, Fox was able to 
calculate 7 by doubling the number of throws and dividing by the 
number of hits. 

The interesting thing about the needle problem is that it forges a 
link between the “geometric” 7 and the quite different area of prob- 
abilities. There are other similar relationships between 7 and chance, 
from which other methods of calculating 7 are derived. They are in- 
formatively called Monte Carlo methods. 


The dartboard algorithm 


Imagine a circle with radius r = 1 with a circumscribed square of side 
length 2r = 2. “Darts” are thrown at this square, following a random 
distribution, whereby a “hit” is deemed to occur every time the dart 
lands in the circle. The procedure is roughly similar to the standard 
game of darts, except that in this case the “black” is much larger than 
in a conventional dartboard. 
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The procedure is simplified by only considering the first quadrant. 

As the number of throws (n) increases, the number of hits (t) ap- 
proaches the ratio of the area of the quadrant of the circle to the 
quadrant of the board. 


lim te A(circle quadrant) a mr? /4 mess (3.2) 
noon A(board quadrant) r? 4 
At 
TA a, (3.3) 


The result is a neat algorithm for approximating 7. You only need 
to simulate a number of throws (as many as possible) and test on each 
throw whether the dart lands inside the circle. This test is particularly 
simple: if x and y are the co-ordinates of the landing point(0 < z,y < 
1), then the point will be inside the circle precisely when its distance 
from the origin is \/z? + y? <1, ie. 2? +y? <1. 

In the following C++ program the random co-ordinates x and y 
are generated using the standard C++ function rand(); as this func- 
tion delivers (pseudo-) random numbers between 0 and (the system- 
dependent variable) RAND_MAX, they must be divided again by RAND_MAX 
to obtain co-ordinates in the interval from 0 to 1. The random number 
generator is initialised through the standard function srand() with a 
time-dependent, and hence varying, value: 


// Dartboard-Algorithm for approximating pi 


#include <iostream.h> 
#include <stdlib.h> 
#include <time.h> 
#include <math.h> 
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int main(void) 


{ 


long k, n, hits; 
const double factor = 1.0 / RAND_MAX; 


while (1) 


{ 


cout << "Enter the no of tosses (or 0 to exit): "; 

cin >> n; 

if ( n <= 0) // input <= 0 means end-of-job 
break; 

// Initialize the random generator 

srand((int)clock()); 


// Throw n tosses 
for (k=hits=0; k <n; ++k) 
{ 


// Find two random numbers within 0..1 
double x = rand() * factor; 
double y = rand() * factor; 
if (x*x + y*y < 1.0) // Within circle ? 
+t+hits; // yes: hits t= 1 
} 
double pi_approx = 4.0 * hits / n; 
cout << "Approximation of pi after " 
<< n << " tosses: " << pi_approx 
<<" (error=" 
<< fabs(M_PI - pi_approx)*100/M_PI 
<< "Z)\n" F 


return 0; 


zx and coprimality 


41 


The probability of two integer numbers chosen at random being rela- 
tively prime to each other is 6/7”. This characteristic can be used for 
another 7 approximation procedure, whereby a sufficiently large num- 
ber of pairs of random numbers is calculated and these are examined 
for coprimality. From the ratio of the number of coprime pairs t to the 
total number of trials n the following approximation for 7 is obtained: 


(3.4) 


(3.5) 


Ball [14] reports a field experiment in which 50 students were asked 
to each write down five pairs of random numbers. It turned out that 
154 of them were coprime. This led to 6/7? = 154/250, and hence to 
mw = 3.12. 
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Instead of playing this game with students, one should try it with 
a computer. The only problem with such a program is how to in- 
vestigate the results for coprimality. Fortunately, for 2300 years there 
has been an algorithm which does this and could be described as the 
“srandfather” of all algorithms. It was first noted down by the Greek 
mathematician Euclid (ca. 325-265 BC) and appears in Book VII of 
his 13-volume Elements. This work is the most successful mathematics 
book ever written and has been published more than 1000 times since 
antiquity. 

The Euclidean algorithm can be written down in only three lines 
of source code (e.g. see the program listing below), although it takes 
longer to explain in words. Starting from two integer numbers A > 0 
and B > 0, it calculates the largest integer which divides into both A 
and B without a remainder. If this “highest common factor” (HCF) 
= 1, then A and B are coprime to each other. The algorithm utilises 
the property that A = |S|B + C, with 0 <C < B. For example, let 
us consider the integers A = 78 and B = 21. As 78 = 3-21+4 15, the 
highest number which divides into both 78 and 21 is also the largest 
number which divides into 21 and 15. Through iteration one obtains: 


78 =3-21415 
21=1-15+6 
15=2-6+3 
6=2-3+0 


Hence 3 is the highest common factor of 78 and 21. 


In the following little program we simulate the student experiment 
and so arrive at an approximation for 7. 
// Approximation for pi by a Monte-Carlo-Method: 
// 
// The program finds pairs of random integers. It determines 
// whether they are relatively prime. The theoretical probability 
// of these events is 6 / pi*2. 
#include <iostream.h> 
#include <stdlib.h> 
#include <math.h> 


int euclid(int u, int v) 


int r; 
—e ( @=u%v) !=0 ) 
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u = Vv; 
Vv Br; 
} 
return v; 


int main(void) 
while (1) 
{ 
int n, nTries, nHits; 


cout << "Enter no of tries (or 0 to exit): "; 
cin >> n; 

if (n <= 0) break; 

srand((int)clock()); 

for (nTries=nHits=0; nTries < n; +tnTries) 


int A = rand() + 1; 

int C = rand() + 1; 

if (euclid(A, C) == 1) // A and C are relative prim 
++nHits; 


} 
double f = nHits * 1.0 / nTries; 
double pi = sqrt(6.0 / f); 
cout << "After " << nTries 
<< "tries is pi " << pi << endl; 


return 0; 


The following approximations have been obtained through running the 
programs a number of times: 


Number of trials Approximation for 7 Error 
10 3.464102 +0.322509... 
100 3.273268 +0.131675... 
1,000 3.194383 +0.052790... 
10,000 3.142438 +0.000845. .. 
100,000 3.143913 +0.002320... 
1,000,000 3.141554 —~0.000038. . . 


Although Monte Carlo methods are attractive and interesting and 
they are easy to implement, they are not very well suited to calcula- 
tions of 7, as they converge poorly. Even after a million attempts it is 
scarcely feasible to obtain more than four correct decimal places of the 
m. And it is perfectly possible to obtain a poorer approximation of 7 
on a larger number of trials than on a smaller, as can be seen from the 
table above. Methods which are based on random numbers are prob- 
ably the least efficient of all systematic procedures for the calculation 
of 7. 
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On top of this there are two further fundamental problems. Firstly, 
computer programs are not capable of generating truly random num- 
bers as there is inevitably a point at which they reproduce num- 
bers they have already generated, in the same sequence. Secondly, 
the “pseudo-” random numbers generated by a computer inevitably 
lie between certain limits, so that on this basis alone they are not 
truly random. It follows from this that Monte Carlo methods do not 
strictly speaking converge on 7 but, rather, oscillate around 7. How- 
ever, given the poor convergence obtained with these methods, these 
are really only esoteric thoughts. 


3.5 Memorabilia 


Another way of arriving at decimal places of 7 is to learn them by 
heart. 

A number of mnemonic verses are available to assist with this. We 
mentioned already such a verse in the first chapter. Many people gifted 
at playing with words have tried to conjure up texts in which the num- 
ber of letters in each successive word corresponds to the corresponding 
digit of 7. 

An English poem intended to teach a to 31 decimal places was 
submitted by a person “F. S. R.” to the scientific journal Nature in 
1905: 


Sir, I send a rhyme excelling 


3 1 4 1 5 9 

In sacred truth and rigid = spelling 
2 6 5 3 5 8 
Numerical sprites elucidate 
9 7 9 

For me the lecture’s dull weight 

3 2 3 8 4 6 
If Nature gain not you complain 
2 6 4 3 3 8 
Tho Dr Johnson  fulminate. 

3 2 7 9 


Probably easier to memorize is the following text, written by the 
English astrophysicist Sir James Jeans (1877-1946), which produces 
24 digits: 
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How I want a drink, alcoholic of course, after the heavy 
chapters involving quantum mechanics. All of thy geometry, 
Herr Planck, is fairly hard... 


Such texts are available in many languages. The Internet address 
http: //users.hol.gr/~xpolakis/PiPhilology.htm mentions more 
than 60 poems in 24 languages, among them “14+ X” in English and 
“44+ X+V” in German. (Some of them seem harder to remember than 
the native digits of 7.) 

Soon after the Frenchman Fautet de Lagny (1660-1734) succeeded 
in 1717 in calculating a to 127 decimal places, P. Decerf tried his 
hand at turning this into a work of art and composed a monumental 
mw poem 127 words long. Some years later it was discovered that de 
Lagny’s “x” contained a transcription error, so that the 112th decimal 
digit should have been an 8 rather than a 7. It was then necessary 
to change Decerf’s poem and publish an “update”, something which 
rarely happens in the world of poetry [41, p. 153}. 


Perhaps the longest mnemonic poem in the world was composed by 
Michael Keith. He has written a “Cadaeic cadenza” which produces 
an awe-inspiring 3865 decimal places of 7. Cadae is a made-up word 
consisting of the letters which correspond to the first five a digits 
31415. 

The first section of the cadenza is a modified version of Edgar Allen 
Poe’s famous poem of 1844 The Raven. The new work was given the 
ambiguous title of Near A Raven. It consists of 18 verses and begins 
as follows: 


' http: //users.aol.com/s6sj7gt/cadenza. htm 
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Poe, E. 3.1 
Near A Raven 415 
Midnights so dreary, tired and weary. 926535 
Silently pondering volumes extolling all by-now obsolete lore. 897932384 
During my rather long nap — the weirdest tap! 62643383 
An ominous vibrating sound disturbing my chamber’s antedoor. 27950288 
“This”, I whispered quietly, “I ignore”. 419716 
Perfectly, the intellect remembers: the ghostly fires, a glittering ember 9399375105 
Inflamed by lightning’s outbursts, 8209 
windows cast penumbras upon this floor. 749445 
Sorrowful, as one mistreated, unhappy thoughts I heeded: 92307816 
That inimitable lesson in elegance — Lenore — 406286 
Is delighting, exciting ...nevermore. 2089 


The title and the first two verses alone produce 80 digits of 7. These 
are followed by a further 16 such verses plus the author’s signature for 
the other 660 places. Keith worked hard to remain as close to the 
original as possible as regards the metre, action, melody and rhythm. 
Thus for example he succeeded in retaining the melodious dark refrain 
at the end of every verse. 

Of the 14 sections of the Cadaeic cadenza, section 3 contains an- 
other poem by the mathematician and 7 enthusiast Charles Lutwidge 
Dodgson, better known as Lewis Carroll, author of “Alice in Wonder- 
land”, which has likewise been adapted to 7, while section 11 even 
contains a work by William Shakespeare (who we all know wrote the 
famous words, “to a or not to 7”). 

m texts reach their first critical point at the 32nd decimal place, 
when the first zero appears in the decimal sequence of 7. As there are 
no words with zero letters, the authors of mnemonic verses have to 
think up something special. Keith’s solution to the problem is to use 
words of 10 letters, such as, for example, “disturbing”. Other authors 
require their readers to interpret a punctuation mark as a 0. A partic- 
ularly difficult problem here is the 601st decimal place of 7, where a 
sequence of three zeros occurs in succession. 

Short after the 740 decimal places of “Near The Raven”, in section 2 
of his work, Keith had to resolve another tricky decimal sequence in 7, 
the so-called Feynman point, for at position 762 there is a devilish 
sequence of 7 numbers 9999998! This sequence may be beautiful to 
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am aesthetes, but for poor Mike, who had to find a text containing a 
sequence of six 9-letter words and one 8-letter word in succession, it 
was bad news. Nevertheless, he succeeded in cracking it. 


There are a number of methods of memory training which have 
evolved from the example of 7. These include: the use of recurring 
patterns, creation of blocks of fixed or variable length, association of 
graphic, rhythmic, musical or colour representations, learning by rep- 
etition at varying intervals and situations. There are articles available 
on this subject on the Internet. 

Anyone who knows a lot of digits of 7 will go far. For example 
such a person can take part in a 7 recitation competition or become 
a member of a 7 club, as these normally require one to be able to 
recite a number of digits of 7 by way of entry test. We have already 
mentioned the Austrian club “Freunde der Zahl Pi” (Friends of the 
number Pi) which requires of candidates seeking admission that they 
should be able to recite 100 decimal places in a public place in front 
of a m notary. The Swedish “1000 Club”? even requires 1000 digits of 
T. 

The members of these clubs are not just nut-cases who fill their 
heads with digits of 7, but serious scientists seem to take pleasure in 
being able to perform this feat. One of these is Simon Plouffe, who 
was one of the three mathematicians who recently developed a novel 
mt algorithm, the BBP algorithm (see page 117). Plouffe obtained an 
entry in the (French) Guinness Book of Records in 1977 by memorising 
4096 digits of 7. In fact, he said, he actually knew 4400 digits by heart, 
but 4096, i.e. 212, was a nicer number. 

Since 1995 the world record holder in the recitation of 7 digits has 
been Hiryuku Goto, then aged 21, who recited 42,000 digits in nine 
hours. Since this new record was established it has been claimed that 
Japanese is better suited for memorising sequences of numbers than 
other languages. Or perhaps Goto simply had nothing more sensible 
to do after programmers had eliminated him from their code ... 


3.6 Bit for bit 


The inverse value of 7, 1/7, may be represented either as = 0.3183... 
or = 0.010100010111110.... This is no contradiction, as the second 


? nttp://www.ts.umu.se/~olleg/pi/club_1000.htm1 
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value is just the binary representation, in which only zeros and ones 
occur. 

To obtain the places after the decimal point in the binary repre- 
sentation of 1/m from the decimal version, keep multiplying the dec- 
imal fraction by 2 and writing each calculated position in front of 
the point as the next binary digit while keeping the fraction for the 
next multiplication. Thus 0.3183 x 2 = 0.6366, hence 0 is the first 
binary digit. 0.6366 x 2 = 1.2732, so the second binary digit is 1. Con- 
tinuing with the post-decimal point result of the last operation, i.e. 
with 0.2732 x 2 = 0.5464, the third binary digit is another 0. And 
so the procedure continues. Of course the precision of binary repre- 
sentation is not any higher than that of the decimal representation, 
so that from n accurate decimal places one can obtain at the most 
1/log,9 2 + 3.3 times as many accurate binary digits. 


A quite different method for calculating the binary representation 
of 1/7 was discovered by Simon Plouffe of Bordeaux University. His 
procedure was proved and generalised in 1995 by Jonathan Borwein 
and Roland Girgensohn [36]. 

In Plouffe’s bit recursion method the starting point is ag = tan(1) = 
1.5574.... From this, succeeding values of a1, a2,a3,... are calculated 
using the following rule: 

2az 


ak+1 = 1-a (3.6) 
Each a, is only checked to see whether it is negative or not. If it is 
negative, then the next binary digit is a 1, otherwise it is a 0. 

The first 10 a, and the resulting binary decimal places run as fol- 
lows: 


k a, Binary position of 1/7 
O +1.5574 0 
1 —2.1850 1 
2 +1.1578 0 
3 —6.7997 1 
4 +0.3006 0 
5 +0.6610 0 
6 +2.3478 0 
7 1.0406 1 
8 425.111 0 
9 —0.0797 1 
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Interesting and unexpected as this algorithm is, it conceals a trap. 
Namely, before you can calculate 1/7 in this way, you first need the 
initial value tan(1), but this takes longer to calculate than the direct 
calculation of 1/7. 


3.7 Refinements 


You might already have a few 7 digits and be wondering whether you 
could build on them. You can. An elegant method for doing this was 
developed by Daniel Shanks* [108]. 

If po is an approximation for 7 which has n accurate digits, then 
the following calculation step produces an improved approximation py, 
which is accurate to three times as many digits: 


Pi = po + sin po (3.7) 


Example: with pp = 3.14, ie. n = 3, p1 = po + sinpo produces the 
new approximation of p) = 3.14159 265.... The new value is accurate 
to 9 decimal places. 

The derivation is simple if one uses the series formula for sine and 
remembers that sin(x + 2) = —sinz. In the following, let € be the 
error of the previous value po: 


Ppo=amt+e 
Pi = po + sin po 
=am7+eé+sin(7 +6) 


=n7+€-sine 
3 


= g ee. ee 
Srte=(—- ata a 


ree 
~ 6 


With n accurate decimal places in the initial value, pp comes to 
€ < 10-". Hence, the accuracy of the new approximation is e7/6 < 
0.2- 107%”, ie. at least 3n decimal places. 

Shanks shows that it is possible to achieve still more accurate ap- 
proximations in one step. Thus, 


3 In 1961 Shanks together with Wrench passed the 100,000 mark in a 7 calcula- 
tion [106]. 
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2sin po — tan po 


5 (3.8) 


Pp2 = Pot 


6 
ta ae (3.9) 


improves the approximation po of 7 by more than five times as many 
accurate places. Shanks may have learned this trick from Wildebrod 
Snell (1581-1626) (see page 183). 


3.8 The 7 room in Paris 


The only museum in the world to possess a 7 room is the Palais de 
la Découverte in Paris, Av. Franklin Roosevelt. You will find that the 
museum does not have a house number as it is very big and forms part 
of the Grand Palais building complex. 

At the entrance we follow the sign salle pi and a really good arti- 
cle from the Mathematical Intelligencer [67]. They will both take us 
to room 31 [sic!], which is round. There we can learn a few (mainly 
French) facts about 7 and marvel at the first 707 digits of 7 which are 
displayed in three spiral revolutions around our heads. 

These 707 decimal places were calculated in 1874 by William 
Shanks (see page 195). Unfortunately he made a mistake at the 528th 
position which remained undetected for some time. Thus, at the in- 
ternational exhibition “Art and technology in modern life” in 1937, it 
was in the 7 room of all places that an incorrect 7 was displayed [48, 
p. 105]. 

When the error was discovered by Ferguson in 1945, the museum 
corrected its sequence of numbers immediately. 

But without success. The rumour that there is an error in the 7 
on show there persists even to this day. Thus the 1997 edition of the 
French encyclopaedia Quid contains a photograph of the 7 room as it 
appears today, i.e. with the correct 7, but with the caption, 

“In the dome of the Palais de la Découverte in Paris the first 627 
[sic] decimal places of the transcendental number 7 are displayed, but 
apparently some of them are incorrect.” 

Some people just cannot accept the truth! 


4, Approximations for 7 and Continued 
Fractions 


4,1 Rational approximations 


The shortest approximation for 7 is simply 3. This is 4.5% away from 
the true value of a and in fact this approximation occurs twice in the 
Bible (see page 169). The longest approximation is 206.1 billion digits 
long and is still not entirely accurate. Only when we write “x” for z!, 
are we entirely accurate - everything else is longer and either more or 
less of an approximation. 

For the purpose of simplification in this chapter we shall use 7(s) to 
designate a a approximation to s correct decimal places. The approx- 
imation 3 used in the Bible we will thus designate as 7(0). In Babylon 
the approximation 7(1) = 3% = 3.125 was used more than 1000 years 
earlier. 

The statement that 7(s) is a 7 approximation to s correct decimal 
places means that it is less than 10~° out from the true value, |m — 
m(s)| < 10~*. On the other hand, the converse conclusion does not 
hold true: an absolute error of < 10~* does not always also guarantee 
s correct decimal places. For example, the good approximation 3.1416 
differs from 7 = 3.14159265... by only 0.000007 ..., which is less than 
1075, but it is still only accurate to three decimal places. However, this 
particular problem can only occur when the approximation is greater 
than 7. 

In the old days before infinite decimal fractions were known and 
understood, it was suggested that one might approximate a “ratio” 
such as the ratio of the circumference of a circle to its diameter using 
a ratio, i.e. using a fraction consisting of a numerator and a denomi- 
nator. The classic 7 approximation of this kind is that developed by 
Archimedes around 250 BC: 


1 or one of the many mathematical identities (see the collection which starts on 
page 223). 
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223 22 

The fact that this approximation states an interval makes it partic- 
ularly attractive, although the manner in which it was discovered has 
its drawbacks. (For more on this, see page 171.) The notation used to 
specify the interval makes clear that 7 does not exactly equal either 
the left-hand or the right-hand limit, whereas representations of 7 have 
not always been so honest. Thus, for example, Tsu Chhung-Chih, who 
discovered the excellent approximation 
355 
113 
in China c. 480 AD, was convinced that this fraction was exactly equal 
to T. 

An approximation is called “rational” if it can be represented by 
a fraction consisting of integer numerators and denominators. Such 
representations are extremely common, and all decimal, hexadecimal, 
binary etc. digit sequences of 7 are rational approximations since, for 
example, 3.14 is the fraction created by dividing 314 by 100. Because 
there is a convention that with certain bases such as 10, 16 or 2 we only 
“think” the denominator and do not write it, these approximations 
are concise and effective. In actual fact, however, the approximation 
m(2) = 3.14 means not just 4 keystrokes consisting of a decimal point 
and 3 numerals, but 7 keystrokes consisting of the fraction line and 
two sets of 3 numerals in each of the numerator and denominator. But 
if one is going to use the 7-keystroke version, there are other fractions, 
e.g. the above-mentioned fraction 355/113 = (6), which represent 7 
more accurately, in this case 4 decimal places more accurately. 

A good rational approximation for 7 is one in which the ratio of 
the number of correct decimal places to the number of digits in the nu- 
merator and denominator is particularly high. As we shall see shortly, 
the best rational approximations in this respect attain the value 1. 

The best source for good approximations of a (transcendental or 
irrational) number is its so-called continued fraction. Under this re- 
markable, but very interesting representation, the denominators are 
not, as in the decimal representation, powers of a fixed base number 
but a combination consisting of an integer and a fraction. 

In the case of 7, the continued fraction begins as follows: 


1(6) = (4.2) 
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x = 3-4, (4.3) 


1+ 
292 + 


es 
Alternatively, a tabular representation of its elements looks like this?: 


In order to arrive at a rational approximation for 7 all one has to 
do is terminate one’s simple continued fraction at any point and work 
it out. (Incidentally, one never needs to do any cancelling of fractions 
to their lowest terms.) For example, after terminating the continued 
fraction after the 3, 7, 15 and 1, one obtains the approximations 3, 
22 te and 35 which are accurate to 0, 2, 4 and 6 decimal places 
respectively. 

Of the approximations obtained in this way, those obtained by ter- 
minating the continued fraction directly before one of the large ele- 
ments are especially accurate. When one examines the relative error 
in relation to the terminal element, one obtains a curve like this: 


2 The first 2000 elements will be found on page 244ff. 
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10~* 
19710 


10715 

107° 
Rel. error 

10-25 

19739 


40735 


10740 


Termination before continued fraction element: 


—+ 


715 292 


14 


84 15 13 99 


It can be seen from the graph that if termination occurs before a large 
element such as 15, 292, 84 or 99, the relative error drops off especially 
sharply, so that excellent approximations are to be found at these 


points: 


Termination point 


Before 
Before 
Before 
Before 
Before 
Before 
Before 


bo=15 

b4=292 
big=14 
bo1=84 
bos=15 
bo7z=13 
b33=99 


Approximation 
m(2) = 2 
7(6) = 333 
=(12) = HIS 
n(2i) = asaya 
7(25) = SEL 


In favourable cases, the number of accurate decimal places is al- 
most equal to the sum of the number of digits in the numerator and 
denominator. If one terminates the continued fraction before b4 = 292, 
bo; = 84 or b33 = 99 (the biggest elements), the number of accurate 
decimal places is exactly equal to the number of digits. There are 
more such cases further on, e.g. before b77 = 16, b79 = 161 or beg = 45. 
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On the other hand, termination before b; = 1 produces the value 
oe = 1(9), i.e. 2 decimal places fewer than the number of digits in 
the numerator and denominator. 

If A, and By are, respectively, the numerator and denominator of 
a continued fraction for a number « which is terminated before the 


element bpj+1, then the relative error in the approximation is 


An 1 
IB, ue 7 An > By bay 
This simple relationship was brought to our attention by F.L. Bauer, 
and it verifies most effectively the statement that it “pays” especially 
well to terminate the continued fraction before a large element, since 
this large element then goes in the denominator of the error estimate, 


where it has the effect of significantly reducing the value. 


(4.4) 


No better, i.e. shorter, approximations will be found for the stated 
numbers of accurate decimal places. This can be proved from the the- 
ory of continued fractions. For example, this remarkable rational ap- 
proximation discovered by Johann Heinrich Lambert (1728-1777) 
1019 514 486 099 146 

324 521 540 032 945 
requires an extra 5 keystrokes compared with the equally accurate 


continued fraction approximation stated in the 5th row of the above 
table. 


(25) = (4.5) 


The table includes several approximations for 7 which have made 
history. The origins of 22/7 (Archimedes) and 355/113 (Tsu Chhung- 
Chih) have already been mentioned. The two approximations formed 
on termination before the elements 14 and 13 were discovered in Japan 
in 1766. What is of especial note here is that at that time continued 
fractions were still unknown, so that these discoveries must have been 
made by a different route. How this happened is apparently not known, 
and hence our wonderment is all the greater. 


4.2 Other approximations 


However accurate rational approximations may be, they neither look 
pretty nor are easily remembered. Those qualities are achieved in other, 
visually pleasing, “artistic” approximations with impressive symbols or 
fine symmetries. 
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The Greek philosopher Plato (427-348 BC) is said to have known 
this approximation [51, p. 126]: 


m(2) = V24+ v3 (4.6) 


and his fellow philosopher in India, Zhang Heng (78-139 AD), was the 
first to work with the formula 


m(1) = V10 (4.7) 


The following approximation is attributed to the author of the “Di- 
vine Comedy”, Dante Alighieri (1265-1321), who was highly educated 
in mathematical matters: 

V2 
—3,¥4 4, 
(3) =3+ 10 (4.8) 

The authors have been unable to discover who invented the fol- 
lowing impressive approximation formula, but it may have been the 
Indian astronomer Aryabhata, who was born in India in 476 AD. 


2+ (2+ 2+ y2+v2 


(4.9) 


One might be tempted to think that the first minus sign was an er- 
ror, but that is not the case. As one can easily check with elementary 
geometry, the expression 81/2 — /2 is the perimeter of an octagon 
which is inscribed in a circle of radius 1, i.e. with the circumference 
2x. Every time the number of sides is doubled, the innermost V/2 is 
replaced by the expression 1/2 + /2 and the factor in front of the out- 
ermost root is doubled. In this way, the above approximation specifies 
half the perimeter of an inscribed regular 1024-sided polygon. 

Due to the large number of 2s under the roots, the formula (4.9) re- 
sembles Francois Viéte’s product of 1593 (1.6). In fact the two formulae 
are related and converge in similar fashion. They both approach the 
number 7 through inscribed 2”-sided polygons, in the case of Viéte’s 
product through its area and in the case of the above formula through 
its perimeter. 


Kochansky (1631-1700) discovered 


(4) = 512 |2— 
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n(4) = Vz -— 712 (4.10) 


while Carl Friedrich Gauss (1777-1855) was only 14 when he calcu- 
lated [82, p. 8]: 


2) = (4.11) 


The young Friedrich started from the known approximation 2 and 
then divided it into 3.14159265.... He subtracted the quotient from 1 
and converted the remainder to a fraction with the numerator 1. The 


denominator is around 2485. He then proceeded in similar fashion with 
22 , 2484 
"7° 3485° 

Adrien-Marie Legendre (1752-1833) referred to this approximation 


[75]: 
(9) = n= — 2x4 where z= 523 ~ 1)/(24 +1) (4.12) 


Srinivasa Ramanujan (1887-1920) was a past master at discovering 
approximations. You will find further information about this important 
Indian mathematician who was greatly enamoured of 7 in Chapter 8. 
In his article entitled Modular Equations and Approximations to 7 [96] 
of 1914, he presented many approximation formulae. To introduce the 
idea, the essay starts with the simpler approximations, beginning with 
an elegant, symmetrical expression [96, p. 34-35}: 


m(3) = : + i: (4.13) 
m(3) = avi (4.14) 
(3) = : (: + 4 (4.15) 
99 z 
nO), (—,) (4.16) 
_ 63 (1741575 


These formulae Ramanujan derived from modular equations. They 
are followed in the same article by a “curious” approximation which 
he discovered “empirically” [96, p. 35] 
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2 
g2 4 (4.18) 


Attempts have been made to find out what may have been con- 
cealed behind the word “empirically”. The most likely explanation is 
the following [25, p. 655]. Ramanujan was an expert in continued frac- 
tions, and so he probably noticed that the simple continued fraction 
of 7* possesses a particularly striking term: 

1 111 1 1 

H+ 545414 0414... oe, 
This observation would have suggested to ira that he should terminate 
the continued fraction poke the unusually large element 16539 and 
use it to find 74 + 97+ 2 35 = 9? + 2 ay 

Ramanujan obtained another empirical approximation by improv- 
ing the approximation 355/118. From this he found, “simply from cre- 
ating the inverse value of 1 — (1137/355)”, 


355 0.0003 
n(14) = (1 Sere ) (4.20) 


In 1913 Ramanujan published a one-page article [97] containing 
a geometric construction for the approximation 35 The essay itself 
contains nothing remarkable, but what is remarkable, however, is the 
fact that this paper bore the title Squaring the Circle and neither in 
the title nor in the text did the expression appear with any quotation 
marks. Since Lindemann had proved in 1882 that it was impossible to 
square the circle, a fact of which Ramanujan was undoubtedly aware, 
no mathematician could really afford such a title any more. It is a 
testimony of Ramanujan’s mathematical self-assurance that he did so. 

As far as Ramanujan’s real field of 7 approximation was concerned, 
the previous approximations were only finger exercises. In fact. he came 
up with some considerably more accurate formulae [96, p. 31]: 


24 H10+11/2 110+ 7/2 


(18) = = In ((2V2 + V10)(3 + V10)) (4.22) 


(22) = In a + V5)(2 + V2) ((5 + 2V'10)+ 
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+ 61 + 20v70) | (4.23) 


And to crown it all, 


3 
m(31) = s In (4) (5V29 + 11V6)x 


V522 v2 


6 
s (eu ie iE 34 (4.24) 


These approximations too stem from modular equations and are a 
proof of Ramanujan’s supreme mastery of this kind of equation and 
function. 

More recently, the Borwein brothers have derived further approxi- 
mations of the type Ramanujan developed (32, p. 194]: 


m(2) = sisvis (4.25) 
(5) = ee 125 (4.26) 
nas Le (4.27) 
(8) = = 1n(396) (4.28) 
8) = RET aeyaT DONEC en 
7 (0) = a a (3 5) (4.30) 


Dario Castellanos is another 7 enthusiast, who in 1988 in an aca- 
demic paper on “The Ubiquitous 7” [41, p. 79] presented all kinds of 
folklore and attractive approximations he had developed himself. 

He started by transforming the Ramanujan approximation shown 
at (4.18) into an even more attractive form: 


a(8) = 4/102 — —— (4.31) 
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He then tried something new. While continuing Ramanujan’s proce- 
dure to the fifth power, he discovered 


m(8) = 4/ ie (4.32) 


and was surprised that Ramanujan had not come across this himself. In 
addition, Castellanos also discovered these further approximations [41, 
p. 79-80, 83]: 


473 +203 
n(6) = oo = (4.33) 
(6) = 1.09999901 - 1.19999911 - 1.39999931 - 1.69999961 (4.34) 
413\? 
= 413 4. 

a(7)= 244/14 (Fa) (4.35) 
934 + 3444174 +88\1/4 

(10) = (5 af wae S| (4.36) 
1700 + 823 — 103 — 93 — 63 — 38 

(11) = (4.37) 

21253 +2143 + 303 + 372\ 1/4 
(13) = (100 as =o a: ) (4.38) 


Simon Plouffe, whom we have already encountered several times in 
this book, was indefatigable in his search for approximations. He has 
every reason to be pleased with this one: 


7(6) = & / In ($a) (4.39) 


or with 


7(8) = In (5280) i: a (4.40) 


This next approximation creates a link between 7 and the “Golden 


ratio” ¢= vEt1. 

m(3) = 6 (4.41) 
while e and 7 are linked as follows: 

r(2) = = (4.42) 


n(3) = V2e3 + €8 (4.43) 
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e(3) = V204+7 (4.44) 
e(7) = V4 +05 (4.45) 
These approximations can be transformed into even more impres- 


sive forms. Thus, the last approximation (4.45) becomes the attractive 
and easy-to-remember expression 


47° (4.46) 
in which a remarkable 7 digits (403.4287) are identical on both the 
left-and right-hand side. 

Another link between 7 and e is made in the approximation formula 


developed by James Stirling (1692-1770) for the calculation of nl, i.e. 
the product 1-2-3-...-n: 


n 
nia (2 2an (4.47) 
€ 
Stirling, 1730 


Quite apart from the good quality of the approximation — the 
relative error is less than 1% from n > 9 and less than 0.1% from 
n > 84 — this formula once again gives us cause to wonder at the 
apparent ubiquity of 7. Here it occurs in a problem comprising only 
integers. 

In our view, Stirling’s formula, due to its beauty, its usefulness and 
its age, belongs in the “eternal” list of the greatest formulae which 
features formulae such as Euler’s theorem (1.10), mentioned previously. 

Incidentally, the formula can be improved significantly through a 
small correction resulting from the asymptotic expansion: 


n! & (=) 4/ 2m + (n+ a) (4.48) 


The relative error is now less than 1% from n > 3 and less than 0.1% 
from n > 9. 

For the similar case of the product of all the odd numbers < 2n, 
F.L. Bauer {17, p. 49] used the following approximation: 


(2n)! 


(2n — 1)! = (2n —1)-(2n —3)-...-3-1 8% —+——— 
Vt (+3) 


(4.49) 


This approximation follows from Bauer’s good formula (16.62), 
which converges on 7 significantly better than the Wallis formula or 
its derivative (16.61) even though the only difference between the two 
is a tiny ; in the denominator. 
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The zm approximations which Daniel Shanks derived from investigat- 
ing complex quartic number fields are an order of magnitude better. 
His piéce de résistance is the following astonishingly simple formula 
which produces 7 to 80 decimal places [107, p. 398]: 


With 
1 
D = 5(1071 + 184/34) (4.50) 
B= 5(1533 + 266V34) (4.51) 
F := 429 + 304V2 (4.52) 
G:= 5 (627 + 442,/2) (4.53) 


followed by 


d=D+ /D?-1 (4.54) 
e=E+V/E?-1 (4.55) 
f=PFP+/F?-1 (4.56) 
g=G+VG-1 (4.57) 

we obtain 
(0) nr aeng 6) (4.58) 


Vv 3502 


In his article, Shanks proves the existence of an even better approxi- 
mation of this type, which produces as many as 109 correct decimal 
places for 7. But due to the time that this would take he did not 
calculate them. But, as he puts it, “It could be done.” 


Of course, a large number of good approximations for 7 can be 
obtained from terminating infinite 7 series at an appropriate point. For 
example, the Ramanujan series (1.9) shown on page 13, which yields 
8 correct decimal places per term, produces an 80-digit approximation 
of x if it is terminated after the 10th term. 

This method might appear somewhat trivial. On the other hand, an 
infinite series which almost produces 7 and thus converges close to 7 
would not be at all trivial. However many terms one were to calculate 
in such a series, their sum would never come to 7. 

In fact there are some such series and they are truly amazing. Of the 
two series shown below, the first one produces 7 to over 18,000 decimal 
places and the second one to as many as 42 billion. 
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2 
FROG) ae allen 1 
m( , )= 1002 > 1Q(/100)? (4.59) 
n=—0o 
J. and P. Borwein, 1992 [34] 
1 ae 2/4410 : 
(42 billion) = 75 yea) (4.60) 
n=—0o 


J. and P. Borwein, 1992 [34] 


These series thus converge to numbers which — even theoretically — 
do not equal 7 but which “happen to” agree with 7 in the first 18,000 
or 42 billion decimal places, as the case may be. 

The Borwein brothers derived these formulae from so-called mod- 
ular identities, and in fact the path from there to the formulae is sur- 
prisingly short [34]. When one considers that they evolved by chance 
rather than being derived from the underlying theory they are quite 
remarkable and could only too easily deceive one into thinking that 
here indeed was the answer to the question of life, the universe and 
mw. The Borweins in fact regard the series as an example of “caveat 
computat”. 

Incidentally, these formulae can be turned into any number of better 
approximations for 7 by replacing the values 100 or 10!° in them with 
larger powers of 10. 

Unfortunately, the series are not suitable for real calculations of 
mw. It is true that they can be easily transformed from the range 
—oo...+o0 to the range 0...+00, and the terms in the first series 
are derived from simple decimal shifts. However, one needs the value 
In10 in the first formula, and this is even more time-consuming to 
calculate than 7 itself, and in the second series one would need to 
calculate around 30 billion places of e”. 


4.3 Youthful approximations 


In the Jugend forscht (“youth researches” ) competition held every year 
in Germany, Sven Kabus took a first prize in 1998 in Schleswig-Holstein 
with a 7 program that was based on the “Aryabhata” approximation 
(4.9). Kabus [70] first of all ascertained the formula analogous to (4.9) 
for the perimeter of circumscribed 8-, 16-, 32-, ...-sided polygons and 
observed that (4.9) turned up in it, e.g. in the 16-sided polygon 
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2 
ioe (4.61) 


24+ 72+ V2 
where Upn and Ugn refer to the perimeters of circumscribed and in- 
scribed polygons with 2+! sides. Kabus then made the numerically 
interesting observation that the perimeters of the circumscribed poly- 
gons were always twice as far from the circumference of the circle as 


those of the inscribed 2”-sided polygons. He proved 
LU, — 
lim 2-Un—7 9 (4.62) 
n00 T — sUEn 


From the two observations, Kabus then derived the following iterative 
algorithm for 7: 


Algorithm (4.63) Kabus (alg 4.63) 
Initialise: 


ag i= 3+ 4v2 
Iterate: (n = 0,1,2,....K —1) 


—_ 1 1 
AQn+1 = 4/5 + 5En 
Then: 
9k+2 J2—2aK+ 2—-2aK 41 1 
ea is, <a 
PK 3 Vf 2+20K41 


Each iteration improves the 7 approximation by 1.2 places, whereas, 
for example, Archimedes’s method only produced 0.6 places each time 
the number of sides of the polygon was doubled. Adding various cun- 
ning improvements in the arithmetic and using a PASCAL program, 
Kabus arrived in this way at 5000 decimal places of 7. 


4.4 On continued fractions 


Continued fractions are mentioned a number of times in this book and 
we would therefore like to say a few words about them at this point. 
Continued fractions are the “lost sons” of mathematics classroom 
teaching. They are regarded as too advanced for secondary schools 
and too elementary for universities, as a result of which they generally 
fall between the cracks of both syllabuses [18, p. 129]. Their histori- 
cal roots go back to the 17th century mathematicians Cataldi, Wallis 
and Huygens, and their theory traces its origins to Leonhard Euler, 
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who presented them in 1748 in his Introductio in analysin infinito- 
rum [52, pages 303 ff]. The classic textbook on this interesting topic 
was written by Oskar Perron [90], and a more recent textbook is that 
by C. D. Olds [87]. 

A continued fraction is a fraction whose numerator is an integer 
and whose denominator is the sum of an integer and a fraction which 
in turn possesses the same form. 
ay 


bo + ap (4.64) 
by + a 
bo + 
b3 + *e Qn-1 

as | 

bn—1 + o 

bn 
=bo+ ay/ (by + ay / (bg + a3/(b3 treet an/bn))) (4.65) 


This representation, which rapidly grows to occupy a large physical 
area, is often replaced by 


ee tay ape 4.66 
oe ee Is Bn eee 


A. Pringsheim, 1898 
or by 
a, ag ag an 
Bo tee: eee on 
at by + bp + bg +--- bp 


L.J. Rogers, 1907 


(4.67) 


Regular (Perron) or simple (Olds) continued fractions [90][87] are 
ones in which all the numerators a; = 1. They can be written even 
more concisely like this: 


[bo, bi, bo, ..- Bn] (4.68) 


The elements a; and b; of a continued fraction are also known, respec- 
tively, as “partial numerator” and “partial denominator”. 


Every real number can be represented uniquely by a simple con- 
tinued fraction. A number is rational if its continued fraction is finite 
and irrational if its continued fraction is infinite. 

The second theorem immediately proves, for example, that all the 
numbers contained in the following list are irrational because their 
continued fractions are infinite. The proof of the irrationality of a 
which Johann Heinrich Lambert wrote in 1766 is also based on this 
theorem. Lambert showed that the continued fraction of arctanl = 
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m/4 is infinite and therefore 7/4 and hence 7 must be irrational (see 
page 192). 

The transformation of a number from its decimal representation 
into its simple continued fraction form, and vice versa, is quite simple. 
It can be performed with any pocket calculator which has an inverse 
operation 1/x. The two algorithms look like this: 

// cf{]_ : array with the elements of the continued fraction 
procedure NumberToCf(number, n, cf[0..n-1]) 
for k:=0 to n-1 
{ 
x floor (number) 
cf [k] 


number: 


} 


wont 


x 
1/ (number-x) 
} 


and the reverse procedure for calculating a number from the elements 
of its simple continued fraction goes like this: 
function CfToNumber(n, cf[0..n-1]) 
: number := cf[n-1] 
for k:=n-2 to 0 step -1 
: number := 1/number + cf [k] 
return number 


+ 


The simple continued fractions of some prominent constants are 
shown below?: 


o= = : (Golden ratio) (4.69) 


= 1.61803 39887 49894 84820 ... 
“TA aay ah a A a 


V2 = 1.41421 35623 73095 04880 ... (4.70) 
(19,212) 2,2 29999 90 9-9.9 99.09.95 


V3 = 1.73205 08075 68877 29352 ... (4.71) 
eye Pal A is Bs Sa PV 


3 As this book is concerned almost exclusively with numbers that are transcen- 
dental and, as a very minimum, are irrational, we are naturally only interested 
in infinite continued fractions. 
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€ = 2.71828 18284 59045 23536 ... (4.72) 
= (2/1,2) 1,145.1, 15 6,1, 1,8,4,.1510; 1,1, 194, 1,1442.<,] 
Euler, 1737 
e” = 7.38905 60989 30650 22723 ... (4.73) 


= [7,2,1,1,3, 18,5, 1, 1,6, 30, 8, 1, 1,9, 42, 11, 1,1, 12,54,...] 
Stieltjes, c. 1890 [90} 
Ve = 1.64872 12707 00128 14684 ... (4.74) 


Sundman, 1895 


Bros Os is ts is et fs es Pt ef Ms se | 


mT = 3.14159 26535 89793 23846 ... (4.75) 
= 13.7545: 1,092,1.1,1, 2.13, 1,142.0 1, 99,22, 1 Bd, ace] 
Jn = 1.77245 38509 05516 02729 ... (4.76) 
=f 19.9 1, 6: 28, 19,191,918, 171/188 Ad] 
w® = 22.45915 77183 61045 47343 ... (4.77) 
S02 95 11139 443,915 95: a SA 
V2 = 1.25992 10498 94873 16476 ... (4.78) 
= (1,3, 1,5, 1,1,4,1,1,8,1, 14, 1, 10, 2, 1,4, 12, 2, 3,2,1,...] 
“1 
y= lim a. In(n+1) (Euler’s constant) (4.79) 
k=1 


= 0.57721 56649 01532 86060 ... 
= (0,1, 1,2, 1,2, 1,4, 3, 13,5, 1,1,8, 1,2, 4,1, 1,40, 1,11,3,...] 


Euler, 1734 


On closer examination we find there is a recurring pattern in the 
continued fractions of the first 6 constants, e.g. in ,/e the pattern 
1,1,4n+1, whereas this does not occur in the second five cases begin- 
ning with 7. 

We cannot conclude from this that the simple continued fractions 
of many or even of the majority of common constants possess a regular 
pattern. In reality, this applies only to a minority, namely to the so- 
called quadratic irrationalities, one example of which is the “Golden 
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ratio” (¢ = 1+ 5/2), also to a few well-known transcendental num- 
bers, such as the constant e itself and individual algebraic expressions 
containing e, e? or e\/4, where q is an integer. 

Interestingly, in almost all irrational or transcendental numbers, 
including 7, the geometric mean of their first n continued fraction 
elements converges towards a fixed limit and this limit is the same 
in all such numbers. This astonishing discovery was made in 1935 by 
Alexander Khintchine (1894-1959) [74]: 

lim ¥/b) -bg-...+ bn = 2.68545 20010... = Ko (4.80) 
n—->Co 
The limit Ko is defined as []72,[1 + mel and became known 
as the Khintchine constant. The number is difficult to calculate, and 
only a modest 110,000 decimal places are available. 

For the number 7, the geometric mean of the first 17,001, 303 el- 
ements of its simple continued fraction come to 2.686393 [12], which 
is fairly close to the Khintchine constant. On the other hand, the geo- 
metric mean for the number e, the big exception, moves away as n in- 
creases, while in the case of another exception, the constant ¢ (Golden 
ratio), whose continued fraction consists of pure ones, the geometric 
mean does converge, but towards 1 rather than Ko. 


If one looks at the table with the approximations for 7 on page 54 
in this light, one could form the opinion that continued fractions pro- 
duce a more compact representation of 7 than the decimal represen- 
tation. For the table shows, for example, that 7 can be just as well 
approximated with 3 continued fraction elements as with 6 decimal 
digits. However, this is only the case at particular places, and these 
are precisely the ones at which it is especially beneficial to terminate a 
continued fraction. Further on in both representations, the advantage 
of the continued fraction always disappears, and generally the simple 
continued fraction of an irrational number requires just as many ele- 
ments as its equally accurate decimal fraction possesses decimal places. 
The quotient from the number of accurate decimal places of the ap- 
proximation and the number of continued fraction elements converges 
towards a fixed limit which is close to 1, as Alexander Khintchine once 
again proved in 1935. The exact value 1.03064... = 7?/(6-In2-1In 10) 
was stated somewhat later, in 1937, by Paul Lévy. 
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5.1 John Machin’s arctan formula 


By 2000 BC the Babylonians and Egyptians had arrived at one deci- 
mal place approximations for 7 based on the measurement of circles. 
Archimedes was the first mathematician to develop a geometry-based 
approximation in 250 BC and his polygon method served as the basis 
for 7 approximations for the next 2000 years until (by 1630) 39 decimal 
places had been calculated. 

The second half of the 17th century saw the development of in- 
finitesimal analysis, which made it possible to formulate infinite ex- 
pressions for 7. This was an analytical method of calculation by means 
of which 7 could be investigated to a much greater depth. Among the 
infinite expressions for 7, a sub-species of series which are based on 
the arctan function emerged. 

The arcus functions are the inverse of the trigonometric functions 
(sin, cos, tan etc). As their name suggests, they constitute (circular) 
arcs or sections of them. If « = tany, then arctanz = y, if y lies 
between —7/2 and +7/2. For our purposes the special case of x = 1 
is particularly interesting as the arctan function for this case results 
in the value 7/4 (or 45 degrees of arc). 


van + =1 hence, 7 = arctan 1 (5.1) 


The arctan function possesses a series which is relatively easy to cal- 
culate and was originally discovered by James Gregory (1638?-1675). 
For the area under the curve y = ae in the interval (0, 2] he found: 


i 
arctan © = | i _ (5.2) 
From this he derived the Gregory Series in 1671: 
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3 2? at 


t =f->~+ >-—+4... : 
arctan z = & 3° 5 7 (5.3) 


Gregory, 1671 
To obtain a formula for 7 with this series (5.3), one needs only to set 
x = 1 because, as mentioned, arctan! = 7. The resulting series is 
called the Leibniz series: 


T 1 1 1 1 1 

alee eee ees take ee rere = ea , 

4 315 779 2 I ees (5.4) 
Leibniz, 1674 


No doubt due to its simplicity, “every schoolboy” knows the Leib- 
niz series. However, it is not suitable for numerical calculations of 7 
because its terms get smaller only very slowly. If one terminates the 
series after the nth term, the absolute error, i.e. the difference between 
the series sum and the true value of 7, is only + 1/n. Therefore, for 
example, even if one were to calculate 2 billion terms, one would only 
obtain 9 accurate decimal places of 7. 

The poor convergence of the Leibniz series (5.4) is thus due to the 
fact that it attempts to do too much in one go, so to speak. It deter- 
mines 7/4 by calculating a single arctan, i.e. a single arc. If instead 
one assembles 7/4 in a suitable fashion from relatively short circular 
arcs, i.e. out of several arctan values, one arrives at formulae which 
enable z to be calculated significantly more quickly. 

The simplest of such compound arctan formulae dates back to Leon- 
hard Euler (1707-1783), and goes like this: 


” = arctan I + arctan : (5.5 
4 2 ace 2 


Euler, 1738 


The formula can be proven using the known trigonometric identity 
tana +tanG 


t = 
ene a8) 1—tanatan@ 


(5.6) 
if one makes the substitutions tana = 1/2, ie. a = arctan1/2 and 
tan @ = 1/3 ie. B = arctan 1/3. 

The following diagram provides a geometric interpretation of this 
formula: 
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The sum of the arcs AC = arctan 4 and CE = arctan 4 produces the 
arc AF = arctan1 = 4. If one replaces each of the arctan expressions 
in Euler’s formula (5.5) with its Gregory series (5.3), one sees that its 
terms becomes smaller much more rapidly than those in the Leibniz 
series. For example the 100th term of the Leibniz series (16.59) (= 
arctan 1) yields just two leading zeros after the decimal point, but the 
100th term of arctan 4 already produces 62, while the 100th term of 
arctan § produces as many as 98 zeros after the decimal point. This 
improvement in convergence offsets by far the disadvantage that two 
series have to be calculated now instead of one. 

An even better formula can be obtained from two circular arcs as 
follows [76, p. 246]: 

The number 

ee a eee 1 1 

ich ae ee 

is obtained from the Gregory series (5.3) if we set z = 4. So, tana = } 


fo (5.7) 


5: 
Therefore, 
2tana 5 
tan 2a = ——,- = —~ 
an2a = 7a, 2 and (5.8) 
tan 4a = le 
= Tio (5.9) 


It will be seen that 4a is only a little greater than 7. If we introduce 
a second angle ( with @ = 4a — 7, then 
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ead tan 4a — tan 7 1 (5.10) 
an B = ———__—_=. = -— : 
1+tan4da-tanZ 239 


G is very easy to calculate: 


3 = arctan : a : + : (5.11) 

ee 239  ~=—S—- 239s 3. 2393 © 5. 2395 ; 

a and together produce 

= 4a - B (5.12) 
= 4arct = tan : (5.13) 

= 4arctan = — arctan 555 : 

1 1 1 1 1 
ayy be sicmceneeh aan ages RR | (eet (Kile freee LEN 5.14 
E 3.58 1 5.58 | S 3.2393 7 | ie) 
Machin, 1706 


This is the so-called Machin formula. It bears the name of the person 
who discovered it, John Machin (1680-1752). He used it in 1706 to 
calculate 7 to 100 decimal places. 

The successive terms of the series of the first summand in the 
Machin formula decline by around 1/25. The series therefore converges 
with logi925 = 1.39... decimal places per series term. Due to the 5 in 
the denominator, it can also be calculated relatively easily using paper 
and pencil. The series of the second summand is more troublesome due 
to the “awkward” 239, but on the other hand it converges better, with 
around 4.76 places (= logj9(239)) per term. 


5.2 Other arctan formulae 


Several systematic methods for deriving arctan relations exist. One of 
them is to use the formulas [41, p. 91): 


1 
arctan = arctan — + arctan (| ——————_ and 5.15 
- ‘ae (a —ab+ i) : p18) 
Dodgson (Lewis Carroll) ? 
arctan : 2 arctan : arct : (5.16) 
-= an — — arctan —_——— ; 
a 2a 4a3 + 3a 


with appropriate choices for a and 0. Substitution of a = 2 and b = 1 
produces the above-mentioned arctan formula of Euler (5.5), while 
this formula plus substitution @ = 3 and b = 1 results in the arctan 
formula (5.17) of Charles Hutton (1737-1823) shown below. Using this 
and other methods, over the years various further arctan formulae have 
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been discovered for the result 7/4, especially ones in which more than 
two arctan expressions occur. Here is a selection: 


1 1 
7 = 2arctan 5 + arctan 7 (5.17) 
Hutton, 1776, Performance Index=3.28 
= 3arct nig setan st teehee (5.18) 
= 3arc an 7 arc 50 1085 , 
Loney, 1893 [122], PI =2.73 
= 6arct 1 + 2arctan : + arctan a (5.19) 
Seer aig 57 339 
Stermer, 1896, PI=2.10 
Heretar= enctane (5.20) 
— ~ — arctan —— : 
arctan 5 539 
Machin, 1706, PI=1.85 
= 8arct : t Pe neey ee (5.21) 
= 8arctan 10 arcta 539 515 : 
Klingenstierna c. 1730, PI=1.79 [114, p. 296] 
12 arct : 8 arct : 5 arct : (5.22) 
= — — — 5arctan —— ' 
arctan 18 + sarctan 57 930 
Gauss (56, II, p. 524], PI=1.79 
= 22 arct : +2 arctan : 5 arctan : - 
yrs 443 1393 
1 
—l tan —— 5.23 
O arctan 71018 (5.23) 
Escott, PI=1.63 
= 44 arct } + 7 arctan : 12 arctan ! + 
oe etna annie in oe ear a 682 
1 
24 5.24 
+ 24 arctan 12943 (5.24) 


Stormer, 1896, PI=1.59 


This list contains some of the arctan formulae whose originators are 
known. There are many other such formulae, some of whose originators 
are known and others not. On our CD-ROM you will find a substantial 
collection of them in the arith directory, including some “monsters” 
with 11, 12 or even 13 terms, also an algorithm which can be used to 
automatically discover still more. 

Along with the names of the originators, the list provides a “perfor- 
mance index” (PI). The smaller this is, the better, as this means that 
calculation of 7 requires less effort. The performance index is based on 
calculation of the expression 1/log a; + 1/logazg +---+1/logan. 

From the list it is clear that the Machin formula is one of the best. 
It is also the best of the four possible (32, p. 345] arctan formulae which 
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comprise only two terms. This explains why for over 250 years it was 
the favourite formula of 7 digit hunters. 

Nevertheless, other arctan formulae were also widely used for a long 
time. For example, Leonhard Euler in 1755 used the following relation: 


1 3 
; = 5arctan aa 2 arctan 75 (5.25) 


Euler, Pi=1.89 
Its performance index of 1.89 is worse than the formulae cited above. 
But Euler discovered an elegant way to reduce the the amount of work. 
He derived the identity 


3° 5° 3:5-7 
where y = x?/(1+ 27). 


2 2-4 2-4-6 
arctan = 4 (14 Sy 4 5 y+ y+ :) (5.26) 


Euler, 1755 


and inserted ee arguments of (5.25) into it. oe first one, = i 
leads to y = am while the second one, 7 = 4 produces y = Tago" 
The powers of 10 which are now in these y’s reduce their decimal 
computation to a matter of simple decimal shifts. By this means Euler 
was able to calculate 20 decimal places of 7 in less than an hour [82, 
p. 340]. 


In the previously mentioned arctan formula of Gauss (5.22), the 
arguments 1/18 and 1/57 have a similar useful property: 


1 1 y 2-4 
arctan — ig = 18 (ss + 303952 + 305 79953 aad ) (5.27) 
and 
1 1 2 2:4 
tan — = eee é 
er ey oe (5355 * 3.30502 * 3.30503 * ) oe) 


Once again the work is simplified through decimal shifts, as a result of 
which the terms of the second series can be obtained from those of the 
first series. For this reason, the Gaussian arctan formula (5.22) was 
promoted to the “best formula for 7 calculations up to 1,000 decimal 
places” in the pre-computer era [16]. 

A 7m calculation using arctan formulae is very easy to programme. 
On our CD-ROM there is a quite elementary C program for doing this. 


One of the authors (JA) devoted a considerable effort a few years 
ago to the search for arctan formulae, in the course of which he discov- 
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ered some beauties (see formulae (16.124) to (16.132) in our collection 
of formulae beginning on page 233). He was looking for expressions 
in which the first term had the biggest possible denominator. He was 
especially pleased when his computer churned out the following arctan 
formula consisting of 11 terms: 


1 
c= = 36462 arctan ———— oT + 135908 arctan ———— 455298 * 


1 ee 
+ 274509 arctan ———- ; sR — 39581 arctan 198 _ oF 


1 
+ 178477 arctan ee — 114569 arctan 3449051 


1 1 
— 146571 arctan 78075991 + 61914 arctan BOT COr? a 


1 1 
— 6044 arctan 74908144 — 89431 arctan 501229889 599589 a 


1 
— 43938 arctan 2189376182 (5.29) 


Arndt [7], 1993 


The following two arctan formulae deserve a special mention for a 
quite different reason: 


T 1 1 1 1 
Z = arctan — + arctan — + arctan — + arctan—+-- 


2 5 13 34 
[oe 
a >. arctan (5.30) 
n=l 2n+1 
and 
n 875-5 e 2 ) 
—- = Foy, arctan | ——————-,—_ 5.31 
4 2 yD a 3Fon+2 + F349 ( ) 


Arndt, 1994 


These series have an infinite number of arctan summands and are 
therefore no good for an effective 7 calculation. But their distin- 
guishing feature is that they contain the famous Fibonacci num- 
bers F,. Fibonacci numbers are named after their discoverer, Fi- 
bonacci, whose real name was Leonardo of Pisa (1180-1240), and go 
F, = 1,1,2,3,5,8, 13, 21, 34,.... Each succeeding number is the sum 
of its two predecessors Fhi2 = Fniit Fn, n >= 1. 

Fibonacci numbers have various beautiful characteristics and occur 
often in nature. In particular, they forge a bridge between mathematics 
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and art because the ratio of successive Fibonacci numbers converges 
towards the “Golden ratio”¢ = 5(v5 +1) =1.61803.... This Golden 
ratio @ has been regarded since antiquity as especially aesthetic in 
sculptures, paintings and buildings and logically occurs also in Arndt’s 
formula (5.31). In this way Fibonacci numbers endow our 7 with an 
artistic touch. 


6. 


Spigot Algorithms 


The spigot algorithm, developed by Stanley Rabinowitz and Stanley 
Wagon [95], is a recent and elegant method of calculating 7. The al- 
gorithm is ideal for running on a personal computer. 


L, 


The spigot algorithm starts producing digits of 7 right from start- 
up and thereafter churns them out at regular intervals. Under all 
the other methods, 7 has to be calculated completely in a buffer 
and is only output at the end, all at once. By contrast, with the 
spigot algorithm the z digits trickle out one at a time. It is possible 
to watch it at work, so it is well suited for online demonstrations 
on the Internet, for example. The CD-ROM which goes with this 
book contains the Java applet spigot/pispigot.htm, which shows 
the algorithm in action. You only need to load it into a standard 
Java-capable browser. 


. The algorithm works with nice small integers; even for 15,000 digits 


of 7 the values of its variables do not climb to more than 32 bits 
(including plus and minus signs), so that the long C data type is 
sufficient on standard 16-and 32-bit compilers. This means there 
are no problems with rounding, deletion or truncation, which can 
make life miserable with other algorithms. 


. Implementation of the spigot algorithm does not require any ex- 


traneous software, such as, for example, a high precision library. 
Everything you need will be found in any standard C compiler. 


. The spigot algorithm is surprisingly fast. Although the time it 


requires is of quadratic order, so that it cannot compare with 
high-performance algorithms such as the Gauss AGM algorithm 
(see page 91), nevertheless it regularly outdoes algorithms that are 
based on arctan series (see page 69). 


. The mathematics behind the spigot algorithm is simple. 
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6. The spigot algorithm can be written in only a few lines of source 
code. The shortest 7 programs are based on it. A proof of this has 
already been provided above (see page 37). 


6.1 The spigot algorithm in detail 


The starting point is the following simple structured series for 7: 


1 2 3 

w= 2+ 2+ (2+724---))) (6.1) 
It can be derived from the Leibniz series (16.59) without great effort 
if one just uses the Euler transformation [76, p. 255]. However, we will 
not perform that step now. 

The series (6.1) can be conceived of as a number in a number system 
with a variable base. Normally we encounter only numbers with a fixed 
base, which is usually base 10. Every place of such a number must be 
multiplied with a value which is higher than the value of the next digit 
to the right, by a constant factor known as the “base”. 

But occasionally we come across numbers in which this factor is 
not constant, e.g. the numbers which correspond to the expression “2 
weeks, 3 days, 4 hours and 5 minutes”. Because the ratio of weeks 
to days = 1: 7, days to hours = 1 : 24 and hours to minutes = 1 : 
60, when converting this number to a decimal number (with the unit 
“weeks” ), three different factors have to be considered, namely 1/7, 
1/24 and 1/60. Hence, to answer the question how many weeks are in 
the aoe we have to calculate the following: 


2+ “(3+ ait + =5 (6) (6.2) 


Now compare this expression with the right-hand side of the 7 series 
(6.1). You will see the same arrangement of brackets and also the 
different bases. On the other hand, in the 7 series all the numerals 
are equal, i.e. = 2, whereas in the week example they are different, 
i.e. = 2, 3, 4 and 5; the a series is also infinite, whereas the example 
terminates after the fourth digit. 

Back to 7. The task which the spigot algorithm performs consists 
simply of converting the 7 series (6.1) to our base 10 number system, 
i.e. to this form: 


PMU Hs Ge at) (63) 
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Such a task is known in arithmetic as radix conversion and func- 
tions — in the present case — as follows: 

On every step one 7 decimal place is calculated. To do this, first of 
all all the digits in the number to be converted are multiplied by 10 
(the new base). Then, starting from the right, every decimal place is 
divided by the previous base (2i + 1)/i which applies to this decimal 
place. On every division, the remainder is retained and the integer 
quotient is carried over to the next decimal place. The most recently 
calculated carry-over is the new decimal place of 7. 


The question arises as to how many terms in the 7 series (6.1) 
really have to be carried over in order to obtain n decimal places 
of 7, including the digit 3 before the decimal point. In their article, 
Rabinowitz and Wagon specify the value |10n/3]|, where the notation 
|x| in the customary manner refers to the largest integer < 2, ie. it 
means [10/3] = 3 and |3| = 3. They even “prove” that this value is 
“correct”. Unfortunately, it is not correct, as they could have seen from 
the values n = 1 and n = 32. We are taking the liberty of correcting 
the mistake and take one more decimal place, i.e. |10n/3+1] decimal 
places, in the (tested) supposition that we are then correct in every 
case. 

Before we can begin to programme, we must explain the single real 
complication in the algorithm. 

When the base of the 7 series (6.1) is changed, it is possible for 
a digit pair = 10 to occur. It can thus happen that at some point 
a 10 occurs at position p, ie. 3.1415...(p)(10). The 1 in the 10 is 
an unresolved carry-over and must be added to the previous digit i.e. 
3.1415...(p+1)0. It can even happen that in front of such a 10 one 
or more 9s have been calculated, so that those places too must be 
corrected. The 3.1415... (p)99...9(10) must then be transformed into 
3.1415...(p + 1)00...00. 

This complication means that the 7 program cannot release the 
digits it has calculated immediately, but must store them in a buffer 
until the next digit or the next few digits has/have been calculated. 
When a new digit arrives, one or more digits will still be held in the 
buffer. The first of these will definitely be < 9 and the others, if there 
are any, exactly = 9. In this way we have the following situation in the 
buffer at the point when the new digit g arrives: 


p99...9+— g 
ee 
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There are now three possibilities: 


1. g < 9: it turns out not to have been necessary to retain the value 
in the buffer. p and any succeeding 99...9 can be output as they 
are. g becomes the next decimal digit of p. 

2. q = 9: no decision has been made so the number of 9s held in the 
buffer is increased by 1 as g is added to it. 

3. g = 10: it turns out to have been necessary to store the interme- 
diate values in the buffer because a 1 must now be added to the 
sequence of digits held in the buffer. As a result, p is increased by 
1, and all the 9s held temporarily become Os. All these decimal 
places are now ready and can be output, but the 1 in the 10 is 
stored temporarily, i.e. p is set to 0. 


The complication thus arises because the z series (6.1) is not unique 
in relation to the second positions. For example, 2 can be represented 
in two ways, namely by 0+4 (0+ 2(2+3(3+---))) and by 0+4(2). There 
are series for 7 which are unique, but they are much more long-winded 
to calculate than (6.1). 


6.2 Sequence of operations 


We have now assembled all the elements required to describe the se- 
quence of operations in the spigot algorithm. 

The spigot algorithm calculates the first n decimal places of 7. It 
works with a field a0], a[1],...,a[N] consisting of N+1 = |(10n)/3]41 
integers, where |a| signifies the largest integer < x. Moreover, two 
variables p and q are used to record the first and the current provisional 
decimal place, also a numerator nines for the number of temporary 
nines. 


Initialisation: set p = 0 and nines = 0. 

For i = 0,1,2,..., N, set afi] = 2. 

Iteration: repeat until n decimal places have been output. 

e Multiply with the new base. Multiply each ali] by 10. 

e Normalise. Beginning on the right, from i = N to i = 1, divide 
afi] by (21+ 1) to obtain a quotient q and a remainder r. Replace 
ali] with r. Multiply q by 7 and add the result (the carry-over) 
to the element a[i — 1]. 
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e Calculation of the nezt provisional digit of 7. The left-hand digit 
a[0] is post-processed. It is divided by 10. The division remainder 
replaces a[0], while the quotient g produces the next provisional 
digit of 7. 

Correct the old provisional digits. If q is neither 9 nor 10, then 
the first provisional digit up to now, p, and the nines which 
succeed it are confirmed and output. The new first provisional 
digit p now becomes = q, and nines is set to = 0. 

If g = 9, then out of the provisional nines only the number nines 
is incremented by 1; no digits are output. 

If q = 10, the first provisional digit up to now, p, is increased 
by 1 and output. The provisional nines become zeros; they are 
likewise output. The new first provisional digit, p, becomes = 0 
(that is the Ist digit of q). nines is reset to 0. 


A small improvement can be achieved if one initialises the first 
provisional digit of p with a negative value and then intercepts this 
value during output. This means that the output begins immediately 
with 314... instead of initially with a zero. 

The following C function spigot () is described in the sequence of 
operations below. 


/* 
* function 
* void spigot (digits) 


* Spigot program for pi 
* 1 digit per loop 
*/ 


#include <stdio.h> 
#include <stdlib.h> 


void spigot(int digits) 
{ 


int i, nines = 0; 


int q, /* next prelim. digit */ 
p = -1; /* previous prelim. digit */ 
int len = 10*digits+3+1; /* len: One more than R+W */ 
int *a; /* array pointer */ 
a = malloc(len*sizeof (*a)) ; 
for (i=0; i < len; ++i) /* Init af] with 2’s */ 
ali] = 2; 
while (digits >= 0) 
{ /* Compensate for the very first digit */ 
q=0% 
for(i=len; --i >= 1; ) 
{ 
q += 10L * ali]; /* q = carry + 10*a[i] */ 


afi] =q % (ititi); /* afi] := q % (2it1) */ 
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q /= (itit1); /* carry := Yloor(q,2iti)*i */ 
q * 5 
} 
/* first digit */ 
q t= 10L * a[0]; /* q := carry + 10 * a[0] */ 
al0] = q % 10; /* af0] = q mod 10 : */ 
q /= 10; /* q : next prelim digit */ 
if (q == 9) 
++nines; /* q == 9: increment no of 9’s */ 
else 
{ /* q != 9: print prelim. digits */ 
if (p >= 0) 
printf("%011d", p + 4/10); /* p : prev. prel. digit */ 
if (digits < nines) /* adjust digits to print */ 
nines = digits; 
digits -= (nines+1); 
while (--nines >= 0) /* print 9’s or 0’s */ 
printf(q == 107 "0" : "9"); 
nines = 0; 
p = (q == 1070: q); /* set previous prelim. digit */ 
} 
free(a); 
return; 


At the end of the much-cited article [95] by Rabinowitz and Wagon 
there is a PASCAL program which evidently was not written by the au- 
thors themselves but by a student, to whom they express their thanks. 
This program has also been typed out and tested by some readers of 
this book. They had various problems with it, for example, on 16-bit 
PASCAL compilers the program stops working from n > 262 because 
an integer overflow occurs at that point, or else at n = 1 and n = 32 
it prints an incorrect last digit because the series length is too short, 
or else in many cases of n it outputs fewer than n digits because vari- 
able nines at the end of the program is not yet 0. Our above program 
attempts to avoid these weaknesses. 


6.3 A faster variant 


Two improvements can be made to the spigot algorithm which make 
it considerably shorter and quicker to run. 
First of all, instead of 7, 10007 is calculated, and hence the series 


1 2 
10007 = 2000 + 5 (2000 + = (2000 + = (2000 4-+<,))) (6.4) 


is used. The conversion is thus not performed in base 10 but in base 
10,000, so that on every pass the program produces four decimal places 
instead of only one. 
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This trick not only has the effect that the entire program becomes 
4 times faster, but an even more important effect is that the “com- 
plication” mentioned above becomes a lot simpler. The faster variant 
always waits only exactly 1 position (consisting of 4 digits) instead 
of having a variable number of places. This is sufficient for the first 
approx. 50,000 digits of 7, as up to that point there is no case in which 
more than one such 4-digit chain has to be placed in a buffer. This is 
only necessary if 4 zeros occur one after the other in a position that 
is divisible by 4, and the first time that this occurs in 7 is at digit 
position 54,936. 

The second improvement is really a textbook tip which, however, 
was evidently forgotten in the original formulation of the spigot algo- 
rithm. Namely, with a radix conversion, after each result place, one can 
shorten the remainder that still has to be converted, by the number of 
bits of the result place. Hence after each calculation of one place con- 
sisting of 4 decimal digits, the length of the f[] field can be reduced 
by |10-4/3+1] = 14 places. This improvement speeds up the program 
by an additional factor of 2. 


Here is a C program for the faster variant. It is an expanded version 
of the mini-program shown on page 37. 


/* 

* Spigot program for pi to NDIGITS decimals 

* 4 digits per loop 

* Expanded version 

* Thanks to Dik T. Winter and Achim Flammenkamp. 
*/ 


#include <stdio.h> 
#include <stdlib.h> 


#define NDIGITS 15000 /* max. digits to compute */ 
#define LEN (NDIGITS/4+1)*14 /* nec. array length */ 
long a[LEN]; /* array of 4 digit-decimals*/ 
long b; /* nominator prev. base */ 
long c = LEN; /* index */ 
long 4; /* accumulator and carry */ 
long e = 0; /* save prev. 4 digits */ 
long f = 10000; /* new base, 4 dec. digits */ 
long g; /* denom prev. base */ 
long h = 0; /* init switch */ 


int main(void) 
ag C ; (b=c-=14) > 0; ) /* outer loop:4 digits/loop*/ 


for (; --b > 0; ) /* inner loop: radix conv */ 
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d *= b; /* acc *= nom. prev base +/ 
if (h == 0) 
d += 2000 * f; /* first outer loop */ 
else 
d += a[b] * f; /* non-first outer loop */ 
g=b+b-1; /* denom prev. base */ 
alb] =d % g; 
d /= g; /* save carry */ 
} 
h = printf("4,041d", e+d/f);  /* print prev 4 digits */ 
d=e=-ada%f; /* save current 4 digits ¥+*/ 
/* assure a small enough d */ 
} 
return 0; 


On the basis of the NDIGITS definition, this program calculates ex- 
actly 15,000 decimal places of 7. There is no reason why it has to 
stop at this limit if one is not concerned about the portability of the 
program and compliance with ANSI C. As most C compilers around 
ignore an overflow in the evaluation of integer expressions which de- 
pend on plus and minus signs and there is sufficient “breathing space” 
in the array length, this program can normally be expanded to calcu- 
late twice as many 7 positions (using #define NDIGITS 32500). This 
number was still a world record 40 years ago. Even more decimal places 
can be calculated with floating point variables and arithmetic. 

But however large a data range you select, even with this variant of 
the spigot algorithm, i.e. where each place consists of only 4 7 digits 
and only one such place is held in the buffer, it is still not possible to 
get past 7 digit position 54932. This can only be achieved by removing 
at least one of these limiting conditions; the easiest one to remove is 
the first. 


6.4 Spigot algorithm for e 


The spigot algorithm is clearly not limited to the calculation of z. 

Let us consider the transcendental number e = 2.7182.... Its series 
expansion which is the equivalent of the above 7 series (6.1) goes as 
follows: 


e=1tT(1+5(14 5(14-))) 0) 


Here, as in the 7 series, different bases occur, but this time they 
are all of the type that their numerator = 1. This means that when 
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calculating the carry-over, there is no need for a multiplication opera- 
tion. 

More important, however, is the fact that the e series (6.5) is unique, 
so that the complication which occurs with 7 does not occur here. A 
spigot program for the decimal places of e is therefore simpler. 

Here is a 138-character long program for the calculation of e to 
15,000 places in the style of the mini-7 program shown on page 37: 
/* note: N=15000, LEN=87700 >= 1.4*N*log10(N), 84700=LEN-N/5 */ 
a[87700] ,b,c=87700,d,e=1e4, f=1e5,h; 


main () {for (;b=c-- ,b>84700; h=printf("%05d" ,e+d/f) , e=d%=f) 
for(;--b;d+=f* (h?a[b] :e) ,a[b]=d%b,d/=b) ;} 


Back on page 36 we promised to tell you how Lievaart’s “obfus- 
cated” program works. Well, it too works with the spigot algorithm 
for e. 


7. Gauss and 7 


One of the fastest method of calculating 7, if not the fastest of all, is 
almost 200 years old. It was invented by the German mathematician 
Carl Friedrich Gauss (1777-1855) around 1800. It was subsequently 
forgotten and only unearthed 170 years later, when two researchers, 
Eugene Salamin [100] and Richard Brent [37] independently rediscov- 
ered it at the same time and turned it into the basis for superfast 7 
calculations. 

Gauss’s calculation method has since formed the basis of a number 
of other formulations, as one can tell from the different names by which 
the method is known in the literature. Thus we find the “Brent-Salamin 
iteration” or the “Gauss-Legendre method” and other variations. In 
this book, we refer to the method as the Gauss AGM algorithm as it 
bears Gauss’s unmistakable hallmark and its distinctive feature is the 
arithmetic geometric mean (AGM). 


7.1 The 7 AGM formula 


Gauss’s formula that was so important in the study of 7 is shown in its 
original form on page 101. Using modern notation, it looks like this: 


2 1 
_ 2AGM?(1, Js) 


~ 1 _ Sn 9k 
3 Doki 2° Ch 
Gauss, 1809, Salamin, Brent, 1976 


T (7.1) 


The essential element in this formula is the function AGM(a, b), 
which produces the so-called arithmetic-geometric mean (AGM) of 
two numbers. The AGM is a combination of the arithmetic and the 
geometric means. The second variable, the cz, in the sum in the de- 
nominator, is directly linked with the AGM. 

In everyday life we come across several ‘means’. The arithmetic 
mean (a + 6)/2 of two numbers a and 6 is a common tool and can 
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be used, for example, to arrive at the average of two marks in a cer- 
tificate of academic achievement. The geometric mean Va-b is also 
well-known and is used to calculate the average of two or more vari- 
ables which are linked by a multiplication operation, for example to 
calculate the average of two interest rates. In both cases, the word 
“mean” refers to a variable which lies “in the middle” between two 
starting values. 

The AGM is also the average of two variables a and b. However, 
this average cannot be calculated in one step, but requires an infinite 
number of steps, each of which approximates it more closely. The AGM 
calculation rule is “iterative”, in that each step builds on and improves 
on the results of the previous step. 


Algorithm (7.2) AGM rule (alg 7.2) 
Initialise: 
0g. 2= 0 
bo := 0 
Iterate: (k = 0,1,2,...) 
Ops, = tthe —~, AGM(a,b) 
ber = Vax Be + AGM(a,6) 


Then converge ay, and b; to the same limit AGM(a, b). 


It can be seen that the a+, is calculated by taking the arithmetic mean 
of its predecessors az and by, and the by4; by taking their geometric 
mean. 

When Gauss first got interested in the AGM (at the age of 14) he 
ascertained its numeric behaviour in a number of cases “manually”. 
One of four surviving numeric examples begins with the starting values 
a = V2 and b = 1 and, applying the rule (alg 7.2), it proceeds as 
follows: [56, III, p. 364]. 


Arithmetic mean Geometric mean Accurate 
places 


a = 1.41421 35623 73095 048802 6 = 1.00000 00000 00000 00000 0 
a1 = 1.20710 67811 86547 524401 6, = 1.18920 7115002721 066717 
a2 = 1.19815 69480 94634 295559 be = 1.19812 35214 93120 122607 
a3 = 1.19814 02347 93877 209083 63 = 1.19814 02346 77307 20579 8 
a4 = 1.19814 02347 35592 207441 b4 = 1.19814 02347 35592 20743 9 


R 
oerRoCe 


? Gauss demonstrated from such columns of numbers that, mathematical genius 
through he was, he too did not shy away from laborious numeric calculations. 
Mathematicians today still stand in awe of him for this reason. 
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In the consecutive iteration steps, a, and b, move towards each 
other, a, getting smaller and b; getting bigger. (They would still move 
towards each other after crossing even if a had been smaller than 6 
at the beginning). The value to which they converge, i.e. their limit 
values, is called the “AGM of a and b” and is written as AGM(a, b). 
In the case of a = V2 and b = 1 the limit value is clearly 1.19814.... 


The AGM always lies between the geometric mean and the arith- 
metic mean of the starting values. 


arithmetic mean is 


arithmetic-geometric mean AGM (1, x) 
geometre mean ./x 


The main point to emerge from this numeric example of Gauss’s is 
that a, and by rapidly converge towards each other. The last column 
shows the number of decimal places which are identical for both vari- 
ables. After only four iterations AGM(v2, 1) is already accurate to 19 
decimal places. 

In each iteration, the number of correct decimal places approxi- 
mately doubles. This quadratic convergence is the outstanding quality 
of the AGM and is what makes it so interesting to mathematicians. In 
our 7 formula (7.1) the speed at which 7 is calculated is determined by 
the AGM function (in the numerator) effectively “bequeathing” this 
quadratic convergence to it. 

The denominator of formula (7.1) contains the variable cz. This is a 
useful auxiliary variable which crops up again and again in the context 
of the AGM. The variables a, and by are generated during the AGM 
iterations. The auxiliary variable cz, is defined as half the difference 
between them. 
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1 


Cet = 5 (ae — be) (7.3) 
identical with 
2 _ 2 2 7 2 
Chat = G41 — Oe, = (Get — ae) (7.4) 


As a and b move towards each other, c obviously converges towards 0. 


Some of the basic features of the AGM are the following: With real arguments 
ao and bo, 0 < bo < ao and the auxiliary variable cx41 := (a% — bk)/2, the following 
apply [32, p. 1-4]: 

Qk = Ap+1 + Ce41 
bk = Qk41 — Ck41 


Ck = (an — be) /2 = ch_1/(4ax) 


c= ag b= (ax —ay-1)? 


O < angi — bet1 = (an — be)?/(2(/an + Vdx)”) 


M(a,b): jim ak = jim be 
00 00 


AGM(A-a,A-b) = A. AGM(a,6) 
AGM(a,b) = acm(*=, vab) 
1+b 2Vb 


AGM(I,b) = —z AGM(, 75) 
Also: 


be < beq1 < Qe41 < Gk 


and: 
AGM(ax, bx) = AGM (ax41, de41) — AGM(a, b) 


The AGM is a well-defined quadratically convergent iteration for starting values 
ao := 1,bo := z, where re(z) > 0. 


The AGM is also well defined for negative indices k: a_, = 2" ax, b-~ = 2° c% and 
c_z = 2"b%, where aj, by and cj are generated from the AGM algorithm (alg 7.2) 
commencing with aj := ao, 05 := co and cg := bo; note the “exchange” of b and c 
in the last two expressions. 


7.2 The Gauss AGM algorithm 


From his research into the AGM and various other mathematical de- 
liberations which we will go into below, Gauss arrived at his formula 
for « which is so important today (7.1). It can be converted directly 
into an algorithm for 7. 
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Algorithm (7.5) Gauss AGM (alg 7.5) 
Initialise: 
ag c= 1 
bo := 1/V2 
8 t= 1/2 
Iterate (k = 0,1,2,...,K —1) 
t :=Qp 
Apy1 t= (ax + dp) /2 
bear i= Vtbe 
Chay 2= (anti —t)? 
Skt °= 8k —- Deri 
Compute an approximation of 7: 
nes (ax +b)? 
28K 


The algorithm begins with initialisation of three variables a, b and 
5. In succeeding iterations the variables a and b are expanded further 
according to the AGM rule (alg 7.2) into an approximation for the 
term AGM(1, 1/2) which occurs in the denominator of (7.1). At the 
same time the sum s in the denominator is calculated using the above- 
mentioned auxiliary variable ce 41 = (Gk41- ay). The temporary vari- 
able t = a, is necessary because the value a, is used twice more after 
it has already been replaced by a,z4.1. The iteration runs either until a 
predefined level of precision has been achieved in the results or else, as 
here, until a specified number K of iterations has been performed. At 
the end of the procedure, the approximation for 7 is calculated in a 
single step outside the loop. Here, instead of the (unachievable) value 
AGM(1, 1/2), the next value ax41 = (ax +bx)/2 is used. This is the 
most accurate approximation which can be achieved in K iterations. 


These few lines thus define one of the best algorithms for calculating 
mw. The first three iterations alone produce 19 accurate decimal places: 
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Iteration pK Accurate places 
1 3.14... 3 
2 3.14159 26... 8 
3 3.14159 26535 89793 238... 19 
4 ditto 41 
5 ditto 84 
6 ditto 171 
7 ditto 345 
8 ditto 694 
9 ditto 1392 


Every extra iteration produces more than twice as many places as 
its predecessor. With 10 iterations the number of accurate decimal 
places increases 1000-fold and only 36 iterations are required to calcu- 
late 7 to 206.1 billion decimal places. The absolute error is (32, p. 48]: 


oa gk +4 2k? 
AGM? (1, 1/2) 


2 
T — PK 
T7— PKS fer 22 (7.6) 


T—-PKS or 


The quadratic decrease in the absolute error (7 ~— px) will be evident 
from the second expression, and from this one can determine that px 
is always smaller than 7. 


7.3 Schénhage variant 


The calculation operations with long variables within the iteration loop 
are a decisive factor in determining the performance of the Gauss AGM 
algorithm, especially the long multiplication axzby, the calculation of 
the square root of this, and also the squaring operation (ap41 — ax)?. 
(On the other hand the long additions are of less consequence, likewise 
the multiplications by powers of 2, as these only involve decimal shifts 
of the variables which in any case are represented as binary numbers.) 

Any improvement in performance is of course highly desirable. The 
following version, devised by Arnold Schénhage [105, p. 266], signifi- 
cantly speeds up the Gauss AGM algorithm. This variation avoids the 
long multiplication a,b, required on every iteration. 
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Algorithm (7.7) Gauss AGM, Schénhage variant (alg 7.7) 


Initialise: 
ag 3= 1 
Ag :=1 
Bo :=0.5 
So :=0.5 


Iterate: (k = 0,1,2,...,K —1) 
t := (A, + By)/4 


b, := VBe 
Ok+i = (an + de) /2 
Ag+ a Oe a 
Bryi += 2(Agy1 — 2) 


Sk41 2= 8p + 2°71 (Bey — Agy1) 
Compute the approximation of 7: 
— Ax+BrR 
DROS ae 


Schonhage dispenses with the long multiplication of a,b, by replac- 
ing that product with less time-consuming operations involving other 
variables which occur: axby = 2(az,1 — 4 (az + bz)). (The squares of a 
and b are stored in the variables A and B.) The resulting performance 
is around 25% better. This is achieved without any implementation 
tricks simply through rearrangement of the operations. 

In this way Schénhage avoids another long square root calculation 
during initialisation and, during the calculation of the approximation 
for 7, he avoids a long squaring operation. 

If one takes advantage of the fact that the b, and B, can share the 
same memory store, then the Schénhage arrangement, like the original 
form, requires only 5 long variables, namely a, A, b= B, ¢ and s, thus 
avoiding any storage penalty for the speed gained. 

It is very easy to convert the Gauss AGM algorithm to a program, 
using the Schénhage variation: 


a=A=1 
B=s=0.5 // B and b can share storage 
for k=1 to N 
t = (A+B)/4 
b = sqrt(B) 
a = (atb)/2 
A=a"2 
B = (A-t)*2 
s = s + (B-A) * 2°k 
end for 
pi = (atb)*2/(2+*s) 
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For the first few digits of 7 this program can be implemented with- 
out any problems in a standard programming language with normal 
floating point arithmetic or, better still, with a computer algebra sys- 
tem. Calculation of world record numbers of decimal digits is not, 
however, so easy and major implementation problems arise. 


Mass storage problem. The long variables a, A, b=B, s and t have to 
be sized from the beginning to match the length of the result; but when 
one is dealing with hundreds of billions of 7 digits, the main memory 
of even the biggest computers is not sufficient, so that the variables 
have to be stored outside of main memory and introduced into it in 
stages. To do this quickly, considerable processor-specific work must 
be done on memory management. 


High precision arithmetic. Computers possess only a (very) lim- 
ited machine precision in their instructions, and many can only han- 
dle variables a maximum of 16 (decimal) places long. Hence “long” 
operations such as addition or modification of long variables have to 
be assembled from “short” operations. The procedure is theoretically 
complex and its practical implementation is performance-critical. For 
this reason the “high precision arithmetic” that is required is gener- 
ally the most difficult and the most challenging part of a 7 program. 
It usually constitutes the very reason for developing a program in the 
first place. However, it is also possible to “purchase” this basic work 
(including the memory management functions mentioned above) and 
draw it from one of the many high precision libraries (such as our 
hfloatlibrary), by integrating such a library into one’s program in an 
appropriate fashion. 


7.4 History of a formula 


The AGM 


The Gaussian 7 formula (7.1) looks relatively harmless but there is 
actually more to it than meets the eye. It is remarkable not just because 
it is so effective but also for its mathematical background and the 
history of how it came about. 

The arithmetic-geometric mean (AGM) and its calculation rule are 
less old than one might suppose from its simplicity. Both were dis- 
covered some 200 years ago. Surprisingly, the calculation rule for the 
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AGM is actually older than the AGM itself [46]. The French mathe- 
matician Joseph-Louis Lagrange (1736-1813) was the first to use the 
rule (alg 7.2) in 1785 for the calculation of approximations for elliptic 
integrals, although he did not discover the AGM or its relationship 
with elliptic integrals himself. It was Gauss who succeeded in making 
these discoveries. As David Cox writes, “... we have the amusing sit- 
uation of Gauss, who anticipated so much in Abel, Jacobi and others, 
himself anticipated by Lagrange.” [45, p. 315]. 

It was in 1791, at the tender age of 14, that Gauss discovered the 
AGM. His discovery exercised such a fascination on him that during 
the next 10 years he worked almost without interruption on developing 
an AGM theory and took this work to heights which have not been 
surpassed since [57, p. 186]. 

Then when he was 22 or 23, Gauss wrote an essay (in Latin) on his 
discoveries relating to the AGM: de origine proprietatibusque general- 
ibus numerorum arithmetico-geometricorum (On the origin and gen- 
eral characteristics of arithmetic-geometric means) [56, III,pp. 361- 
374]. However, he never had the essay published and it was only printed 
in 1866 as part of his estate. Gauss’s lifetime publications included 
only one piece on the AGM, and that was in 1818 in his treatise De- 
terminatio attractionis (On the attraction of the elliptic ring) [56, III, 
p. 352-353], which contains the third proof of the fundamental identity 
(7.13). Additional information is provided in his formal writings. 

Very little is known about Gauss’s teenage research on the AGM. 
However, it seems likely that he possessed the basic knowledge quoted 
above very early, and evidently he knew from his research on the lem- 
niscate that special significance is attached to the argument pair V/2 
and 1. There are also signs that already in 1794 he was aware of the 
connection between the AGM and “numerical integrals”, as he called 
them, which today are referred to as theta functions? . 

There were two phases to Gauss’s research on the AGM, 13 May 
1799 marking the start of the second phase. It was on this that Gauss, 
now 22 years old, succeeded in forging a link between the AGM and 
a quite different area which up to then he had been following quite 
separately. 


2 a m 
Theta functions are power series whose exponents are square roots. 
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The lemniscate 


The second constituent in Gauss’s 7 formula (7.1) besides the AGM 
is the so-called lemniscate function. This function take its name from 
the lemniscate®, a curve which Gauss had already studied in detail as 
a teenager. The lemniscate takes its name from the Greek word lem- 
niskos, meaning a little ribbon or bow. It looks rather like a sideways 
8: 


Expressed in polar co-ordinates, its equation is as follows: 

r? = a? cos 20 (7.8) 

When Gauss turned to the lemniscate, this curve was almost ex- 
actly 100 years old. Two brothers had discovered it independently in 
the same year, 1694, Jakob Bernoulli (1654-1705) and his younger 
brother Johann (1667-1748). Jakob’s publication about it appeared in 
September 1694 and Johann’s only a month later. Following publica- 
tion, the brothers had a violent dispute about which of them could 
claim to have invented it [45, p. 311]. The quarrel went so far that 
Johann swore he would never return to Basle as long as his brother 
was still living*. 

Jakob Bernoulli had discovered the lemniscate via the so-called elas- 
tic curve , and still expressed it in Cartesian co-ordinates (xx + yy = 
a,/xx — yy). This elastic curve is formed if one forces a rod to bend 
so far that its ends are perpendicular to an imaginary line connecting 
their endpoints. 


° The lemniscate is the set of all the points for which the product of the distances 
of two fixed points F\ and F2 possesses the value (Fi F;/2)*. 

4 When Jakob died in 1705, Johann succeeded him to his professorship in Basle, 
which post he held for another 43 years [83, p. 112]. 
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B 


The equation for the elastic curve is 


t 22 dz 
v= Vina ee) 


More important historically than the equation for the curve, how- 
ever, was the equation for its arc length AOB. This goes like this: 


1 dz 
w 2 f Eat 2.6220575542... (7.10) 

Jakob Bernoulli succeeded in writing a formula for this arc length 
in 1691. He needed it again three years later when he was looking for 
a curve that was analytically more manageable but had to have the 
same arc length. He found this curve in 1694 in the lemniscate, whose 
half perimeter is in fact given by the integral (7.10). Thus one can say 
that the arc length of the lemniscate was known before the lemniscate 
itself [45, p. 311]. 

In the eighteenth century, even before Gauss, the elastic curve and 
the lemniscate figured in many mathematical treatises. For example, in 
1730 James Stirling (1692-1770) specified approximate values for the 
integrals (7.9) on the interval (0, 1] and for (7.10), which were accurate 
to 17 places. Giovanni Fagnano (1715-1797) discovered some methods 
for dividing up the lemniscate arc into n equal parts, where n can be 
equal to 2”, 3-2 or 5-2™ [45, p. 313]. 

From 1748 Leonhard Euler (1707-1783) developed a first stage of 
the theory of elliptic integrals, starting from the lemniscate. In par- 
ticular, Euler discovered the remarkable relationship between the two 
integrals already cited: 


7 dz i edz _t 711 
0 Vl—24* Jo Vi-zi 4 way 
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Gauss began work on the lemniscate in January 1797 (at the age 
of 19), as is borne out by entry no. 51 in his mathematical diary [55, 
p. 67]: “Curvam lemniscatam a 


/ dx 

v1—<2x4 

pendentem perscrutari coepi.” (I have begun to research the lemniscate 
curve, which is a function of ...). Originally the word “elasticam” had 
occurred at this point, but Gauss later crossed it out and replaced it 
with “lemniscatam”. Soon afterwards he began using the symbol w, 
as used in (7.10). 

Gauss began his research with the problem of how to divide a 
lemniscate into equal parts which was mentioned above in connec- 
tion with Fagnano. This took him to the “lemniscate functions” 
sinlemn( fy (1—z*)~1/? dz) = x and coslemn(w/2— fj (1-24) -/? dz) = 
x, which he defined for complex numbers and among which he found 
several relationships. He also found (one year after discovering the reg- 
ular 17-sided polygon) a construction using only compass and straight 
edge, by means of which the lemniscate can be divided into 5 (not 17) 
equal parts’. The first three months of 1797 saw a large number of 
discoveries in this area, as indicated by four diary entries (nos. 54, 59, 
60, 62). 

Gauss was particularly encouraged when he noticed the analogy 
of the lemniscate functions to the circle functions, for example the 
following: 


1 1 
a= | (_l- ad es dz and 7/2 = / (1 — 27)? dz (7.12) 
0 0 


The analogy is visually even greater when one reflects that in Gauss’s 
day the symbol JT was often still used in lieu of the symbol w. 

In 1798 Gauss began to study the expression 2, which turned out 
to be the key to further discoveries. Amongst other things he found a 
series for the inverse of this expression, and with it he calculated w/a 
to 15 decimal places. 

Suffice to say that by July 1798 Gauss already knew “everything” 
about the quotient 7/a [45, p. 319]. Entry no. 92 of his diary states, 


® Henrik Abel (1802-1829) subsequently continued Gauss’s work and found that 
exactly the same ratios apply to the lemniscate as to the circle and, in particular, 
that division of the lemniscate into 17 parts is possible with compass and straight 
edge too. 
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“We have gained some very elegant details about the lemniscate, which 
have exceeded all expectations, and indeed using methods which open 
up an entirely new field.” He sensed that he had made an important 
discovery and under no. 95 (in October 1798) he even wrote, “A new 
field of analysis stands before us, namely the investigation of functions 
etc.” Gauss was so excited that he left his sentence unfinished. 


Merger of the two fields 


Then came 30 May 1799. Gauss noted: “That the AGM is equal to = 
between 1 and 2 we have confirmed up to the 11th decimal digit; if 
this is proven, then a truly new field of analysis stands before us [56, 
X.2, p. 43].” 

Expressed as a formula, the discovery, which even today ranks as 
sensational, looks like this: 

~ = AGM(V3,1) (= 1.19814...) (7.13) 

In this formula Gauss recognised the connection between two ap- 
parently non-overlapping areas, namely the AGM and the lemniscate 
functions, which in turn are closely related to the elliptic functions. 
He was also aware at the time of the significance of his discovery as 
his conclusion (“new field of analysis”) suggests. This conclusion was 
fully confirmed, moreover, in the 19th century by the work of Riemann, 
Jacobi et al. 

It is striking in the diary entry that Gauss had arrived at his find- 
ings not through mathematical deduction but through simple com- 
parison of two numbers. Normally mathematicians are cautious about 
inferring a law simply from numeric coincidence. But this was quite 
different; Gauss seems to have suspected that this coincidence was no 
chance occurrence. This was by no means the only instance in which 
numeric results led Gauss to infer mathematical relationships, but it 
was without a doubt the most prominent. 

The wording in his diary also reveals that Gauss did not yet have 
a proof, and this he developed only later. When exactly is not known, 
but it is certain that by 23 December 1799 he actually had two proofs, 
and in 1818 he even published a third. 

The first and second proofs run over the comparison of the series 
expansions of the left and right sides of (7.13). The third proof is the 
shortest and the most elegant {56, III, pp. 352, 353]. Gauss examined 
the complete elliptic integral of the first kind, 
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I(a, b) = 


of which the lemniscate perimeter is a special case: @ = 2I(\/2, 1). He 
then showed that this integral remains constant if a and b are iter- 
ated in accordance with the AGM rule (alg 7.2): I(a,b) = I(a1,b1) = 
I({a2,b2) = ---. As ag, and bey move towards the same limit value 
AGM(a, b), I(a, 6) = 1/(2-AGM(a, b)) applies, which proves the rela- 
tion (7.13). 

It is only a few steps from this proof to the a formula (7.1). In 
modern accounts, for example as presented by Nick Lord [81], the path 
from there takes one over the following steps which are not difficult and 
were not new ground in Gauss’s time. The missing pieces were, firstly, 
the auxiliary integral L(a,b) = je cos? 6d0/1/ a? cos? 6 + b? sin? 6 
for which L(a,b) + L(b,a) = I(a,b) holds true; secondly, the re- 
lationship mentioned above that was discovered by Leonhard Eu- 
ler(7.11) of Ev? 1) - I(/2,1) = 7/4; and, thirdly, the relationship 
c2L (a,b) = (c2 — S)I(a,b) with S = 772 sok 1¢2 which is obtained 
from ¢2L(b, a)— 22L (br, ay) = c2I(a,b)/2. If the argument pair (V2, 1) 
is converted to the pair (1, 1/2), a more elegant version of the result 
is obtained. And there you have the formula (7.1) and the Gauss AGM 
algorithm. 


The original 


It took us a long while to uncover the original formula of Gauss which 
forms the basis of the Gauss AGM algorithm. It appears on page 6 of 
handbook 6, Short essays from various fields of mathematics, begun in 
May 1809. 

This little work is in the possession of the Niedersichsische Staats- 
und Universitatsbibliothek Géttingen (Lower Saxon State and Univer- 
sity Library Gottingen) (shelf mark: Cod. Ms. C. Fr. Gauss, Handbuch 
6). When we enquired after it, it turned out to be in a pitiful condition, 
so that the manuscripts and rare books department first had to have 
the book restored before we were able to print the formula (with their 
blessing) for the first time as Gauss originally wrote it: 
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The formula in the last line 
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is what we were looking for! It is even more general than (7.1). It is 
only necessary to set a = A= 1 and b= B = 1/¥V2, and one obtains 
m= M and c? = C? = a? —b* = 1/2. If instead of M and m one sets 
AGM (1/2), and if each stroke is replaced by an index, for example 
if we write cg instead of ec”, the Gauss formula is transformed into: 


2S at-tep = 1 _ AGM 1/ v2) 


= (7.15) 


and from this the (7.1) is immediately derived. 


102 7. Gauss and 7 


How could it happen ... 


Several historians have observed Gauss’s hand in the formula (7.1). In 
particular, Salamin did so himself when in his paper Computation of 7 
Using Arithmetic-Geometric Mean [100] of 1976 he referred to the root 
and added: “It is quite surprising that such an easily derived formula 
for 7 has apparently been overlooked for 155 years. The author made 
his discovery in December of 1973.” 

How could it happen that the Gaussian formula and along with 
it the Gauss AGM algorithm were lost without trace so that it was 
necessary for many years to calculate 7 with only the weaker arctan 
formulae instead of with Gauss’s formula? 

Eugene Salamin commented on it as follows [101]: 

“T quite agree that the 7-AGM algorithm could have been discov- 
ered 150 or so years ago. The two key items are the Gauss AGM 
formula for computing the elliptic integrals, and the Legendre formula 
relating these different elliptic integrals. If you can determine when 
these formulas were first published, then you know how long the 
method was waiting to be discovered. 

It should be pointed out, however, that the AGM method, involving 
full precision multiply, divide, and square root, was not very practical 
in the days of Gauss and Legendre. It was only when multiplication 
techniques substantially faster than the N? ones (see Knuth, vol. 2 [77]) 
were discovered, that the 7 AGM algorithm became more than just a 
theoretical formula.” 

That is all water under the bridge now. In 1976 the number of 
known digits of 7 stood at one million, this record having been es- 
tablished in 1973 using arctan series. After Brent und Salamin, this 
record was left in the dust. In only three years, computers were already 
chomping their way up to 30 million decimal places (see Chapter 13), 
all using programs that were based on the Gauss AGM algorithm. 


8. Ramanujan and 7 


The story of Srinivasa Ramanujan, the greatest Indian mathematician 
of the modern era, could come from a sociology textbook on the making 
of geniuses. Impoverished youth, inadequate education, misunderstood 
by those around him, forced to adopt an independent line. All of a 
sudden someone spots the youth’s brilliance, appreciates his visionary 
thinking, takes him under his wing, encourages him and elicits from 
him in the space of a few years an incredible wealth of discoveries. This 
creative period is followed by illness, homesickness and untimely death. 
In the ensuing period his work is largely lost without trace, known 
only to a few privileged persons, forgotten by the world at large. Then 
60 years later he enjoys a kind of revival. A few people begin to get 
interested in him, enquire into his life and milieu, and suddenly this 
interest is kindled into a raging fire as a storm of excitement spreads 
through India and across the mathematically minded world. Jubilation 
culminates in celebrations, conferences and posthumous honours on 
the occasion of the centenary of Ramanujan’s date of birth in 1987. 

Ramanujan’s extraordinary achievement was to tread new ground 
in mathematics despite having had little in the way of a formal math- 
ematical education. As such, he stirred the creativity and imagination 
of the best brains and inspired them on to extraordinary discoveries 
of their own. 


8.1 Ramanujan’s series 


A number of Ramanujan’s discoveries are linked with the number 7 and 
the issue of how to calculate it. In 1914, at the age of 27, Ramanujan 
published an article entitled Modular Equations and Approximations 
to x [96]. This essay contains around 30 formulae for 7, including the 
following [96, formula (44)]: 
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Ramanujan himself commented that this series converges extremely 
rapidly!. In fact, every summand produces about 8 correct decimal 


places, as can be seen just from the first three terms: 


0.1125...-10° 0.273...-107%  0.229...-19718 


In (8.1), Ramanujan had produced a 7 series which was significantly 
better than previous formulae, such as, for example, the arctan formula 
of John Machin, which moves towards 7 at the rate of only 1.4 decimal 
places per summand. Ramanujan’s new series was thus the first one 
suitable for taking the calculation of 7 beyond the million mark, and 
in fact Gosper calculated 17 million places of 7 with this formula in 
1985. 

One might ask whether the great speed of convergence of the series 
(8.1) is not dissipated by the fact that what the formula calculates is 
not actually 2 but 1 divided by 7, while it also includes another square 
root. But in fact this is not the case. Firstly, the calculation of the 
square root and of the inverse are operations which are only performed 
once and, secondly, procedures for calculating them which converge 
very rapidly, in fact quadratically, have been available since the time of 
Isaac Newton, i.e. for 400 years. The two terminal operations can thus 
be performed in the time it takes to perform a few long multiplication 
operations and add only insignificantly to the total time. 

It is quite striking how it was in 1914 or even earlier that Ramanu- 
jan discovered the series (8.1), yet it was not used until 1985. The 70 
years which passed between these two events were not a gestation pe- 
riod required for the series to mature, but the significant event which 
occurred in the interim was the invention of the computer. Without 
a computer, i.e. using paper and pencil only, it is not sensible to cal- 
culate an expression like the Ramanujan series over many terms. This 
and other products of Ramanujan’s inventive genius therefore had to 
be put on ice until the tools needed to exploit them had been invented. 


In the literature this formula is generally presented in a slightly more compact 
form (see 13.49). 
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Ramanujan provided only sparse information on his series (8.1) and 
failed to furnish any proof. However, as is evident simply from the title 
of the article, the formula is related to modular equations. 

It is rare to discover an account of modular equations that is read- 
ily comprehensible. Fortunately, however, the Borwein brothers have 
written such a description, which we may therefore assume to be au- 
thoritative [33, p. 112B]: 

The Ramanujan 7 series (8.1) is based on a 58th order modular 
equation [11, p. 202]. Historians can only speculate as to how Ra- 
manujan arrived at it. He himself says only that it was developed 
from theories “corresponding” to the standard theory of the theta and 
modular functions. We can be certain that it took Ramanujan a large 
number of attempts to arrive at manageable modular equations. 

In his paper on 7, as well as (8.1), Ramanujan lists another 16 
series for 1/7 which do not converge as well but some of which are 
quite spectacular for other reasons. One of these series is as follows [96, 
Formel (29)}: 


1 2n\"42n +5 
T => AG : “glin+4 (8.2) 


This series does not converge particularly well, producing only 1.8 
decimal places per term. But it is possible with this series to calculate 
the second half of n binary places of 1/7 without having to calculate 
the first half, because the denominators grow twice as quickly as the 
numerators. In this respect, Ramanujan had discovered here what was 
a kind of precursor to the BBP series discovered only quite recently 
(see Chapter 10), which permits the calculation of binary places in the 
“middle” of 7. 


8.2 Ramanujan’s unusual biography 


Srinivasa Ramanujan’s short life has been portrayed in detail, the 
main impetus to this being the run-up to the centenary of his date 
of birth in 1987. The most comprehensive biography is that by Robert 
Kanigel [71]. The publisher of Ramanujan’s notebooks, Bruce Berndt, 
has also collected together many biographical details [21], [22], [23]. 
In particular, he was able to interview Ramanujan’s widow, S. Janaki 
Ramanujan, who survived her husband by more than 60 years. 
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Srinivasa Aiyangar Ramanujan was born in the southern Indian 
city of Erode on 22 December 1887 in his mother’s family’s home. The 
family was very poor. After his birth, his mother returned to Kum- 
bakonam, where her husband worked in a clothing business. Kum- 
bakonam is about 155 miles to the south-west of Madras. 

Ramanujan showed an early interest in and aptitude for mathe- 
matics. But, unlike many famous mathematicians, he had no mentor 
but acquired his mathematical knowledge entirely by himself. Up to 
the age of 25 it is likely that he only had access to five mathematical 
books. The first of these was $.L. Loney’s Trigonometry, published in 
Cambridge in 1893, and this he worked his way through at the age 
of 12. The book discusses logarithms of complex variables, the calcu- 
lation of 7, the Gregory series and series sums, amongst other topics. 
He himself explored similar avenues later on. 

At the age of 15, Ramanujan borrowed a work by George S. Carr, 
A Synopsis of Elementary Results in Pure Mathematics from the local 
public library. Carr’s book was republished in 1970 under a different 
title [40]. This “synopsis” was in fact intended as an overview aimed at 
preparing university students for their finals in mathematics. The book 
lists 6,165 theorems, but without or with only very brief proofs. In any 
case (or notwithstanding), this book seems to have aroused Ramanu- 
jan’s genius. When Ramanujan started documenting his mathematical 
discoveries in notebook form in 1904, Carr was evidently the model he 
followed. 

Already at this time, aged 16, he was completely taken with math- 
ematics and only wanted to study that subject. As a result he failed 
his examinations in the other subjects and was sent down. Further at- 
tempts to obtain a college education met with no success. “The Collage 
of Kumbakonam rejected the one great man they had ever possessed,” 
Ramanujan’s patron, Hardy, wrote bitterly [63, p. 7]. Consequently, 
from the age of 17 to 23, Ramanujan worked in complete isolation. He 
entrusted the results of his research to his notebooks but otherwise 
kept them to himself. It is very sad that he obtained no mathematical 
“feedback” at such an important period of his life. 

In 1909 Ramanujan got married. His wife, who was only nine at the 
time, was able to provide some interesting details in 1984 (by which 
time she had been widowed for 64 years) [22]. In particular, she said 
Ramanujan was convinced that he would not have fallen ill in England 
if she had gone there with him. 
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Ramanujan’s first mathematical publication appeared in 1911, and 
only from 1912 did his extraordinary mathematical genius begin 
to gain some recognition. Two English mathematicians, Sir Francis 
Spring and Sir Gilbert Walker, arranged a monthly stipend for him. 
After a long search, Ramanujan obtained employment at a harbour 
company in Madras in 1912. The proprietor of the company and a 
manager who was a mathematician himself took great interest in Ra- 
manujan’s work and encouraged him to inform some English math- 
ematicians of his discoveries. His first attempts did not produce any 
encouraging results, but then in January 1913 he wrote to Godfrey 
H. Hardy, a very well-known English number theoretician at Trinity 
College, Cambridge University. Hardy was immediately convinced and 
invited Ramanujan to Cambridge. After having to face the objections 
of his caste and family (for orthodox Brahmins an ocean crossing was 
grounds for being made an outcast), Ramanujan sailed from India 
in 1914. 

He began one of the most important collaborations in the history 
of mathematics. During his time in Cambridge Ramanujan published 
several articles, some of which are classified as fundamental. One of 
these is the above-mentioned article from 1914 on modular equations 
and approximations for 7, which is where the series (8.1) comes from. 
This paper is the only one Ramanujan wrote about 7, although addi- 
tional findings relating to 7 are documented in his notebooks. 

He wrote several articles jointly with Hardy. “The blend of Hardy’s 
technical expertise and Ramanujan’s raw brilliance produced an un- 
equated collaboration” [33, p. 112A], commented the Borwein broth- 
ers. 

After three years in Cambridge, Ramanujan succumbed to an 
unidentified illness in 1917. It was diagnosed as tuberculosis but it 
may simply have been vitamin deficiency due to poor nutrition during 
the First World War. After two years in sanatoriums and convalescence 
homes, he returned to his native country in 1919. 

Soon after his return he was offered a chair at the Hindu University 
of Benares. Ramanujan was forced to decline for the moment due to his 
ill-health but planned to take up the offer when his health improved. 
But unfortunately he never recovered from his illness and died on 26 
April 1920 at the age of 32 in Kumbakonam. 

Ramanujan left 37 publications and a wealth of problems which 
he had published in the Journal of the Indian Mathematical Society. 
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There were also five notebooks and various unpublished essays and 
manuscripts plus 120 theorems in his letters to Hardy. 

A simple list of the topics on which Ramanujan worked reads as fol- 
lows [25, p. 644]: partitions, theta functions, statistical mechanics, Lie 
algebra, probability theory, modular forms, elliptic functions, complex 
multiplication, hypergeometric series, g series, asymptotic behaviour, 
beta integrals. 

He also made some comparatively elementary discoveries. There 
is an anecdote about a taxi with the registration number 1729. It 
was in such a taxi that in around 1918 Hardy drove to a hospi- 
tal to visit Ramanujan. On entering, Hardy mentioned this number, 
upon which Ramanujan commented, “1729 is a very interesting num- 
ber, it is the smallest number expressible as a sum of two cubes in 
two different ways.” Ramanujan was referring to the representations 
13 + 123 = 93 + 103, both of which produce 1729. In fact it is true 
that no smaller number possesses this characteristic. Ramanujan also 
discovered formulae for the construction of higher sums of powers and 
used them, for example, to ascertain the identity 


44 + 64 + 84494 4 144 = 154 (8.3) 
Ramanujan’s skills at handling continued fractions are unsurpassed. 
Among his results, for example, we find - without proof, as was so often 
the case — the following continued fraction formulae which helped to 
convince Hardy of Ramanujan’s genius. They are among the most aes- 


thetically pleasing he left, but they are also some of the most difficult 
to prove [63, p. 8]: 
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Hardy said of these and other formulae containing continued frac- 
tions [63, p. 9]: “I had never seen anything in the least like them before. 
A single look at them is enough to show that they could only be writ- 
ten down by a mathematician of the highest class. They [the formulae] 
must be true because, if they were not true, no one would have had 
the imagination to invent them.” 

Some of Ramanujan’s findings have been lost, even though G.E. An- 
drews at least recovered Ramanujan’s “missing notebook” in 1976. 
Some of it the University of Madras may have succeeded in losing. At 
any rate Mrs. Ramanujan said that shortly after her husband’s death 
his former teacher had come and claimed all his documents for the 
university, but no one has succeeded in finding them there. 

Ramanujan’s Collected Papers appeared seven years after his death. 
In 1936, Hardy gave “twelve lectures on subjects suggested by [Ra- 
manujan’s| life and work”, which were published in 1940. In the fore- 
word, Hardy writes as follows about his protégé [63, p. 6]: “The real 
tragedy about Ramanujan was not his early death. It is of course a 
disaster that any great man should die young, but a mathematician 
is often old at thirty, and his death may be less of a catastrophe than 
it seems. Henrik Abel (1802-1829) died at twenty-six and, although 
he would no doubt have added a great deal more to mathematics, he 
could hardly have become a greater man. The tragedy of Ramanujan 
was not that he died young, but that, during his five unfortunate years, 
(between eighteen and twenty-three) - his genius was misdirected, side- 
tracked and to a certain extent distorted.” 

Several authors, including the Borwein brothers, have succeeded 
in recent years in rendering Ramanujan’s work much easier to under- 
stand and more transparent. A significant contribution here was made 
(and is still being made) by Bruce Berndt, who is currently publish- 
ing Ramanujan’s notebooks with a detailed commentary. Above all, 
Berndt is adding in the missing proofs (and in some cases disproofs) 
which Ramanujan omitted to write down or else wrote only incom- 
pletely. Four of the five notebooks have already been published [24]. 
For friends of 7, notebooks 3 and 4 are the most interesting. 
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8.3 Impulses 


The path which led Ramanujan to his discoveries about a has proved 
to be of great practical importance and very forward-looking. Several 
other researchers have continued down the same route. 

The Borwein brothers have succeeded in deriving general formulae 
which enable any number of convergent series of the Ramanujan type 
to be generated (through fixing of one parameter). Further information 
will be found on our CD-ROM in the arith directory. Following this 
model, one of the authors (JA) generated the following series which 
produces a staggering 50 correct decimal places per term: 


1 i (6n)! A+nB 
5” Va nia FP 
where 
A := 5280419026080999965452185 + 
+ 2361475178400070170568800 V5 + 32 V5 - 
-(10891728551171178200467436212395209 160385656017 + 


+-4870929086578810225077338534541688721351255040 v5) 


1/2 


B := 654159204458052267524145750 + 
+ 292548889855077669080467200 V5 + 
+ 209664 3110 - 
(6260208323789001636993322654444020882161 + 

1/2 


+ 27996502730604442965772068907 18825190235 V5 ) 
J := —|17897749588626020 + 8004116944887336 V5 + 
+ 108 '5(10985234579463550323713318473 + 
3 
+ 4912746253692362754607395912 v5)" 


Arndt [7], 1994 


Another spectacular but also practical “Ramanujan”-type series 
was developed by the Chudnovsky brothers. It goes like this: 
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D. and G. Chudnovsky, 1987 


(8.7) 


It was with this series, which produces 15 decimal places per series 
term, that the Chudnovskys calculated a to over 8 billion decimal 
places in 1996. The series is used in several computer algebra systems, 
e.g. in Mathematica, to calculate 7, and is thus a very useful series; it 
would also be the ideal candidate for anyone seeking to divide up the 
task of calculating 7 on the Internet because it can be adapted very 
well to the binsplit algorithm (see Chapter 15 on page 215ff.). 


In the more recent high-performance calculations of 7, Ramanujan- 
type series have been replaced by other methods, notably by iterative 
algorithms developed by the Borweins. 

One of these is this “quintic” algorithm: 


Algorithm (8.8) Borwein, quintic (alg 8.8) 
Initialise: 
$9 i= 5(V5 = 2) 
ag i= 1/2 
Iterate: 
Shui := (25)/(se(zt+a/z+1)?) —+ 1 
where 
Li= 2 —1 
y:= (2-1)? +7 
= (§ (v+ VP — 473 
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Then: 
Qn —- = < 16-5" 7" 
J. and P. Borwein, 1987 [33, p. 115] 
a, produces 5th order convergence on 1/7, i.e. on every iteration 
the number of decimal places found undergoes a fivefold increase. 


ye 
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Such algorithms may not be found in Ramanujan’s writings, but 
they are closely related to Ramanujan’s analysis. For example, this 
special algorithm is based on a 5th order modular equation (inside the 
relation s,) whose origin can be traced back to Ramanujan. Thus one 
can say with some justification that Ramanujan’s hand is still to be 
found in 7 calculations today. 
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If any one or two figures stand out from the 7 research of recent years, 
then it must be Peter and Jonathan Borwein. They have developed 
virtually all the high-performance algorithms on which 7 computations 
are based today. 

The brothers were born in St. Andrews, Scotland, Jonathan in 1951 
and Peter in 1953. Their parents emigrated to Canada, where David 
Borwein was for many years head of the mathematics institute at the 
University of Western Ontario and is now a professor emeritus. It was 
“natural” that the brothers should study mathematics, and Jonathan 
obtained his PhD in 1974, Peter in 1979. 

After completing their studies, they worked — together — at Dal- 
housie University in Halifax, the capital city of the east Canadian 
province of Nova Scotia. There they both became professors as well. 
Then in 1992 Jonathan moved from the east to the west of Canada, to 
be followed a year later by Peter. Today they both teach and research 
at the Simon Fraser University in Burnaby, British Columbia. There 
they head the Center for Experimental & Constructive Mathematics 
(CECM), which they have had a free hand at establishing. 

The Borweins’ academic work is already very considerable. Peter 
Borwein’s list of publications includes five books and almost 100 arti- 
cles just over a period of 14 years. Jonathan Borwein has published a 
similar volume of papers. 

m is not the only research field in which the Borweins are active. 
In fact, less than 20% of their publications include 7 in the title. Nev- 
ertheless 7 is the main topic with which their names are currently 
linked. The main reason for this is that since 1984 the brothers have 
developed a large number of high-performance algorithms for the cal- 
culation of 7 which have been immediately implemented and executed 
by various mathematicians, such as Bailey and Kanada. The Borweins 
made their debut in the z field in 1984 with the following quadratically 
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convergent algorithm [30], which they derived from the z algorithm of 
Gauss, Salamin and Brent (see Chapter 7): 


Algorithm (9.1) 7 AGM derived, quadratic (alg 9.1) 
Initialise: 
ag i= V2 
bo := 0 
Po := a+ v2 


Iterate (k = 0,1,2,...): 
Ok+1 = 5 (Vax + ke) 
os byt 
be41 := Var (pt ) 
1 2 
Pkt °= PrOk+i (s+) — T+ 
Then converge the pz’s quadratically to 7+, where: 


Pe—-™ <107" (k>2) 


J. and P. Borwein, 1987 (30, p. 360] 


But this algorithm was only the starting point for many other algo- 
rithms of the iterative type, including some which converge even better. 
Among these, the following quartic algorithm made their names espe- 
cially well known, as since its publication in 1987 it has been used in 
most subsequent world record calculations, notably in those achieved 
by Yasumasa Kanada [32, p. 170]: 


Algorithm (9.2) Borwein, quartic (alg 9.2) 
Initialise: 
yo t= al oa 
ag :=6- 4/2 
Iterate (k = 0,1,2,...): 
_ 1-Vi-y¥ 
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ps1 2= O(1 + yesi)* — 27**3 yp. 41 (1 + year + yey1) my i 
Then converge the a; quartically to 1/7 
The error is: 
0 a, —4<16-4*. 2¢-42" 
J. and P. Borwein, 1987 [32, p. 170] 
This algorithm is expressed in a more general form together with 


many other algorithms in the 7 textbook Jonathan and Peter Borwein 
published in 1987 under the title [32] 
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Pi and the AGM 
A Study in Analytic Number Theory and Computational Complexity 


This important book (a must for all 7 enthusiasts who dare to 
try their hand at substantial mathematical fare) covers all aspects 
of 7 research, not just the rapid computation of 7 to many decimal 
places. For example, the authors go back to the 19th century, to the 
analysis of the time, elliptic integrals and functions, theta and modular 
functions, Lagrange (1736-1813), Legendre (1752-1833), Gauss (1777- 
1855), Jacobi (1804-1851) and Ramanujan (1887-1920). 

The whole book is permeated with the respect and admiration of 
the two young writers for the achievements of those on whose shoulders 
they stand, who researched the subject before them and provided the 
groundwork for their own discoveries. The voluminous list of references 
are a testament to this, as is the fact that they dedicate the book to 
their father, David Borwein. 

In addition to the high-performance algorithms themselves, for 
which they have become famous, the Borweins explain their general 
structure. They prove, for example that the Ramanujan series (8.1) is 
the special case n = 58 of a much more general approach. And on the 
few pages of their Chapter 5, algorithms pour out one after the other 
— quadratic, cubic, quartic, quintic, septic and even nonic algorithms. 
The reader is invited to develop additional ones. Incredible. (You will 
find more on this subject on our CD-ROM in the directory arith). 

Even after publication of their 7 book, the Borweins have remained 
true to the number 7. In 1995 Peter Borwein and two other researchers 
came up with the spectacular discovery known as the Bailey-Borwein- 
Plouffe series (see Chapter 10). This series makes possible something 
one can scarcely imagine, namely that it might be possible to calcu- 
late individual (hexadecimal) digits right in the middle of 7 without 
having to calculate all the previous digits first. Just try and imagine 
the problem as a simple multiplication operation. From a product of 
30-digit numbers, find the 29th digit under the condition that you may 
not calculate the digits either to the right or left of it. Sounds difficult 
indeed. Now suppose, for example, that you want to find the 123 bil- 
lionth digit of + even though this digit is inextricably linked with its 
predecessor digits in a gigantic tree. Yet it is possible. 

Just recently a new book by Jonathan and Peter Borwein (together 
with Lennart Berggren) has been published [20], 
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Pi: A Source Book 


This book contains 70 important original articles on the subject of 
m in facsimile form, for example the historically important treatises 
by Lambert on the irrationality of 7 (1761) and by Lindemann on the 
transcendence of 7 (1882). However, the book also includes some im- 
portant articles by the Borweins themselves. This excellent and useful 
book confirms the historic dimension which they see as providing a 
setting to their own work. 

The Borwein brothers’ ground-breaking work has not only ensured 
that the number of known 7 digits has increased enormously, but above 
all we owe it to the Borweins that a research is today held in high 
esteem - even among mathematicians, of whom not a few believed 
that the whole topic had been laid to rest since Lindemann’s proof of 
the transcendence of 7. 

On the basis of the results achieved by the Borweins, it has even 
been suggested that separate branches of mathematics should be estab- 
lished for 7 and e, which might then be known respectively as 7 math- 
ematics and e mathematics. e mathematics would be linear, explicit, 
open to generalisation, easily approachable, highly algebraic and would 
lead via the exponential function to topics like one-parameter sub- 
groups, Lie algebra and group representations. By contrast, 7 mathe- 
matics would be non-linear, chthonic, barely generalisable, highly an- 
alytical and, via modular functions and Ramanujan identities, would 
have a significant impact on function theory, number theory and com- 
binational logic [121]. 

Who knows, perhaps one day there will be an academic degree of 
Dr. math. 7. Anyone holding such a degree would have Jonathan and 
Peter Borwein to thank. 


10. The BBP Algorithm 


The title of the invitation sounded merely interesting: 


On the nth digit of a transcendental number OR The 10 bil- 
lionth hexadecimal digit of 7 is ’9’. 


However, a sensation was concealed in the text which followed: 


“Up to now, it was generally believed that to compute the 
nth digit of a transcendental number like 7 was as difficult as 
calculating 7 itself. We will show that this is not true... 

We will give algorithms for this ... These algorithms can be 
easily implemented. do not need multiple precision arithmetic, 
require virtually no memory, and feature run times that scale 
nearly linearly with the order of the digit desired. They make 
it feasible to compute, for example, the billionth binary digit 
of log2 or 7 on a modest work station in a few days of run 
time...” 


Such was the wording of the title and abstract with which invi- 
tations were issued on 30 September 1995 to attend a colloquium at. 
the Simon Fraser University in Burnaby, Canada. The invitations had 
been issued by three well-known 7 mathematicians, David Bailey, Pe- 
ter Borwein and Simon Plouffe. 

Two weeks later at the colloquium the three speakers presented the 
algorithms they had announced, gave the necessary proofs for them 
and with this overturned the old adage, he who seeks to climb to a 
mountain peak (or to calculate the furthermost digits of 7) must climb 
the mountain by foot (or start from the initial “3”). 

It was a new formula which destroyed an old “paradigm”: 


CO 
1 4 2 1 1 
Oe ace ae ee wen) 
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With this series it thus becomes possible to calculate any hexadeci- 
mal place within 7. Even better, the series enables the next digits from 
any given hexadecimal place of 7, for instance from the last known 
digit, to be added piece by piece without having to calculate a single 
prior position. The distinguishing term in the formula is the 16” in the 
denominator of every series term. 

We will shortly examine the mathematical procedure of the “BBP 
series” (as it has since become known). But first let us consider the 
question of how the formula came about. 

Certainly not by chance, even if luck played some part in the discov- 
ery. All three parties are established mathematicians who have been 
working with the number 7 for a considerable time. The mathematical 
background against which the BBP series was developed has been thor- 
oughly researched. Yet the series was not discovered through math- 
ematical deduction or inference. Instead, the researchers used a tool 
called Computer Algebra System and a particular procedure called the 
“PSQL algorithm” to generate their series. They themselves write [10] 
that they found their formula (10.1) “through a combination of in- 
spired testing and extensive searching”. 

Computer Algebra is a scientific area which is concerned with meth- 
ods for the solution of mathematically formulated problems using sym- 
bolic algorithms. Its origin is sometimes attributed to Ada Augusta, 
Countess of Lovelace! (1815-1852), who may have been the first per- 
son to remark that computers are also suited for handling symbolic 
data (such as formulae). Computer Algebra Systems, of which the 
best known are MuPAD, Maple or Mathematica, normally work with 
mathematical symbols rather than with numbers. One of their use is 
for checking the derivations of equations, but they are also used to 
identify new relationships, as in the present context or to perform 
high-precision calculations. 

The PSQL algorithm is used to find integer relationships between 
real numbers. A vector of real numbers (21, 29,...,@n) is entered. The 
algorithm then looks for a vector of integers (a1, a2,...,@n), which do 
not all = 0, such that the relation ay21 + aoxq +--+ + a@,2%n = 0 holds 
true. It is easy to see why this algorithm was a material factor in discov- 
ering the BBP series. The researchers had established that the classic 
series for In2 = S°*°, ain can be used to calculate any binary dig- 
its of In2. They therefore wondered whether there might be a similar 


’ The programming language ADA is also named after the Countess. 
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series for 7. After many failed attempts, they finally fed the PSQL al- 
gorithm with x] = 7, v2 = Po, Cae oe he eee ee 
When the algorithm then churned out the vector (1, —4, 0,0, 2, 1, 1,0), 
the BBP series was discovered [58]. 

In this way the series (10.1) was the brainchild not of a human but 
a computer. Nevertheless, it still needs a normal proof, which is not 
very difficult [13]. 

First it is necessary to establish that for every k < 8 the following 
is true: 


a2 Vv2 k—-1+8n 
i a | os dx 


1 1 


=— — 10.2 
2k/2 + 16"(8n + k) ae) 


Then one can write: 
oo et tng Sg 00S 
ere 8n+1 8n+4 8n4+5 8n+6 ms 


= ee 8a3 — 4/224 ~ 8° ae (10.3) 
- 0 1— 28 ; 


If one inserts y = xV2, one obtains 
i 16y — 16 
ee ay 
0 yt —2ye+4y—4 


1 Ay 1 Ay —8 
Ae ee ee [ pHs. ‘ ne) 


where the fraction in the integral on the left has been partly reduced. 


The BBP series could certainly also be used to calculate 7 from 
scratch, but it is not particularly well suited for such a computation, 
so it will never replace algorithms such as, for example, the Gauss 
AGM algorithm, which have been known for longer. The strength of 
the formula (10.1) clearly lies in its ability to calculate individual digits 
“anywhere” in 7. The computing plan for this is not at all difficult and 
moreover it contains a special treat. 

During evaluation of une BBP series, one calculates each of the four 
summands S$; = )°°° o7 Te Gacy S2, 53, S4 separately. Let us consider, 
for the sake of example, Sj. 
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To obtain the sequence of hexadecimal digits of S, which begin at 
a given position p = d+1 (p=1,2,...), S1 is shifted towards the left 
by d hexadecimals places. The part shifted beyond the hexadecimal 
point is discarded. The digits are then obtained from the part of the 
product 16¢- S, which appears after the hexadecimal point. When it 
comes to the divisions by 8n + 1, once again only the places after the 
hexadecimal point are of interest, so that only the remainder of these 
divisions ever have to be calculated, as a result of which the numbers 
carried along are enormously reduced. In this way, the calculation of 
S, is simplified in the following way: 


Decimal portion of 1647S; = 


oO 16¢- n 
aa > mod! 
. 164" mod(8n + 1) = 1 1 
= ARS Ey se ote aes 10. 
3 8n +1 met ge deni (10.5) 


Here, eas through the modulo function is used wherever appro- 
priate, so that only the remainder of each division is considered. The 
summand Sj is now represented by two part-sums. In the first of these, 
the d—n’s are positive so that the powers 164~” are in the nominator 
and the series terms are > 1. In the second part-sum, on the other 
hand, the d — n’s are negative and all the series terms are < 1. The 
reduction to remainders is only necessary and useful for the first part- 
sum. 


10.1 Binary modulo exponentiation 


The treat we referred to above occurs during calculation of the numer- 
ators of the first part-sum 167-" mod(8n + 1). If the modulo operation 
in the first part-sum is initially ignored, then we have the most effec- 
tive calculation possible for a power of the form z*. There is an old 
procedure for this which is described by Knuth [77, p. 461] as follows: 
Suppose, for example, that we need to compute x!®; we could simply 
start with z and multiply by = fifteen times. But it is possible to obtain 
the same answer with only four multiplications, if we Pepenten Y take 
the square of each partial result, successively forming x7, x’, x8, 26. 
The same idea applies, in general, to any value of k, in the followine 
way. Write k in the binary number system (suppressing zeros at the 
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left). Then replace each “1” by the pair of letters SX, replace each 
“Q” by S, and cross off the “SX” that now appears at the left. The 
result is a rule for computing x”, if S is interpreted as the operation of 
squaring, and if X is interpreted as the operation of multiplying by x. 

For example, if k = 23, its binary representation is 10111; so we 
form the sequence SX S SX SX SX and remove the leading SX to 
obtain the rule SSXSXSX. This rule states that we should “square, 
square, multiply by x, square, multiply by x, square, and multiply by 
zx; in other words, we should successively compute x”, x*, 2°, 219, x!!, 
22, 23, 

According to Knuth this “binary exponentiation” was already 
known in India over 2000 years ago. It is recorded in 200 BC in India 
in a work called “Chandah-sitra” [77, p. 461]. Knuth notes that this 
information was evidently confined to India and outside of India there 
was still no mention of the method 1000 years later. 

In the problem we are about to consider, a small modification 
should be made. As we are only interested in the places after the 
hexadecimal point and integer elements are negligible in the calcula- 
tion, we only need to calculate the remainders of each division and can 
forget the quotients. This makes all the numbers a lot smaller. Thus 
on every iteration, a modulo operation is performed with the (next) 
denominator c = 8n+1. The result is “binary modulo exponentiation” . 
This can be easily translated into an algorithm: 
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Algorithm (10.6) Binary modulo exponentiation (alg 10.6) 


To calculate r = b* mode, let r := bmodc and t be the value of 
the greatest power of 2 which is not bigger than k. Set k:= k —-t. 
Then: 

while (t >1) 


{ 


bia 72) 
r:=r*modc 
if (k >t) 


{ 
k:i=k—-t 
r:=b-rmode 


} 


At the end of this calculation, r is given the desired value b* mod c. 
The algorithm is executed entirely with positive integers which do 
not become greater than (c — 1)?. A numeric example from [13] goes 
as follows. During the calculation of 349 mod 400, r successively as- 
sumes the values 3, 9, 27, 329, 241, 81, 161 and 83, and in fact 
349 = 239, 299, 329, 230, 617, 529, 590, 083, so that 83 is the correct re- 
sult. 

Calculation of the rest of the formula (10.1) is very simple. The 
summands calculated through binary modulo exponentiation have to 
be divided by 8n+1 and added up. Once again we are only interested in 
the portions which come after the hexadecimal point. The procedure is 
then expanded to the summands S» to S4. The sum 4S) —2S_—$3—S4 
is then calculated, and its first place after the hexadecimal point is the 
desired hexadecimal digit of 7. 

As you can see, the BBP series is surprisingly simple. Neither the 
formula (10.1) nor its proof or implementation are particularly sub- 
tle or complicated. It is precisely this which makes the algorithm so 
interesting. 

Even if 7 is the main point of interest, as is so often the case, 
especially in this book, it requires only a minor foreshortening of the 
results of Bailey, Borwein and Plouffe to narrow it to 7. In fact it goes 
a lot further. The three researchers have not only found additional 
formulae of the above type for 7, 1? etc., but they have also discovered 
such formulae for other “polylogarithmic” constants, such as log 2. 
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Their paper on the subject [10] presents these results in detail as well. 
We recommend most strongly that any reader so inclined should look 
at the article, which can be easily downloaded from the Internet. 


10.2 A C program on the BBP series 


Below we present an ANSI C program for calculating the pth hexadec- 
imal place after the hexadecimal point of 7. p can be up to around 536 
million. The program uses the BBP series (10.1) of Bailey, Borwein 
and Plouffe. 

It is almost the same as the program which David Bailey has placed 
on the Internet?. 

In the program, the central operation of the binary modulo expo- 
nentiation is performed in the function expm(). After the description, 
the source code should be easy to understand. 

The function series() is used to compute each of the 4 summands 
in the BBP series. As explained above, each of these summands has 
two part-sums. The first consists of the first d = p—1 terms with 
numerators > 1, and the second consists of the succeeding terms with 
numerators = 1. The portion of the terms in the first summand which 
comes after the hexadecimal point is calculated using binary modulo 
exponentiation; the terms in the second summand are all < 1 and are 
determined in the normal way using floating point division. From the 
second summand, only so many terms are used until, taking roundings 
into account, the result is accurate to 8 hexadecimal places, for the 
program outputs not just the pth place but also the next 7 places. 
To achieve a level of accuracy of 8 hexadecimal places after the hex- 
adecimal point one needs around 42 binary places, corresponding to a 
decimal accuracy of around 10~!%, which is in fact the value of eps in 
the program. 

In main() the user parameter p is read in, calculation of the four 
summands is triggered and finally the post-hexadecimal point portion 
from position p is printed as a hexadecimal number. 

The time it takes to run the program is a little more than of a 
linear order. To compute the millionth hexadecimal place of 7 takes 
48 seconds on our Pentium 400 platform, while the 10 millionth place 
takes 580 seconds. 


? nttp://www.cecm.sfu. ca/personal/pborwein 
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It should be possible to compile the program with any ANSI C 
compiler. 


AOR OG OGG IGRI GIGI a IGG aa ak ak 2k 3 3 ak ak ak ak ak ak 
* 

This ANSI C-Program computes the p-th hexadecimal digit 
of pi (plus the following 7 digits). 


p comes from the command line. 
0 <= p <= 2°29 (approx 536 million). 
p=i means the first digit after the radix point. 


The program uses the BBP-algorithm of 

D. Bailey, P. Borwein und 8S. Plouffe. 

Its central function is expm() which performs the 
"binary modulo exponentation". 

After D. Bailey 960429 


Ke KHER HH HE HE 


CTL ITTTtrrLrTLorrrretet ree ret trrrreretr Terre tt TT rete Lt tte 


#include <stdio.h> 
#include <stdlib.h> 
#include <math.h> 
#include <time.h> 
#include <float.h> 


/* Limits: 
d_max = p_max - 1 
ak_max = 8 * d_max + 6 
r_max = ak_max - 1 
r_max"2 < 2°(LDBL_MANT_DIG). 
With mantissa length = 2m (usually 2m = 64): 
rmax <= 2°m-1 
ak_max <= 2°m 
d.max < 27(m-3) 
p_max < 2°*(m-3) 
*/ 
#define p_max pow(2, LDBL_MANT_DIG*0.5 - 3) 


PRO GOO IO IOR OGG IGIOK I I I AOI a 2k 9 akc fe ak ICA 2 4 ak 2k a ak 
* 


expm(long n, double ak) 


Computes 16°n mod ak using binary modulo exponentation. 


Hee 


FEE BO GO Gok a io ikoiakatokaiakaiakokaiaak a dak ak a akak / 
double expm(long n, double ak) 


long double r = 16.0; 
long nt; 


if (ak == 1) return 0.; 
if (n 0) return 1; 
if @ 1) return fmod(16.0, ak); 


/* mnt: largest power of 2 not greater han n/2. */ 
for (nt=1; nt <= n; nt <<=1) 
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nt >>= 2; 


/* Binary exponentiation modulo ak. */ 
do 
{ 

ry = fmodl(r*r, ak); 

if ((n & nt) != 0) 

r = fmodl1(16.0*r, ak); 


nt >>= 1; 
} while (nt != 0); 
return r; 


DRO OO OOOO IG IOI GR II IOI RIC I II IOI 9 ak A I aK 
series(double m, long d) 


computes sum_k {167 (d-k)mod(8k+m)}/(8k+m) , 
(k=0, 1, 2, ..., d-1) 


*¥ eR He HK 


PTT ttrTTTttTrTttrrtrrtrrrtrtrrrrrrrrrrcrreeerrc rere rere cle LL SS tag 


double series(double m, long d) 


{ 
long k; 
double ak = mn; 
double s =0., t=1., x; 
/* Sum of terms 0..d-1 */ 
for (k = 0; k < d; k++) 
{ 
x = expm (d-k, ak); 
s t= x / ak; 
s = fmod(s, 1.0); 
ak += 8.0; 
} 
/* Some additional terms for 8 hex digit accurracy */ 
#define eps 0.25e-12 /* = 16°{-10} / 4 */ 
while ( (x=t/ak) > eps) 
{ 
s t= x; 
t /= 16.0; 
ak += 8.0; 
} 
return s; 
} 


DAO OO ICO GK I I a ak ak ok ak ak ik kok dak i 2k akc a aka akc ak ak a aka akc a ake ak ake 
* 


* main() 
* 


FERC GIO I OIC AIO IC IC a IR A ok 1 21 I aR a aI ak ak a fe fe // 


main(int argc, char *argv[]) 
{ 
time_t t_beg, t_end; 
double s; 
double p = 1000.0; /* default fuer p */ 
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/* Get p from the command line */ 
if (argc > 1) p = strtod(argv[1], NULL); 
if (p < 1) p=1; 


if (p > p_max) p = p_max; 
printf("Hex digits %.0f to %.0f of pi: ", p, p+7); 
t_beg=clock(); 
s = 4x*series (1, p-1) /* 4, Bitl */ 
- 2*series (4, p-1) /* -2, 8i+4 */ 
- series (5, p-i) /* -1, 8it5 */ 
- series (6, p-1); /* -1, 8146 */ 
s += 4; /* ensure s >= 0 */ 


t_end=clock() ; 

printf("%081X\n", (unsigned long) (s*pow(2, 32))); 

printf("Elapsed time was: /%.1£ sec.\n", 
1.0*(t_end-t_beg) /CLOCKS_PER_SEC) ; 

return 0; 


10.3 Refinements 


Bailey, Borwein and Plouffe had hardly announced their “shocking 
formula” (10.1) when other researchers sat down at their computers 
and attempted to also find beautiful “BBP-like” series. In particular, 
BBP formulae were found for other constants, for example, for 7? and 
log 7, as well as simpler or more effective formulae for 7 itself (to view 
some examples, see our collection of formulae on page 227). 

The research duo Viktor Adamchik and Stan Wagon win the prize 
for the simplest of all the BBP formulae for 7: 


CO 

Gi ¢ 3 2 1 

es 10.7 

dX 4n dn+1' Im+2° n+3 ( ) 
Adamchik, Wagon, 1997 [2] 


This formula consists of only 3 terms, i.e. one term fewer than the 
original BBP series. But it is not only shorter. 

Wagon and Adamchik have determined with this series [1] that 
there is a route to its derivation which simultaneously includes the 
proof of the series. With (10.7) one no longer needs to convert the 
summands found by the computer into integrals and then resolve them, 
as shown above, but instead one can to a certain extent lean back 
and leave the computer to manipulate identities. The authors needed 
“only” one idea. 

As such an idea, they used the expression: 
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=~ (=1)" a a a a 

Se ~ ( 1 see 2 a 3 he 4 ) 

= 4 4n+1 4n+2 4n+3 4n+4 
They entered this into their computer algebra system Mathematica 3.0 
which then produced the following transformed expression: 


5 (2(4(a2 arccot 2 — a4 log 4 + a4 log 5 + a3(m/4 + arccot 3 — 
—(log 25) /4))) + ai(a + 4arccot 3 + log 25)) 


At this point the authors told the computer to perform a few simple 
substitutions, e.g. the substitution 7 = arctan 1 + arctan 2 + arctan 3, 
following which it produced this still further simplified output: 


> + ( — ag +43) arctan 2 — 2a4 log 2 + (+ - > +as) log 5 
This took care of the most irksome work. Wagon and Adamchik now 
needed only to look for such values for a1, @2,...@4, with which the 
coefficients of the second to fourth terms become = 0, while the first 
coefficient becomes = 1. This solution they would of course have also 
been able to find in 10 seconds by hand, but they got the computer to 
do this for them too, and for this purpose they entered 


ag ay ay ag 
Solve {= == 1, > — a2 + a3 == 0, a4 == 0, a — > + a4 == 0} ] 
They could hear their computer deliberating, and then the system 
delivered quite simply: 


{{a2 - 2, a4 > 2,03 — 1, a4 > O}} 


And with that the above simple 7 formula (10.7) was born and proven 
at the same time! Child’s play, really... 

Short and instructive though the formula (10.7) is, it is not par- 
ticularly effective. Fabrice Bellard overcame this shortcoming with the 
following series: 


1 <= (-1)" 32 1 256 
r= S — — + = 
64 1024" \ dn+1 0 4n+3 ° 10n+1 
64 4 4 1 ) 


l0nes ‘ln o lon? lon eo 


Obviously (10.8) is quicker than the two previously cited BBP series 
for x. Our own measurements confirm the 43% saving which Bellard 


(10.8) 
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claims for this series compared with (10.1). This improvement is based 
on the fact that Bellard’s formula calculates to the higher base 1024, 
compared with the base 16 of the BBP series, so that he needs fewer 
terms for the same search item. This formula enables one to get further 
into 7 with the same amount of effort. 

Bellard’s series is currently the favourite amongst 7 digit hunters. 
With it, Bellard and most recently the student Colin Percival have 
broken several records, and as of September 2000 the latest record was 
the 10/>th binary place, a 02 (see page 203). 


The BBP series and the many variants which have subsequently 
been developed unfortunately can only produce hezradecimal (or bi- 
nary, octal etc.) places, and this is at least somewhat exotic. It would 
be nicer if we had a formula which could produce any decimal place 
of 7. 

Now, for some time we have known of a constant whose hindividual 
decimal places can be calculated with a BBP-like series. This constant 
is In(0.9) and its related series goes like this: 


] e et 10.9 
“(ip) =~ Law ae) 
n=1 

This series raises hopes that for 7 too a series will one day be 
discovered whose denominators contain a power of 10 rather than a 
power of 2, so that we can then explore decimal, and hence familiar 
terrain. 

Unfortunately, this is not very likely. One of the distinguishing fea- 
tures of the BBP formulae for 7 is the fact that they contain arctan ex- 
pressions which are rational multiples of 7 to base 16. (Unfortunately) 
it has meanwhile been shown that there are no arctan expressions with 
the base 10, so that the search for BBP formulae for decimal places is 
basically a waste of time. But perhaps someone will have a stroke of 
luck in some other place. 

Simon Plouffe recently showed such a different path for the decimal 
place problem. He has specified an algorithm with whose aid individual 
digits of 7 can be found for any base. However, the procedure has the 
drawback that the time it takes to calculate is of cubic order and hence 
slower than the algorithms for calculating a decimal a from scratch. 

But even this has already been improved on. The previously men- 
tioned Fabrice Bellard has found out how to arrive at any individual 
digit of 7 in any base B in quadratic time. Here is his algorithm [19]: 
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Algorithm (10.10) Calculation of the nth digit 
of 7 (base B) (alg 10.10) 


Set N := |(n +) log, B|, where ¢ is a small integer (for example, 
20) used to ensure accuracy. 

sum := 0 

for (every prime number a from a = 3 to a < 2N) 


vmax:= _ |log(2N)/log(a)| 
m — Qqvmar 

v = 0 

8 = 0 

A ae | 

b = 


v :=vu—v(a,k) — v(a, 2k — 1) 
if (v > 0) 
{ 


} 


si=stk-b-A}-a™=?- modm 


} 


s 
sum : 


s:B"™-!modm 
sum + - mod 1 


Il 


At the end of the algorithm, the desired decimal place stands at the 
beginning of the portion of sum which is after the base B point. 


11. Arithmetic 


Computation of 7 requires three things: a high-performance computer, 
an efficient algorithm and fast arithmetic. “Why fast arithmetic?” you 
ask. “Isn’t that just the same thing as a high-performance computer?” 

Yes and no. Naturally all computers can add up and multiply. This 
is their real domain, and high-performance computers do this too, 
albeit more quickly. But they can only work with short numbers, gen- 
erally no longer than 32 or 80 bits, which is a long way short of what 
is required for the 7 problem. This means in effect that every 7 pro- 
gram has to assemble its long arithmetic operations out of the short 
operations which are all the computer offers. 


11.1 Multiplication 


The arithmetic operation which has by far the biggest impact on the 
length of time required is the multiplication of long numbers. A pro- 
gram for the calculation of 7 spends almost its entire run time per- 
forming either multiplication operations or else “higher” operations 
such as division or the calculation of square roots, which are actually 
implemented as a sequence of multiplications. By contrast, addition 
and subtraction play a relatively insignificant role. 

What is the most effective way to calculate the product of two 
multiplicands? The answer to this question has been the same for 
hundreds of years, namely the same way as ever and as is still taught 
in school. 

Anyone who learned his arithmetic before the era of the pocket 
calculator will know how school multiplication works: multiply the 
first multiplicand with each digit of the second multiplicand, write the 
product on a line underneath, then do the same for the other digits, 
displacing the results by one digit as appropriate, and then add all the 
lines of products together, taking into account any carryovers. 
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Because under the school method each digit of the first multipli- 
cand is multiplied by each digit of the other multiplicand, if both 
multiplicands are N digits long, then a total of N-N = N? individ- 
ual multiplication operations must be performed. The time this takes 
rises as a function of N?, so that it takes four times as long to multi- 
ply numbers which are only twice as long. This characteristic pattern 
means that if N is large, multiplication of the two numbers takes a 
huge amount of time. Even on a computer which can perform 10 mil- 
lion single multiplications per second, multiplication of two numbers 
each a million digits long will take more than a day to perform. In a 
high-precision computation with multiplicands that are considerably 
longer the time required for the necessary calculations is prohibitive. 

But in fact there are faster ways of multiplying numbers, and it is 
not even difficult to understand how they work. 


11.2 Karatsuba multiplication 


The first way to accelerate the process is to use the Karatsuba multi- 
plication method. Although this technique has only been known since 
the beginning of the 1960s, it is not clear who invented it. Evidently 
it was not invented by the Russian scientist Anatolii Karatsuba, after 
whom it is named, as in 1962 he only discovered a similar (and more 
complicated) method [77, p. 295]. Never mind. 

Suppose we want to multiply together (in base 10) two N = 2*-digit 
numbers u and v. (For the sake of simplicity we will assume here and in 
what follows that the two multiplicands in a multiplication are always 
of the same length and that their number of digits is an integral power 
of two. More complicated cases we will leave to the programmers.) 
Each of these numbers is divided into an upper and lower half, each of 
N/2 digits, and designated as u; and ug, and v; and vo, respectively, 
such that u = 104/2u; + up and uv = 10%/2u; + vp. 

Under the school method, the product of u and v is calculated as 
follows: 


uv = 10% uv; + 10*/? (ugvy + U1U9) + Uovo (11.1) 


This entails 4 partial multiplications: uyv1, ugvi, uiv9 and ugvo. The 
factors 10% and 10%/? do not require any multiplication but merely 
indicate simple leftwards shifts by N and N/2 digits respectively. 
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By comparison, the Karatsuba multiplication constructs the prod- 
uct of u and v as follows: 


uv = (10% + 10%/?)u,u, + 10%/?2 (uy — up)(v9 — v1) + 
+(10%/? + 1)upuo (11.2) 


Hey presto! Suddenly only 3 partial multiplications are necessary, 
namely for the products u,v1, (ui — uo)(vo — v1) and ugvo. This‘is a 
considerable advance, which is only slightly offset by three additional 
additions. 

A numeric example will make this clearer. Let N = 4, u = 9876, 
uz = 98, Up = 76, v = 5432, vy = 54, up = 32.. 


School Multiplication Karatsuba Multiplication 


98-54 5292 
Ditto 5292 


(98 — 76)(32-—54) —0484 
76-32 2432 
Ditto 2432 
53646439 


In the course of this type of multiplication, three multiplications 
are executed with half-length operands. Each of these contains three 
further multiplications with quarter-length operands etc. Karatsuba 
multiplication thus lends itself well to a recursive call. This will be 
seen from the following verbal piece of code. 


536464 32 
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Algorithm (11.3) Karatsuba multiplication (alg 11.3) 


The product of the numbers in u and v is calculated and stored in 
r. Variables u and v are of length n, r is of length 2n. n must be an 
even number. The upper (left) half of u is called u; and the lower 
(right) half is called up. The corresponding two halves of v are vy 
and v,;. A temporary store t of length 2n is required. 


karatsuba(r, u, v, 1) 
{ 
if (n < limit or n is not an even number) 
multiply in the normal way, 
else 
{ 
call karatsuba(r, u, v, n/2) to calculate uy - 11 
and store result in the left-hand half of r. 
call karatsuba(r-+n, u+n/2, v+n/2, n/2) to 
calculate uo - vo in the right-hand half of r. 
copy r tot 
add uz - v1 (or t) and ug: vo (or t+ n) 
tor +n/2, i.e. to the middle two quarters of r. 
calculate |u1 — uo| in t and Jug — v1] in t+ n/2 
note down the signs. , 
call karatsuba(t-+n, t, t+n/2, n/2) to calculate 
lw — uo||vo - v1| int+n. 
if uy — ug and vo — v; have the same sign, 
add |ui — uol - |vo — v1| to r+ 7/2, otherwise 
subtract it from r+ n/2. 


} 


return 


} 


You will notice the three occurrences of the recursive call of the 
karatsuba() function. 

The variable limit is at least = 1, but in practice it is often greater 
than this. In fact, if the operands become too small, Karatsuba mul- 
tiplication ceases to be worthwhile and is then replaced by a normal 
multiplication operation. 

The same applies if the length n is an odd number (either from the 
start or after the halving steps). “Awkward” operand length are pure 
poison to the performance of the Karatsuba multiplication method, 
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which only works effectively when number lengths are powers of two. 
This characteristic it shares with FFT multiplication, which is de- 
scribed in the next section. 

Our demo implementation of the method, which you will find in 
mult/karamult on the CD-ROM, works like this as well. 


As we have seen, the beneficial effect of reducing the number of 
partial multiplications from 4 to 3 is propagated in succeeding steps of 
the procedure. In this way, Karatsuba multiplication requires a total 
of only 3* short multiplications for N = 2*-digit operands, instead of 
the N? = 4* under the school method. As a result, the total time is 
reduced from a quadratic order N? to the order N!823 = N158496.... 
Applied to the above example, the multiplication of two numbers both 
one million digits long no longer takes a day but a mere 5 minutes! 

In view of its simplicity, it is surprising that the Karatsuba method 
of multiplication is only 40 years old. Neither the ancient astronomers 
nor the excellent mathematicians who lived in the centuries preceding 
the invention of the computer, nor even the famous “human comput- 
ers” of the 18th and 19th centuries seem to have had any method more 
sophisticated than school multiplication at their disposal, despite their 
staggering mathematical feats. At least, none of these eminent author- 
ities reported otherwise [77, p. 295]. 
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The Karatsuba method may be good, but actually there are faster 
methods. 

The key to greater speed is to perform a transformation. Transfor- 
mations often work wonders, not just in mathematics. If a problem 
cannot be resolved satisfactorily by a direct route, then, with luck, it 
will be easier to solve if it is transformed into a different problem. In 
the present case, this proved to be so. 

Prior to the multiplication, the multiplicands are first changed, or 
rather transformed, in a particular way. An operation which is equiv- 
alent to normal multiplication but runs more quickly is then executed 
on the transformed multiplicands. The results are subsequently trans- 
formed back, producing the desired product. 

Naturally the detour should not take longer than the direct route. 
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Perhaps the easiest example of a helpful transformation is one which 
could have been reported hundreds of years ago. Imagine how laborious 
it would be for our method to perform even simple multiplications 
using the Roman numeral system, e.g. to multiply MMMDCCLXXXIX 
by XLIX. Perhaps one day an Arab looked over the shoulder of a 
Roman and, surprised to see so much unnecessary work, decided to 
help him: he transformed the two starting Roman numbers into their 
Arabic equivalents, then multiplied them using the Arabic decimal 
system, just as we do today, and then transformed the Arabic result 
back into Roman numerals. Anyone can see that this method would 
have achieved the desired outcome far more quickly. 

No doubt you will remember from your schooldays another multi- 
plication procedure which also works with transformations. This en- 
tails using logarithms. Before the pocket calculator won the day, this 
method was the preferred aid to multiplication, especially as it was 
possible to make things even easier with the famous slide rule. 

Under this method, first of all the two multiplicands were turned 
into logarithms using logarithmic tables, then these logarithms were 
added, and finally the sum was converted back. Anyone who had to do 
this will be able to remember his astonishment when the product he 
was after actually emerged at the end. 

Expressed graphically, the logarithmic transformation goes as fol- 
lows: 


a,b — Take logarithms > loga,logb 
1 1 
Multiplication Addition (11.4) 
t { 
axb + Convert back + loga+ logb 


Instead of proceeding along the direct path from a, b to the product 
ax b, this type of multiplication makes a detour via the logarithms of 
a and b. Here it is making use of the logarithm theorem, according to 
which log(a x b) = loga+log b. The logarithms of a and b are therefore 
added, following which they are converted back to ordinary numbers 
to give the result. 

Instead of proceeding along the direct path from a, b to the product 
a x b, this type of multiplication makes a detour via the logarithms of 
a and b. Here it is making use of the logarithm theorem, according to 
which log(a x b) = log a+log b. The logarithms of a and b are therefore 
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added, following which they are converted back to ordinary numbers 
to give the result. 


Multiplication using logarithms may be elegant for applications in 
which speed is all-important and storage is limited, however it is not 
considered, simply because there is a quicker method. This is multipli- 
cation using fast Fourier transforms, known as FFT multiplication. It 
is the fastest known method of multiplying long numbers and is there- 
fore used in all the big 7 computations. The procedure is described in 
detail below. 

FFT multiplication also takes a detour involving transformations, 
as a means of achieving the desired result in less time. The transfor- 
mation involved is the Fourier transformation or Fourier transform, 
as it is generally called, (FT) and its rapid variant is called the fast 
Fourier transform (FFT). 


Fourier transforms date back to the French mathematician Jean 
Baptiste de Fourier (1788-1830) who in his price-winning essay Théorie 
analytique de la chaleur (Analytical Theory of Heat) (1822) proposed 
them as a means of analysing series. They have since become a common 
and indispensable tool in the natural sciences. 

Fast Fourier transformation is generally dated to the year 1965, in 
which J. Cooley and J. Tukey [43] presented an FFT algorithm to the 
astonished expert world for the first time (see page 198). It was subse- 
quently established that such algorithms had been used before and that 
the roots are even to be found in the work of C.F. Gauss (1805) [65]. 

The commutative diagram of FFT multiplication looks like this: 


a,b — forward FFT = F(a), F(b) 
| | 
“School” elementwise (11.5) 
multiplication multiplication 
1 1 


axb < backward FFT «+ F(a) - F(b) 


In the representation shown above, “forward FFT” corresponds to 
the conversion into logarithms and “backward FFT” cooresponds to 
the conversion out of logarithms in the previous example (11.4). Both 
methods also entail three transformations. These are the two forward 
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FFT’s for the two multiplicands and one backward FFT for their prod- 
uct. 
The essential ingredients of FFT multiplication are set out below. 


Polynomials. A polynomial (of degree N in an Unknown z) can gen- 
erally be written as P(x) = ae ppr*. The pz are called the coeffi- 
cients of the polynomial and are always integers here. Examples of 
polynomials are A(x) = 84° + 7x? + 82 +9 or B(x) = 4x? —2 +2. 


Multiplication of polynomials. We use these examples A(x) and 
B(x), and multiply them into a product polynomial C(2): 


C(2) = A(z) x B(a) 
= (8x3 + 7x? + 84 +9) x (4x? — 2 + 2) 
= 322° +2821 +3223 +3622 
—824 = -773 ~82? —9r 


+1623 +142? +162 +18 
= 32° +20x7 +4173 +4227 +%r +18 


The general formula for the coefficients c, of the polynomial C(x) = 
ey cia, which is the product of A(x) = Naja! and B(x) = 
pie b;xJ, is quite simple: c, = >; 4j—k bj. To convince oneself that 
this is correct, one needs only to write out the product for the first few 
powers of x and compare the coefficients. The elegant name for the 
sequence of c;’s is the linear convolution of the sequences of a; and bj. 
This convolution corresponds to the multiplication in the space of the 
real numbers. 


Numbers are (almost) polynomials. A number like 6789 can also 
be expressed as 6- 107+ 7-107+8-10!+9-10°. Generally the deci- 
mal number dydy_,...d2djdo is equal to ee d,10*. The digits of a 
decimal number are thus the coefficients of a polynomial P(x) which 
for x = 10 has exactly the value of that decimal number. It is because 
these coefficients are restricted here to the values 0,1,...9, that the 
word “almost” is included in the section title. 


Number multiplication = polynomial multiplication + car- 
ryovers. Numbers can be multiplied through multiplication of the 
corresponding polynomials. However the c, values cannot be > 10. 
But since the allowed values of d, are not restricted to 0...9, after 
the multiplication carryovers have to be formed from left to right and 
resolved. 
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As an example, consider the polynomial multiplication of 67 times 
89, during which such carryovers occur in three of the four cx. 


ai, b; 67 x 89 

ay xX by: 48 56 

a; X bo: 54 63 

Ck : 24 110 63 

do : 6 3 

dy : as 6 

dy : 35 

dg 93 
Fourier transformation, forward and backwards. The forward 
Fourier transform F(a) of a digit string a = {a0, a1, @2,..., av—1} isa 
digit: string of equal length with the components Go, @1, G2,..., @N—1, 


which are defined as follows: 


N-1 N-1 
d= Y~ aj (cos(2nwk/N) + isin(2twk/N)) = S~ ape’™h/N 
boat k=0 


The backward Fourier transform F’—!(a) of a sequence of numbers a 
is likewise a number sequence of equal length, but with the components 
dw =H Soh ane 2"k/N The difference here is the initial factor + 
and the minus sign in the exponent of the coefficients. 

The direct implementation of these FT definitions leads to the slow 
Fourier transform. It consists of two simple loops. The calculation is 
performed with complex numbers. 


// sttQ© (slow) fourier transform 
n length of array f, not nec. a power of 2 
// isign determines forward (> 0) or backward (< 0) transform 
void sft (Complex *f, long n, int isign) 
{ 


Complex *res = new Complex[n]; 
const double phO = isign > 0 7? +2.0*M_PI/n : -2.0+*M_PI/n; 


for (long w=0; w<n; ++w) 


Complex t = 0.0; 
for (long k=0; k<n; ++k) 
{ 


double phi = phO*k+w; 
t += f[k] * Complex(cos(phi), sin(phi)); 


140 11. Arithmetic 


res[w] = t; 


for (long k=0; k<n; ++k) f{k] = res[k]; 
// back transform requires normalization by n 
if (isign < 0) 

for (long k=0; k<n; ++k) f{k] /= n; 


delete [] res; 


There are two different reasons why the above abstract definitions 
of the FT, apparently a matter of luck, are the key to rapid multipli- 
cation: firstly the convolution theorem and secondly the existence of 
fast techniques for the calculation of Fourier transforms. 


Convolution theorem. The convolution theorem F(a x b) = F(a) - 
F(b) applies to Fourier transformed numbers. It states that the cus- 
tomary multiplication of polynomials (i.e. the convolution of the se- 
quences of coefficients with computation time proportional to N?) is 
equivalent to an elementwise multiplication of the Fourier transformed 
coefficient sequences of multiplicands, for which the computation time 
is only proportional to N. cy = 0; LiZk aid; > ey = diyby or, expressed 
otherwise, c= F~!(F(a)-F(b)). Here, c refers to the convolution prod- 
uct (or, to be more accurate, the coefficient sequence of the convolution 
product) and, by analogy, a denotes the sequence ag, a1,...,@n—1. The 
multiplication implied by the dot must be carried out elementwise. The 
last equation is a different way of writing the same thing which is ex- 
pressed in the right-hand column of the commutative diagram of the 
FFT multiplication (11.5). The proof for the convolution theorem is 
not difficult, and you can find it in the text fxtrem/fxtrem.* on our 
CD-ROM. 


Fast Fourier transform (FFT). The time it takes to perform the 
described (slow) Fourier transform of a digit string of length N is 
evidently proportional to N?. 

If there were no more efficient method than this, FT multiplica- 
tion would not get one anywhere. But fortunately the fast Fourier 
transform (FFT) is available, along with many variants of it. They all 
have in common that the computational time is reduced from being 
proportional to N? to only N loga(N), i.e. only a little worse than pro- 
portional to N. (Strictly speaking, the computational effort declines to 
the order of magnitude of Nloge(N)log2(logo(N)); this was the result 
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which Schénhage and Strassen revealed in their classic paper on the 
Fast multiplication of large numbers [104] of 1971.) The basic idea is 
the same as the idea behind the Karatsuba multiplication method: one 
FT of length N is split into less than four FTs of length N/2 (with 
exactly four FTs there would be no gain). Under the Karatsuba mul- 
tiplication method, the N-digit multiplication has to be replaced by 
three N/2-digit multiplications, under FFT by only two FTs of length 
N/2. Here too the splitting step is applied recursively until the length 
reaches one. However an FT of length one is only a “do-nothing”: 
do = STpag ane2™™*/! = ag. In this way every FT can be calculated 
through incessant division into shorter sequences and correct assembly 
of the partial results. 


Cyclic and linear convolution. A final ingredient is the conversion 
of cyclic to linear convolutions. In the formula for the convolution 
theorem we omitted to mention that the indices k must be understood 
as cyclic modulo N, so it should really be cy = Saae mod N @ibj > 


éy = ayb,. To achieve the required linear convolutions from this cyclic 
convolution, one lengthens the sequences ao, @1, ..., @n—1 and bo, bi, 
..., bw-1 by N zeros to ag, a1, ..., @n—1, 0, 0, ..., 0 and bo, b1, 
..., by—1, 0,0, ...0. It makes no difference here whether the zeros are 
added on the left or right. The cyclic convolution of these sequences 
produces the linear convolution co, ¢1, ..., C2N—2, C2n-1 Of the original 
sequences. 


FFT multiplication in action. The demo program shown below 
constitutes a complete multiplication with the aid of fast Fourier trans- 
forms. 


// 
// Fast Fourier Transform (FFT) multiplication in action 


// 


#include <iostream.h> 
#include <Complex.h> 


typedef complex<double> Complex; 
// function prototypes: 


// f£tQ: fast fourier transform 

void fft (Complex f{], long n, int isign); // see below 
// getdigs(): read digits from stdin into array af] 

long getdigs(char +s, long base, long al], long d_max); // getdigs.cc 
void print(const char *bla, long a[] , long n); // print .cc 
void print(const char *bla, Complex f[], long n); // print.cc 
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int 


{ 


11. Arithmetic 


main() 
cout << "\nDEMO OF THE FAST FOURIER TRANSFORM MULTIPLICATION\n"; 


typedef unsigned long Digit; 


const long nab_max = 1000; // max Digit’s of each multplier 
Digit a[nab_max], b[nab_max]; // Digit’s of the multipliers 
Digit base = 10; 

long na, nb; // length of the multipliers 


while (1) // main loop 
{ 


// 1) Read the two multipliers, set-up length values 
na = getdigs("Multiplicand ", base, a, nab_max); 
if (ma == 0) break; 
nb = getdigs("Multiplicator", base, b, nab_max); 
if (nb == 0) break; 
long nc = na + nb; // length of result array c 
long nf; // length of complex arrays fa, fb 


// 2) Find nf = smallest power-of-2 >= nc 
// In case of sft(): letting nf = nc; would suffice. 
for (nf = 2; nf < nc; nf += nf) 


cout << "Base=". << base 
<<", na=" << na << ", nb=" << nb 
<<", nce=" << nce <<", nf=" << nf << endl; 

// 3) Copy al] to complex array fa[], also b[] to fbf). 
/f Justify left, pad with zeros to the right: 

Complex *fa = new Complex{(nf] ; 

for (long k=0; k < na; ++k) falk) = alk]; 

for (long k=na; k < nf; ++k) falk] = 0; 

print ("Complex Multiplicand (zero padded right): ", fa, nf); 

Complex *fb = new Complex(nf] ; 

for (long k=0 ; k < nb; ++k) fb[k] = blk]; 

for (long k=nb; k < nf; ++k) fb[k] = 0; 

print ("Complex Multiplicator (zero padded right): ", fb, nf); 
// 4) Perform fast fourier transforms forward on fa[] and fb[] 

fft(fa, nf, +1); 

print ("Complex Multiplicand (after forward FFT): ", fa, nf); 

fft(fb, nf, +1); 

print ("Complex Multiplicator (after backward FFT): ", fb, nf); 
// 5) Multiply elementwise: fa[k] = fal{k] * fb[k] 

for (long k=0; k < nf; ++k) falk] *= fb[k]; 

print ("After elementwise complex multiplication : ", fa, nf); 
// 6) Perform fast fourier transform back incl. normalization: 

fft(fa, nf, -1); 

print ("Complex Product (after backwards FFT) : ", fa, nf); 
// 7) Copy result in fa[] to a real array c[]: 

Digit *c = new Digit[nc]; 

for (long k=0; k < nc; ++k) c[k] = (Digit) (fafk] .real()+0.5); 

print("Real Product 7", ¢, ne); 
// 8) Shift right by one; the least significant digit is c[{nc-2] 

for (long k=nc-2; k>=0; --k) c{[k+i] = c[k]; 

cfoj] = 0; 

print ("After right shift by one : ", c, ne); 
// 9) carry operation: 

for (long k = nce-1; k >= 1; --k) 
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{ 
Digit carry = c[k] / base; 
c[k] -= carry * base; 
c[k-1] += carry; 
print("Final Product (after carry operation) Moe me) 3 


cout << endl; 
delete [] fa, fb; 
delete [] c; 
} 
return 0; 
} 
// f4tQ : fast fourier transform 
// (radix2, decimation in frequency) 
//u length of array f£, must be a power of 2 
// isign determines forward (> 0) or backward (< 0) transform 


void fft(Complex f[], long n, int isign) 
{ 
double pi = isign >= 0 ? +M_PI : -M_PI; 


for (long m=n; m > 1; m /= 2) 


long mh = m / 2; 
double phi = pi / mh; 


for (long j=0; j < mh; ++}) 
{ 


double p 
Complex cs 


phi * j; 
Complex(cos(p), sin(p)); 


for (long ti=j; ti < jtn; tl +=m) f{ 
Complex u = f[t1]; 
Complex v = £[ti+mh] ; 
f£[t1] = utv; 
f[titmh] = (u-v) * cs; 


‘} 


// data reordering: 
for (long m=1, j=0; m < n-1; ++m) 


for (long k=n>>1; (1((j7=K)&k)); k>>=1) {3} 
e (j>m) // SWAP(f{m], £[5]); 


Complex t = fim]; 


f[m] = f£[j]; 
f£[j] = t; 
} 
if ( isign < // normalise if backwards transform 


0) 
for (long k=0; k <n; ++k) f{k] /=n; 
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In the program, the function fft © , which performs the fast Fourier 
transform, is used instead of the function sft() (slow Fourier trans- 
form) shown on page 139. Its source code is shown at the end of the 
program listing. Compared with the slow variants, in the fast vari- 
ant the length of the complex arrays must be a power of two (the 
smallest > na+ nb), because — as mentioned previously — the speed is 
achieved through recursive halving of the multiplicands. After forward 
and backward transforms, the results are shifted by one digit towards 
the right because the transformation leaves the right-most place empty 
(the convolution product of digits 1 and 7 moves to position 7+ 7, and 
simultaneously the convolution product of the right-most places na —1 
and nb — 1 move to position na + nb — 2). Finally the carryovers are 
resolved. The other operations in the program should be clear from 
the foregoing and from the comment statements within the program 
itself. 


Comparison. The fast Fourier transform passes its speed on to the 
FFT multiplication, in which it is called three times. For this reason, 
the time taken to perform an FFT multiplication rises only propor- 
tionally N log, N to the length N of the multiplicands. The effect is 
considerable when N is large, as the following graph demonstrates. 


ry N2 
Time required School multiplication 
20% N1.583 
FFT multiplication ¢’ . N log N 


Operand length 


The diagram shows clearly how superior FFT multiplication is to 
the Karatsuba and school multiplication methods. 
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In our example of the multiplication of two one-million-digit (= N) 
numbers, the number of individual multiplication operations is reduced 
from 1 billion to approx. 20 million (= N log, N), reducing the time 
taken to perform the calculation from more than a day to only 3 sec- 
onds. It beats the Karatsuba multiplication method, which itself is 
pretty fast, by a factor of around 100. (You can observe these calcula- 
tion times for yourself if you run our demo program mult/speedcmp). 


11.4 Division 


The conventional method of performing long division as taught in 
schools should not be used to divide long numbers u and v. Instead 
it is replaced by two operations, namely one multiplication and one 
reciprocation, in accordance with the following schema: 


ee (11.6) 

v v 

We have already dealt in detail with multiplication operations. For 
the reciprocation + of long numbers, the method still used today is 
that devised more than 300 years ago by Isaac Newton (1642-1727) 
for determining a zero of a function. As long as certain conditions for 
continuity are satisfied, then Newton’s method determines a zero of a 
function f(x) iteratively with 


J (xi) 
Cia. = 2 - 11.7 
EE FG) one 
Starting from a starting approximation zo with f(xo) = 0, this rule 
produces successive values 21, 22,..., which tend ever closer to zero. 


What is unusual about Newton’s method is that it converges 
quadratically and on top of that it is self-correcting. At each itera- 
tion the number of accurate places of the successor value is doubled, 
and it is sufficient here for the predecessor value to be accurate only 
to half the number of digits. 

In our case, we have to use the function f(x) = v —1/z. Its zero is 
the desired inverse value 1/v. With the first derivation f'(x) = —1/2’, 
the iteration rule runs simply as follows: 


Lit. = 1+ 2i(1 —v- 24) (11.8) 


If the x; are accurate to m places, then the successor values 2;+1 will 
be accurate to at least 2m — 1 places. Normally one continues the 
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iterations until the expression x;(1 — v + 2;) = 0 within the bounds 
of the calculation accuracy. Here, the expression (11.8) is calculated 
economically just as it stands there, and not as 741; = x;(2—vz;): the 
term 1 — v- x; is so close to 0 that its left half consists of nothing but 
zeros, and one therefore only has to multiply with half the digits. An 
example will illustrate this more clearly. 

Suppose we want to calculate 1/u = 1/7 = 0.14285714... to 8 
decimal places. Let the initial value be 29 = 0.1. We then obtain: 


k 2; ai(l—v-2;) 41 Accurate Places 
0 0.1 0.03 0.13 1 
1 0.13 0.0117 0.1417 2 
2 0.1417 0.0011477 0.14284777 4 
3 0.14284777 0.00009372 0.14285714 8 


8 accurate decimal places are obtained after only three iterations 
each involving two multiplications of 1, 2 and 4 digits. 

To determine the amount of time required, for the sake of simplicity 
we will assume that the desired accuracy of places n of the last approx- 
imation is exactly a power of two 2" times the accuracy of places no of 
the starting approximation. In that case, k iterations are needed, and 
their initial accuracy does not need to be greater than no, 2ng, 4no, 
..., 2k-Ing. With the known summation properties of powers of two 
Pee, 2% = 2* — 1 and the fact that only multiplications with almost 
linear time characteristics are used in the iterations steps, in the ideal 
case (asymptotic) we obtain for the calculation of the inverse value 1/v 
a time requirement of two multiplications of length n times the end 
accuracy. At the end there is another such long multiplication, so that 
for the division u/v (asymptotic) 3 long multiplications are necessary. 

For various reasons it is not possible to perform the long division 
in this ideal time when actually implemented. Realistically one would 
have to estimate the time at four rather than three long multiplica- 
tions. 


11.5 Square root 


As one can see from the modern iterative formulae for the 7 computa- 
tion, for example the Gauss AGM algorithm, a square root Vd with a 
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long radicand d occurs there at least once per iteration, and this has 
to be calculated for the full length of the results. 

If you can still remember how square roots were calculated at 
school, then forget it as there are some far more effective methods 
of performing this calculation. 


Newton iteration without divisions. This procedure divides the 
problem into two steps, rather like in the division, the first being the 
calculation of the reciprocal of the square root you are looking for, 
1/Vd, and the second being its multiplication by d, since d/Vd = Vd. 

For 1/4, it is then necessary to determine the zero of the function 
f(z) = 1/x? — d, and for this Newton’s method (11.7) provides the 
following iteration rule: 
1l-d.- x 

2 

The iterations normally end when the expression 2;(1 — d+ a?)/2 
= 0, within the bounds of the calculation accuracy. 

x; converges quadratically, as in the long division. Once again it is 
possible to reduce the amount of calculation effort by only carrying 
along the number of digits which are really necessary. Adopting this 
approach, it takes about the same time to calculate 1/ Vd as it does 
to perform 3 long multiplications. The calculation of Vd itself entails 
another long multiplication. 


Ti41 = U+ 7; (11.9) 


Coupled Newton iteration. Arnold Schénhage succeeded in arriv- 
ing at a significantly more effective solution on the basis of an appar- 
ently inferior approach [104, p. 257]. His method calculates the square 
root Vd directly and ascertains the zero of the function f(z) = d—2?, 
for which from (11.7) the following iteration rule is derived: 


2 
d — x5 


22; 


Lj. = T+ (11.10) 
Each step of this contains an expensive division, which “really” dis- 
qualifies the procedure. However, there is a wonderful trick which re- 
duces this drawback so effectively that the total time required is less 
than under the first method we mentioned. This is known as the cou- 
pled Newton iteration and works with the following double iteration: 
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Algorithm (11.11) Square root by coupled 


Newton iteration (alg 11.11) 
Initialise: 
To 3k Vd 
vg :=1/(220) 
Iterate: 


Vit t= UE+ (1 - 20703) : ve 1/(2V4d) 
Vig) = 24+(d—2?) Dee vd 


Instead of dividing, the procedure entails multiplying by an approx- 
imate reciprocal v;1 = 1/(22;) which is improved before the start of 
the current iteration in a coupled iteration from v; and 2;. 

The time required to perform this calculation is asymptotically 7/3 
long multiplications, which in reality expand to 3 long multiplications. 
For more about this, see the implementation contained in the hfloat 


library under hfloat/src/hf/itsqrt.cc 
A recursive MuPAD procedure for calculating the square root looks 
like this (after [4]): 


Sqrt_Coupled_Newton := proc(d, n) 
// assume d >= 0, n >= 1 
local m, g, h, x, e, f, t; // v is static! begin 
t := DIGITS; // save global precision 
if n <= 2 
then 
DIGITS := n; 
x := sqrt(d); // Initial value of x 
DIGITS := t; 
return (x) ; 
end_if; 
m := floor(n/2)+1; 
x := Sqrt_Coupled_Newton(d, m); 
DIGITS := m; 
if m <= 2 
then 
Vv 
else 
gel - Qexxv; 
h :=g *v; // v from the previous iteration 
v:=v+h; // now v is of precision m 
end_if; 
DIGITS := n; 


1/(2*x) ; 


x: 
DIGITS := t; // restore global precision 
return(x); end_proc: 
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The variable DIGITS:= is used to specify the degree of precision 
required (in decimal places). 


11.6 nth root 


Some a algorithms also use roots with larger exponents, i.e. expressions 
of the form Vd with n > 2. This n is usually a constant and moreover 
very small, so that one can afford to call a separate algorithm for every 
n. 

There is an interesting procedure for the construction of such algo- 
rithms for any n, whose convergence moreover is user-specifiable. 

In every case, the procedure entails calculating the reciprocal of 
the desired nth root at the start - as for the square root. The desired 
result is then determined via the detour 

' 1 1 

Vd = ves tap 4 (11.12) 
and once the root has been calculated, another multiplication by d is 
necessary at the end. 

The starting point for this class of algorithm is the identity 


ee 
YD wW1-—(l-—2"-D) 
=a-(l—y)/" ~— with y:=1-—2"D (11.13) 


Converting to a Taylor series produces 


a y  (L+n)y? (L+n)(14 2n)y? 
apna (ites one 6n3 rs 


1 1+2n)---(1+(k—1)n)y* 
kink 
The desired iteration rule for a convergence order & is now obtained 
by terminating this series after the (k — 1)th term. Let the resulting 
sum be designated &;(n, x). The iteration then goes as follows: 


Li41 = Py (n, 2;) (11.15) 
In this way, for example, we obtain an algorithm that converges 
quadratically for the reciprocal of a square root (n = 2, D = d): 

Li-1 = B2(2, 24) 
(1—d-2?) 


= 274+ 2; 9 


(11.16) 
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in fact, precisely the iteration rule (11.9) which we saw in the last 
section. 

The following table contains the four iteration rules for the cases 
n= 2,3 and k= 2,3: 


= 2(1+ y;/2) 41 = 2i(1 + yi/2) 
= 2(1+ yi/2 + 3y?/8)| 2: aj(1+ yi/3 + 3y?/8) 


In this way we have a number of possibilities for calculating the nth 
roots in an effective manner. 


11.7 Series calculation 


Calculation of poorly converging infinite series is one of the difficult 
tasks encountered everyday in working with numbers. The Leibniz 
series for 1/4 isa ers aaa case: 


1 1 
a= lsat eo = erent (11.17) 


This converges so poorly that no ie than 10” terms have to be cal- 
culated for n accurate decimal places. 

It is all the more surprising that there is an algorithm which speeds 
up calculation of this series enormously. With this algorithm it is pos- 
sible, for example, to obtain 1000 accurate decimal places from only 
1307 summands, instead of a massive 10!0°°. Even better, the algo- 
rithm can not only be used for the Leibniz series but also for many 
other series. The only firm condition is that the terms of the series 
must alternate, i.e. each positive term must be followed by a negative 
term, which in turn is followed by another positive term. In addition, 
the series terms have to be simple to calculate and the desired precision 
of the series sum must not exceed a certain limit, e.g. 1000 decimal 
places. 

This astonishing procedure was developed by Henri Cohen, F. Ro- 
driguez Villegas and Don Zagier [42]. In their paper, the authors de- 
scribe a whole class of algorithms for other applications. We will confine 
ourselves here to the most elegant of these. It is aptly named sumalt. 
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The critical discovery lies in the determination of universal coef- 
ficients which are independent of the series to be calculated and by 
means of which the convergence of the series can be significantly ac- 
celerated. 

The algorithm approximates the sum s = )“7°. ax with alternating 
ay, through a weighted sum of ao, @1,...,@n,—1 with universal coeffi- 
cients Cp,¢/dn. Both cy, and dy are integers. For the first n we obtain 
the following values: 


80a; 32a 
576a9 5444, 384a9 128a3 


The coefficients do not depend on ax, but only on the number of 
terms n, and hence on the degree of precision to which the sum is 
required to be calculated. For a large class of series a; the relative 
error is around (3 + /8)~” ~ 5.828~”, so that for a relative precision 
of D decimal places the value n = 1.31 - D is sufficient. 

The coefficients c,, are obtained through an iteration rule using 
an auxiliary variable by x. 


ee ee (11.18) 
Cnjn—1 '= Onn—1 (11.19) 
bnjk—-1 = ba Sa Mee} (k=n—1,n—2,...,0) (11.20) 
Cnjk-1 °= Cn,k + On,k—-1 (11.21) 
We depart from the original article by calculating the coefficients 
Cn,k from k = n — 1 downwards to k = —1, as this makes them easier 


to calculate and eliminates one square root calculation. Moreover the 
term d,, by which the end result has to be divided, is equal to the last 
calculated c¢p,_1. 

In the syntax of the MuPAD computer algebra system, the surpris- 
ingly simple algorithm runs as follows: 


sumalt := proc(n) 
local b,c,k,s; 
begin 
b := 2°(24n-1);  // temorary var. bn~ 


c := b; // Crk 


s := 0; // 
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for k from n-1 downto 0 do 
t (-1)°k / (2*k+1); // here: Leibniz term, general: a, 
s+cr*t; 
b b * ((2*k+1)*(k+1)) / (2+ (n-k) * (ntk)) ; 
c c +b; 
end_for; 
s:=s/c; // last Crp = dn 
return( s ); 
end_proc: 


n 
iow wb tt 


Just how closely this algorithm approximates the Leibniz series can 
be seen from the following table: 


Accurate places(D) 


0.66666 66666 66666 66666 66666 66666 0 

2 | 0.78431 37254 90196 07843 13725 49019 2 
5 | 0.78539 66366 00918 49208 70915 51855 5 
10 | 0.78539 81634 52432 89232 97023 43038 9 
20 | 0.78539 81633 97448 30992 06676 87680 18 


0.78539 81633 97448 30961 56608 48818 
0.78539 81633 97448 30961 56608 45819 


In this way D = 26 accurate decimal places of 7/4 were determined 
with only 30 series terms in the Leibniz series, whereas otherwise this 
would have required 10°° series terms. You can tell just how fast the al- 
gorithm is from the fact that it took our PC only 2 seconds to calculate 
1000 accurate decimal places. 
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12.1 A w quiz 


One of the few women who is actively engaged in the “mz scene” is Eve 
A. Andersson. She has put on the Internet a quiz called “The Pi Trivia 
Game” which gives us the “chance to pay tribute to the magnificent 
transcendental number that we have all grown to love” .! 

The quiz consists of 25 questions from Eve’s “a question database” . 
The whole test is too long to print here, but a few of the questions are 


provided below: 


1. Consider the following series of natural numbers, constructed by 
successively larger strings of digits from the beginning of the deci- 
mal expansion of the number 7: 3, 31, 314, 31415, 314159, 3141592, 
etc. Out of the first 1000 numbers in this series, how many are 
primes? 

a) 48 b) 34 c) 4 d) 21 e) 58? 


2. What is another name for 7 in Germany? 
a) el numero buono 
b) die Ludolphsche Zahl 
c) Gesundheit 
d) die Eulersche Zahl 
e) Drei 


3. If one were to find the circumference of a circle the size of the 
known universe, requiring that the circumference be accurate to 
within the radius of one proton, how many decimal places of 7 
would need to be used? 

a) 2 million b) 39 c) li d) 48,000 e) 300 


' http: //eveander .com/trivia/ 
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4. Among the digits of 7 currently known, the concentrations of each 
of the digits 0 - 9 are pretty much equal. However, in the first 
30 digits of pi’s decimal expansion, one number is conspicuously 
missing. Which number is it’? 

a) 7 b) 2 c) 0 d) 8 e) 6 


Solutions: Lee) 22)), 3, by Aee 

Most people are surprised at the answer to question 1. Among the 
first 1000 initial sequences of a there are indeed only four prime 
numbers, and they occur right at the beginning: 3, 31, 314159 and 
3 141 592 653 589 793 238 462 643 383 279 502 8841. Whether there are 
any other prime numbers greater than 38 digits long at the begin- 
ning of 7 is not known; at any rate it is certain that there are no other 
prime numbers less than 5000 digits long. 


12.2 Let numbers speak 


“If you stare at a number long enough, the number will talk back to 
you.” This conviction of Dario Castellanos is stated in his article The 
Ubiquitous 7 [41] dated 1988, a collection of “numerological” findings 
which he and others have made over time. 


1. The fraction ao is known to be a good approximation (to 6 decimal 
places) of 7. The following approximation for 7 


553 
ys — 12.1 
wn 31141 ( ) 
which is almost equal to the fraction “ read backwards, is less 
well-known. 


2. The following approximation of \/z contains a rounded version of 
the first 6 digits of 7 (3.141593): 


dpe (4) = (12.2) 


3. T.E. Lobeck discovered a magical property of 7. The square on 
the left hand side is a standard magic square of the order 5 x 5. 
Its lines, columns and diagonals all add up to 65. If one replaces 
each value n in the square by the nth digit of 7, then one obtains 
a new number square. In this square, all the line totals also occur 
as column totals: 
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17 24 1 8 15 2 4 3 6 9 = (24) 
23 5 7 14 16 6 8-2 8 (23) 
4 6 13 20 22 1 9 9 4 2 (25) 
10 12 19 21 3 3 8 8 6 4 = (29) 
11 18 25 2 9 See ane Gee Ae om 2) 
(17) (29) (25) (24) (23) 
Magic square Square modified with 7 
12.3 A proof that 7 = 2 
Look at this sequence of semicircles: 
1/8 
We 1/8 
1/2 1/8 
1/4 1/8 
1 1/8 1 
1/4 1/8 
1/2 1/8 
1/4 — 
5 25 = 5 48=% 85-3 lime = 


The semi-circle on the left has diameter 1 and the length of its arc 
is 5. The diameters of the two semicircles immediately to the right 
are half as long, but their arcs are $ long. Again, the arcs of the 
4 semicircles in the middle and the 8 semicircles in the last but one 
diagram also total 5 in length. If one continues this an infinite number 
of times, the wavy line is eventually transformed into a straight line 
of total length } which is equal to the total of all the diameters, i.e. 1. 
Hence, 

T 


Dias 


T=2 q.e.d. 


12.4 The big change 


From a FORTRAN manual issued by the Xerox company: “The pri- 
mary purpose of the DATA statement is to specify names for constants; 


156 12. Miscellaneous 


instead of writing 3.141592653589793 at every place in the program in 
which 7 occurs, one can assign this value to a variable PI with a DATA 
statement and then use that instead of the long form. This also sim- 
plifies amending the program in the event that the value of pi should 
change.” 


12.5 Almost but not quite 


The most well-known series for 7 is called the Leibniz series and goes 
as follows: 
Ke a st 

This series is also notorious for its poor convergence which makes it 
unsuitable for 7 calculations. After the nth term the error is still 1, To 
obtain 100 accurate decimal places of 7, for example, 1 would have to 
be equal to 107!°, i.e. n = 10!°, and that is greater than the number 
of particles in the entire universe. 

However, the series compensates to some extent for its poor con- 
vergence with an unusual property. Sometimes after running past the 
first incorrect digit it continues correctly for a good-sized section. Look 
at the value which the series produces after 50,000 terms and compare 
it with the first correct decimal places of 7: 

50000 (pit = l 
4 d acy ae 3.14157 26535 89795 23846 26423 83279 50... 
tt tt tt (12.4) 
eis T™ = 3.14159 26535 89793 23846 26433 83279 50... 


In the results, the 5th decimal place is already incorrect, and this is not 
expected to be otherwise in the 50,000th term of the above estimate. 
But after this incorrect digit, the next 9 digits are entirely correct! 
Then we get another 8 digits correct, and after another incorrect digit 
another 8 correct ones. Altogether, only 3 out of the first 33 digits are 
incorrect (the ones marked as such above). 

R.D. North of Colorado Springs, USA, drew this peculiarity to the 
attention of the Borwein brothers. Martin R. Powell had also noticed 
this strange feature back in 1982 after 13.5 hours of computer analysis 
on his school computer (see [93]). The Borweins and their colleague 
K. Dilcher looked into the phenomenon and clarified the mathematical 
background in an article [35]. 
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The phenomenon is due to the particular form which the residual 
sum of the Leibniz series takes, i.e. the sum of all the terms which follow 
after the N/2th series term. This asymptotic behaviour amounts to the 
following [35]: 


NP ¢_1)k- (kt _ 2 2 | 10 122, 2770 101042 
3: ok —1 


No NS? WS WT WS 7 CWT 
2 Bp 
Pe) eer (12.5) 


J. and P. Borwein, Dilcher,1989 


Here the numerators 2, 2, 10, 122, 2770, 101042, ... represent the 
Eulerian numbers Eom, multiplied by 2. N must be divisible by 4. 

If we set the value 10° for N in (12.5), the first four terms of the 
residual sum are then +2- 1075 = 0.00002, —2- 1075, +1 - 10-24 
and —1.22...- 107338. However, all this means is that the 5th and 
15th decimal places are incorrect by —2 and the 24th decimal place is 
incorrect by +1, but the rest of the first 33 places are correct. 


In the meantime, the subject has been discussed further in the 
literature. In [5] we learn that the asymptotic formula (12.5) could 
have been discovered in only one second if the Maple computer algebra 
system had been fed this line of code: 


asympt (simplify ((sum(-4*(-1)*j/(2*j-1), 
j=1..n/2)-Pi) /(-1)* (n/2+1)) ,n,8); 


Before this discovery was made, the Borwein, Borwein and Dilcher 
article ranked as an example of the superiority of man over computer, 
but this new finding suggests otherwise. 

But, to be fair, one must say that the curiosity discovered by North 
for decimal places only applies if N is a power of 10. If, for example, 
only one single series term is added in (12.4), then the result looks 
quite different: 


50001 (—1)k-1 
4 2. a i = 3.14161 26531 89799 23842 26427 83275 50. 
tt wt wt tt tt ft (12. 6) 


Now 8 out of the first 33 decimal places are different from 7. 
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12.6 Why always more? 


Why are people always looking for more digits rather than fewer? 
No doubt this was uppermost in the minds of Wei Gong-yi, Yang Zi- 
quiang, Sun Jia-chang and Li Jia-kai of the Academia Sinica Computer 
Centre in Peking, who in 1996 published an academic article entitled, 
The Computation of x to 10,000,000 digits [60]. The article made clear 
the trouble which the four authors had had with their calculation and 
how they had finally overcome the problems. The article naturally con- 
tains a list of references. One of these is another article which sounds 
familiar, The Computation of x to 29,360,000 Decimal Digits by David 
Bailey, 1988. 

It would seem that the direction of progress is not always forwards. 


12.7 ~ and hyperspheres 


A circle has the area mr? and a sphere the volume anr3, In both 
formulae 7 appears to the first power. 

When considering all multi-dimensional objects, it simplifies mat- 
ters if one can speak generally in terms of “sphere” and “volume”. 
Thus, for example, a circle may be understood as a 2-dimensional 
sphere and its area as 2-dimensional volume. Thus, the 1-dimensional 
circle diameter also has a volume which amounts to V; = 2r; 7 does 
not occur at all in this expression or only to the Oth power. 

How does one calculate the volumes of spheres which have more 
than three dimensions (“hyperspheres”)? They can be determined 
through integral calculus, e.g. using the recursion formula [73, p. 179ff| 


T 
Y= Vey ah Ve-1(y)dax with y = Vr? — x? (12.7) 
0 


This formula takes us from Vj to Vo, from V2 to V3 and from there 
in turn to the volumes of higher spheres which are too complex for us 
to imagine: 


Tr Tr r 
Vo = 2[ Vilyjdz = af 2ydzr = af Vr? —atde = nr* (12.8) 
0 0 0 


T r T 
V3 = 2 | Vo(y)dz = af ny’dz = 2 | a(r? — 2)da 
0 0 0 


4 
= —7r (12.9) 


3 
Pi es re ae 
n(r“2 3) |, 3 
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x i 7 4 8 r 
V4= 2 | V3(y)da = 2 | gry da = sr f V(r? — x?)3dx 
0 0 0 
r r 
= sm rer? — ada ~ [ ar? — x2dz) 
0 0 
gr 7 . 8. rt rt lio4 
= rulers — 7 aresin l= Paes — 76) arr clia (12.10) 


Interestingly, it is only in the volume of the 4-dimensional sphere that 
our 7 appears for the first time as a square. 
What happens after this? Vs produces Snr’, once again with 7 
to the second power. But in Vg = aur ma then appears to the third 
power. 
The general formulae for the volume and the area of a k-dimensional 
sphere of radius r go as follows 


es k/2,k 
Ve (r) (kjai™ r (12.11) 
k/2,,k—1 
= 12 
Onn) = Gy (12.12) 
whereby n! is defined recursively: 
nl=n-(n—1)! with 1!=1 and ($)!=$Vm (12.13) 


It will now be clear how the exponents of 7 are determined, i.e. as ‘half 
dimension’, if necessary rounded to the next lower integer. 

This is confirmed in the following list of volumes and areas of se- 
lected hyperspheres together with the numeric values in the case r = 1: 


Dimensions Volume Surface 
k Vi (7) Vz (1) Ox(r) Ox(1) 
I wr 2.0 2. 20 

| 2 mr? 3.14 mr/2 6.28 
3 mr .4/3 4.19 mr?-4 12.57 
4 mwrt/2 4.93 mre -2 19.74 
5 mr® 8/15 nr’ 8/3 26.32 
6 mre /6 5.17 mre 31.01 
ig mr? .16/105 4.72 mp6 . 16/15 
8 m'r®/24 4.06 mr? /3 32.47 
9 tr? 32/945 3.30 m'r® . 32/105 29.69 
10 mr!9/120 2.55 mr? /12 25.50 
20 m'°7?0 710! (0.0258 mrl9/10! 0.516 
100 mp 100/50! 2+ 1074} Or /50! = 2 10738 


In the columns with volumes V;,(1) and surfaces O;,(1) for the unit 
spheres, it is striking that with 5 and 7 dimensions a maximum occurs 
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up to which the values continue to get bigger but after which they be- 
come smaller and converge towards 0. The unit hyperspheres seem to 
expand initially as the number of dimensions is increased, and there- 
after to contract in on themselves, even though their radiuses remain 
unchanged (= 1). “Imagine that if you can”. 

Individual sums of these terms are also interesting if one continues 
them infinitely. Thus, for example, the volumes of the unit hyper- 
spheres with even dimensions add up to a particularly simple expres- 
sion, 


S- Var(1) = e” (12.14) 


and the total values of the volumes and areas are very nearly integers. 
Vi(1) = e7 (1 + erf(./7)) = 45.999326... (12.15) 


Ox,(1) = 2(1 + we™(1 + erf(7))) = 291.0222... (12.16) 


3 


k=l 
_1)\kak 
where erf(/7) = 257.9 im aE ; 


Is that an accident? 


One might surmise from the formulae for the 3-dimensional sphere 
(3r° a) and other 3-dimensional bodies such as the circular cylinder 
(r?H 7) that 7 generally occurs to the first power in the volume of 
smooth 3-dimensional bodies. But in fact this is not the case. For 
example the torus (“annulus”) has the volume 2Rr? 7”, and here 7 


occurs to the second power. 


12.8 Viete x Wallis = Osler 


The history of 7 contains the interesting detail that virtually the two 
first infinite expressions for 7 were infinite products, whereas almost all 
the other similar expressions are infinite sums. These are the famous 
products of Francois Viete (1540-1603), 1593, 
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a Va Vorava ea) 
Viete, 1593 
and John Wallis (1616-1703), 1655, 
ie Wi SEO OTE ee (12.18) 


nt 2-2 4-4 6-6 8-8 
Wallis, 1655 
Although these products are several centuries old (the originals 
looked slightly different), the discovery that they are related to each 
other and can be united into a single expression is only quite recent. 
Thomas Osler demonstrated this in October 1999 with the following 
formula [88]: 


al 


n= 


ee 


(n radicals) 


[o.0) 
gptin—1 Ptln+1 
” II i oe ie (12.19) 


n=1 
Osler[88], 1999 

Here, each of the two historical products is a special case of a more 
general double product. The first part of (12.19) consists of the first 
p factors of the Viéte product (12.17), whereas the second part is a 
“Wallis-like” product. Osler describes it in this way because in the case 
of p = 0 it is exactly equal to the Wallis product (12.18) and in other 
cases of p it is very similar to the Wallis product, only missing a few 
partial products. 

The Osler product turns into the Viete product as p tends to infinity 
and is equal to the Wallis product when p = QO. In the intermediate 
cases p = 1, p = 2 etc., we obtain combined Viéte- and Wallis-like 
products: 


162 12. Miscellaneous 


= 0:2 2138.35.57 ,79, OIL 143, 
Pain = 92° 44° 66 88° 1010 © 1212 

Wallis’s original product 
eek fl y BB. 79,18, bar 1921. 
D= ity =V2%*% G4" FB 1212 ° 16-16 * 20-20 
De ee ae eae 1 x 28. 15-17 | 23-25 | 31-33 |. 
lee lea i) 319 88 16-16 | 24-94 © 32-32 


ith [beay try 


15-17 | 31-33 | 47-49 | 63-65 


16-16 © 32-32 " 48-48 64-64 


es 1 1 1 1 1 1 1 1 1 
- i fri faye 


Viéte’s original product 
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Every time p is increased by 1, a square root is added to the Viéte-like 
part and every second factor in the Wallis-like part is removed. 

The Wallis-like part in the Osler products can be interpreted as an 
error factor of the Viéte-like part. One can then see just how accurate 
the Viete product is when it is terminated after p factors, as the error 
factor is only around 1 + 47?7!, so that, for example, after 25 factors 
we already have 15 accurate decimal places of 7. 

To derive his formula, Osler used the same half-angle functions 


for sinz = 2sin 5 cos 5 and cos} = \/3(1 + cosa) which Viéte also 
used (see page 187) together with the infinite product for sing = 
x ][7~,(1 — =3=2), which Euler discovered some 150 years after Viéte. 


12.9 Squaring the circle with holes 
Let us stay with the two famous 7 products and now consider a beau- 


tiful article by Hansklaus Rummler [99]: 
For the individual factors of the Viéte product 


ae : ae ae : (12.20) 
2 +5 ae o : 


Viete, 1593 


there is a simple geometric explanation. If U, is the perimeter of a 
regular 2”-sided polygon which is inscribed in a circle of radius 1, then 
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these factors are equal to the ratio of 2 successive perimeters Uy, : Uni1. 
We can now express the right-hand side of (12.20) as follows: 
Ui U2 Us Us tosis 
Uz U3 Us, Us Ux. 
The Viéte formula now becomes immediately clear. The inner numera- 
tors and denominators cancel out in pairs, leaving the first numerator 
U; and the last denominator U,,. U; is equal to the perimeter of a 
digon, i.e. it is equal to twice the diameter 4. U is the perimeter of 
a 2°-sided polygon and therefore identical to the circumference 27, 
hence 


U; 4 2 
pe eee 12.22 
Us. 2a TF ( ) 
i.e. equal to the left-hand side of (12.20). 
For the Wallis product, 
2.4 4. ; 1 
Boe 20 08 Soil (12.23) 


4 Peed 


9 
= -T ie eat: aa) (12.24) 


ae 1655 


on the other hand, there is apparently no such geometric proof. But 
one can interpret the product via a geometric construction, as follows. 

Divide a square of side length 1 into 3 x 3 sub-squares and punch 
out the innermost square (left-hand picture): 


0 1 2 3 012345 


The area of the figure on the left without the black square clearly 
comes to 1 — $ = 0.888.... Now take the 8 remaining sub-squares, 
divide each one into 5 x 5 squares and once again punch out the middle 
of each one. After performing this operation, the total area of the figure 
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is only (1 — 4) -(1— #g) = 0.853... (centre diagram). In the next step, 
each of the remaining 24 squares is divided into 7 x 7 squares and 
once again the centre square of each one is punched out (right-hand 
diagram). 

The process only needs to be continued to infinity to obtain a total 
area of 7/4 = 0.78539816.... But significantly earlier than this, after 
perhaps 3 or 4 iterations, one obtains an attractive “Wallis pattern”. 


12.10 An (in)finite funnel 


The curve for the equation y = 1/z is the familiar hyperbola. Consider 
the right-hand part, from x = 1 to o. If this section of the curve is 
rotated about the x-axis, the result is a funnel-shaped object whose 
volume comes to exactly? 7. 


This may not be particularly remarkable in itself. But how about 
this, then? the surface of this funnel® is infinite! 

In other words, it is possible to fill the funnel but not to paint it in 
its entirety. 


TV a [P feds ~ -2° -0--n=s 
30 = f° inde = 2nInalf? =oo-—0 


13. The History of 7 


Mathematical analysis of the circle is one of the oldest challenges to 
have faced mathematicians. Statements as to how the circumference 
or the area of a circle can be expressed through other variables are 
already found in the oldest mathematical documents. 

In the beginning, 7 = 3. This we may assume without reservations 
since it corresponds to what one can see by eye. For centuries this value 
was sufficient for all practical applications, for example in surveying, 
astronomy and architecture. The real history of 7 only begins when 
better approximations than 3 were discovered. This moment in time 
varies from culture to culture, but by the start of the second millen- 
nium BC such approximations had been developed in several places. 
Since then 4000 years of research into 7 have taken place, and in fact 
no single mathematical subject can trace its history so far back into 
the past. 


The symbol 7 


m research may date back to ancient times, but the name “z” is of 
relatively recent provenance. It was only in the 18th century AD that 
the concept came to be referred to with the Greek letter 7. Before 
that it was necessary to describe it in a roundabout way, for example 
using a description like [114, p. 278] quantitas, in quam cum multiplice- 
tur dyameter, proveniet circumferentia (the quantity which, when the 
diameter is multiplied by it, yields the circumference). 

The person who invented the symbol 7 is assumed to have been 
the Englishman William Jones (1675-1749), because he used 7 in the 
sense as it is used today in his Synopsis Palmariarum Mathesos, a 
compilation of notable mathematical exercises published in 1706. On 
page 263 he gives the following statement [68]: 


166 13. The History of 7 


...in the Circle, the Diameter is to Circumference as 1 to 
16 4 116 4 116 4 
3 930 353 3303 * 558 2308 

However, neither this nor the other derivations given at this point 
in the text are actually the work of Jones, but rather they flowed 
from “the accurate and Ready Pen of the Truly Ingenious Mr. John 
Machin” (1680-1752), to quote Jones’s own Introduction. The symbol 
ma must therefore be attributed to the same man who had already 
earned his place in history with his arctan formula (5.13) and his record 
calculation of 7 to 100 decimal places (see page 192). 

Some authors had used the letter 7 even earlier for other variables 
relating to the circle. Thus already in 1631 we find it used by William 
Oughtred (1574-1660), who was one of John Wallis’s teachers. In his 
Clavis Mathematicae Oughtred used the symbol 7 to denote a length 
equal to half the circumference of a circle and the symbol 6 for the half 
a diameter when he established the proportion 7:22 =déd:a7=113: 
355 [114, p. 302], so that “our” a was the same as “his” 7 : 6. 7 was 
also used in a similar way in 1669 by Isaac Barrow (1630—1678)(41, 
p. 91]. 

For 30 years Jones’s or, more likely, Machin’s invention was not 
repeated by anyone else. Other symbols were tried instead. Johann 
Bernoulli (1667-1748), for example, employed the Latin letter c and 
Leonhard Euler (1707-1783) used first p in 1734 and then c in 1736. 

A revival of the symbol 7 occurred when Euler used it again in 
the treatise he wrote in 1736 entitled Mechanica sive motus scientia 
analytice exposita. From Euler, “not least due to his extensive cor- 
respondence” (Tropfke) with all and sundry, the symbol soon spread 
to other mathematicians as well [114, p. 303]. It had finally won the 
day when Euler used it in his famous 1748 publication in Latin, In- 
troductio in analysin infinitorum (Introduction to the Analysis of the 
Infinite) [52]. In this work, Euler introduced it with the words, “For 
the sake of brevity we will write this number as 7; thus 7 is equal to 
half the circumference of a circle of radius 1 or equal to the length of 
an arc of 180 degrees.” [53, p. 95]. 

Again, the handy and commonly used term “radius”, also appeared 
only relatively recently. Contrary to what one would expect, it dates 
not from antiquity but first appears in a book published in 1583 [114, 
p. 134]. However, from that date on it was virtually the only word used 
for the concept. The Greeks too did not call the radius half-diameter, 


... =3.14159...=7 
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semi-diameter or another similar term, but instead they referred to 
“the straight line from the centre point”, and this roundabout de- 
scription continued to be used long into the Middle Ages by faithful 
imitators of the Greek elements. 


13.1 Antiquity 
Babylon 


A clay tablet unearthed in 1936 from the Old Babylonian period, ap- 
prox. 1900-1600 BC, states that the circumference of an hexagon is 
0;57,36 (in base 60) = 96/100 = 24/25 times the circumference of the 
circumscribed circle [72, p. 18]. From unperagon = 3-d = 24/25 - Ucircle = 
24/25 -a-d we get what is perhaps the oldest approximation to 7, 


1 
T Babylon = 35 = 3.125 = 7 — 0.0165... (13.1) 


Egypt 


In ancient times it was not absolutely essential to calculate the cir- 
cumference of a circle, as it could always be measured. On the other 
hand it is quite difficult to arrive at an accurate figure for the area of 
the circle by measurement, so that it was highly desirable to be able to 
calculate it. Problem no. 50 in the Egyptian Rhind Papyrus (named 
after A. H. Rhind, a Scot who purchased it in 1858 in Luxor), which 
dates back to around 1850 BC, reads as follows [72, p. 18]: “Example 
of a round field of diameter 9. What is the area? Take away 1/9 of the 
diameter; the remainder is 8. Multiply 8 times 8; it makes 64. There- 
fore, the area is 64.” The Egyptian scholar was thus using the formula 
A = (d—d/9)? = (8d/9)?. When this is compared with the formula 
for the area, A = 7 - d?/4, we obtain the approximation 


16\" 
T Egypt = (F) = 3.16049... = 7+ 0.0189... (13.2) 
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How this value came about is sug- 
gested by problem no. 48 of the 
Rhind Papyrus in which is shown 
the figure of an octagon inscribed in 
a square of side 9. The author may 
perhaps have observed that the area 
of the octagon which is 81—4-37/2 = 
63 units was somewhat smaller than 
the area of the circle, and therefore 
added on a small amount to correct 
it [72, p. 19]. 


It is possible that values for 7 either as accurate or even more 
accurate were known already several centuries earlier in Egypt. This 
is suggested by evidence that as early as 2600 BC aids existed for the 
calculation using inscribed irregular polygons. It could be that these 
were used to derive good approximations for 7. For further information 
on this point see page 209. 


India 


The Indian Sulvasutras (which means “cord rules”, i.e. rules for 
building altars of certain shapes with the aid of pieces of cord [51, 
p. 102]), which is certainly older than the surviving version dating 
from 600 BC [72, p. 4], also describes a calculation of the area of a 
circle: “If you wish to turn a circle into a square, divide the diameter 
into 8 parts, and again one of these eight parts into 29 parts; of these 
29 parts remove 28, and moreover the sixth part (of the one left) less 
the eighth part (of the sixth part).” This produces a side length s of 
the required square of 


vas (t435(0-G(t-8))) 


and hence 
9785 
a 2 2 = ——_- 


Another famous approximation to 7 which has been ascribed to the 
Chinese may actually also be of Indian origin. This is 


2 
) = 3.08832... = 7 — 0.0532... (13.3) 
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me V10 = 3.16227... (13.4) 


Tropfke cites a source according to which V/10 is already found in the 
year 150 BC in the writings of the Indian scholar Umasvati. The author 
apparently even believes that he can date this value back to 500 BC 
in India [114, p. 277]. 


Bible 


The Bible too mentions a value which is an approximation for 7, as 
indeed one would expect. The architect Hiram of Tyre was commis- 
sioned by King Solomon built a circular water reservoir out of ore, 
described as a “molten sea”. In 1 Kings 7:23 and again using the same 
words in 2 Chronicles 4:2, we are told: “And he made a molten sea of 
ten cubits from brim to brim..., and a line of 30 cubits did compass 
it round about.” 

Thirty cubits round about and 10 cubits wide produces a 7 p,pIie = 3. 
This is pretty pathetic, not only when considered in absolute terms, 
but also for the time, 550 BC, as more accurate values of 7 had been 
known much earlier. Many people have ridiculed the Bible for failing 
to come up with anything better, inspiring exegetes to search long 
and hard for statements which would present the Bible in a better 
light. For example in the 18th century it was declared that the molten 
sea must have been a hexagon [114, p. 261]. Whether more recent 
endeavours are any better is somewhat unlikely. One example here 
is M.D. Stern [111], who concludes from the difference between the 
spoken and written versions of the Bible that the actual value of 7 is 
obtained through division of both values, giving 


333 
T Bible = Tog = 3-141509... = x — 0.000083 ... (13.5) 


This value is accurate to four decimal places, and if it could only 
be confirmed, it would certainly silence the mirth at the apparent 
inaccuracy of the Bible. 


Ancient Greece 


All the great Greek mathematicians of the classical era from the 5th 
to the 3rd centuries BC worked on problems relating to circles. One 
discovery that was especially important for 7 mathematicians was that 
of the method of exhaustion. Under this method, which is attributed 
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to Antiphon (c. 430 BC) or Eudoxos (408-355 BC), the area of a two- 
dimensional figure such as a circle can be arrived at through mental 
“exhaustion” using ever more elaborate versions of figures whose ar- 
eas are known, such as polygons. Euclid (c. 330-275 BC) used this 
method, for example, to prove the theorem that the areas of circles 
are proportional to the squares of their diameters. 

Yet none of the eminent Greek mathematicians, from Anaxagoras 
(c. 499-428 BC) to Euclid, seems to have improved on the numeric 
value of 7. The Greeks were geometricians; algebra did not interest 
them. They were more interested in geometric aspects of circles such 
as the problem of squaring the circle. This refers to the problem of 
how to construct a square whose area is equal to the area of a given 
circle. Several mathematicians had already produced solutions to this 
problem when Euclid increased the difficulty of the requirement by 
specifying that it must be solved only with an (unmarked) compass 
and (unmarked) straight edge. As was only established in 1882, these 
additional conditions make the squaring the circle insoluble. 

Nevertheless the philosopher Plato (427-348 BC) is supposed to 
have obtained what for his day was a very accurate value for 7, /2+ 
V3 = 3.146... [51, p. 126]. This expression shows that Plato probably 
arrived at the formula as the arithmetical mean of the half-perimeters 
of the inscribed square 2\/2 and the circumscribed hexagon 2/3. As 
these initial values, with 3.464... and 2.828..., are somewhat weak 
approximations for 7, and yet the end value is quite accurate, one is 
attempted to interpret this as a typical case of the non-mathematician 
striking it lucky. 


13.2 Polygons 


After the initial phase largely consisting of empirical approximations, 
the Greek mathematician Archimedes of Syracuse (287-212 BC) in- 
augurated the first theoretical phase in the mathematics of 7. Using 
a new method, he attained a milestone around 250 BC when, for the 
first time, he systematically approximated the number 7 and produced 
upper and lower limits on its value. In his book The Measurement of 
the Circle he stated three theorems about the circle, the third of which 
goes as follows: 

3. The ratio of the circumference of any circle to its diameter is 
less than 33 but greater than 32. 
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When expressed as a formula, the theorem states 


1 10 
8+ 5>m>3sta (13.6) 


and places 7 between the limits 3.14084... and 3.14285..., which are 
accurate to two decimal places!. 

“This marks the origin of the value 7 = 35, which spread vic- 
toriously from country to country and from book to book”, writes 
Tropfke [114, p. 273]. “In Alexandria it quickly replaced the old value of 
(16/9)?, as it was just as convenient but more accurate. From Alexan- 
dria news of Archimedes’s value for 7 spread to India, and it has even 
been demonstrated to have been known in distant China in the fifth 
century AD.” 

Archimedes’s “paper” [6] has only survived in parts; nearly all the 
passages in the Doric dialect which Archimedes spoke have been lost. 
Nevertheless it has been possible to largely reconstruct Archimedes’s 
proof. 

To prove his theorem, Archimedes calculated the perimeters of two 
regular 96-sided polygons such that one of them touched the circle 
from the outside and the other from the inside. The perimeter of the 
circumscribed polygon is slightly larger than the circumference of the 
circle and thus provides an upper limit for 7, while the perimeter of 
the inscribed polygon is slightly smaller, yielding a lower limit for 7. 

Archimedes’s 96-sided polygons were obtained by calculating a se- 
quence of polygons in which each successive polygon had twice as 
many sides as its predecessor. He began with hexagons, whose ge- 
ometric properties had been researched in-depth in ancient Greece. 
From hexagons, Archimedes then moved on to 12-sided polygons, and 
from there to 24-, 48-and finally 96-sided polygons in a total of four 
similar steps. The method of calculation entails first of all determining 
all the circumscribed polygons and then all the inscribed polygons, 
rather than first calculating the two hexagons and then the two 12- 
sided polygons etc. in criss-cross manner. Sometimes it is described 
otherwise. 

Archimedes obtained the necessary formulae from the figures below: 


’ Today the left- and right-hand limits are generally transposed so that the theorem 
is written as 3+ 0 <a<3+ z, but in Archimedes’s time it was customary 


to write it as shown above; moreover it was the upper limit which he calculated 
first. 
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Circumscribed polygons Inscribed polygons 
Cc 
C y, D 
D =e 
A B A 


(CO+OA):CA=OA: AD (13.7) (AB+ AC): BC = AD: DB (13.9) 
OA? + AD? = DO? (13.8) AD? + DB? = AB? (13.10) 


The labels in the pictures are the same as those used by Archimedes. 
Lines AC and BC denote the half sides of a circumscribed or inscribed 
polygon with n-sides, AD and BD denote the half sides of the “suc- 
ceeding” 2n-sided polygon; OD and AD thus have the effect of halving 
angles AOC and BAC. 

The formulae (13.7) and (13.9) can be derived from elementary 
geometry, but this is not a trivial task. Archimedes had to calculate 
them without trigonometric half-angle formulae, and with little in the 
way of formulae to refer to. 

The formulae, which enable the transition from polygons of n sides 
to polygons of 2n sides, gave Archimedes in the circumscribed as in 
the inscribed case two completely symmetrical sequences of numbers 


of G6, 412, 424, ---, 296 and be, bio, baa,. wey boe, which are related to 
each other as follows: 
Q2n = An + bn (13.11) 


bon = 1/02, +c? (13.12) 


Writing this using our standard trigonometric notation, which 
Archimedes did not yet possess, this implies an = c/tana, by, = 
c/sin a, a = 7/n, where c is an arbitrary scaling constant which helps 
to make the calculations easier. Archimedes’s two formulae (13.11) 
and (13.12) are probably the first recursion formulae in history and 
inevitably propelled him from the hexagon to the 96-sided polygon. 
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After deriving these formulae, Archimedes “only” needed to input 
an initial approximation and he could then start calculating. The start- 
ing ratios OA: AC and AC : CB come in both hexagons to = V3, and 
the accuracy of all subsequent calculations depends on the accuracy of 
this /3. As Archimedes had no other means at his disposal, he had to 
use two approximations, and without a word of explanation he chose 
these two: 

1351 265 

a0 > V3 > 5g 
Scarcely any puzzle has so exercised the brains of mathematics histo- 
rians as the question of how Archimedes could have arrived at these 
preferred values, which are only 2: 107° and even 5-107? away from 
the true value, which is 1.7320508.... The simplest explanation [64, 
II, p. 51] is that he obtained them from the inequalities 

ate > Vetb>at ses (13.14) 
which were known long before his time, probably already in the time 
of the Babylonians. In the above formulation a? is the next lower or 
next higher perfect square below or above the radicand a? + b. This 
formula (13.14) produces the following on the first occasion that a = 2 
and b = —1 are used: 


1 1 
2-- 2-= 
re V3 > 5 
7 5 
4 > V3 > 3 
Of the two limits, the left one provides a better approximation but 
the right one contains the smaller numbers and therefore Archimedes 


could have chosen 5 as an approximation for 3/3 = V27 and used 
13.14 once again. 


(13.13) 


2 2 
5 + 373 > 5 


10 11 
26 19 
5 > V3> T1 


If he now used the 26 from the left-hand side as an approximation 
for V3- 15% = 675, then after applying (13.14) again he could have 
arrived directly at 13.13 via 
1 1 
a Ses 
Ores > 15V3 > 26 aT 


1351 1325 =265 
aS SERS ee ca 
780 v3 765 153 
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In any case, Archimedes took the numerators 1351 and 265 from 
(13.13) for the ag, the denominators 780 and 153 for the c, and 2-c 
(from “Pythagoras” ) for the bg. He then performed four iterations for 
each of the 12-, 24-, 48-, and 96-sided polygons. In each iteration he 
had to approximate a square root using a fraction, and for this he 
evidently used the same effective approximation method (13.14) that 
he had used for the initial /3. In any case the basic inaccuracy of the 
area, of the 96-sided polygon instead of the area of the circle remained 
greater by factors (8 and 3) than that of the calculation. The math- 
ematical procedure, most of which has survived (only the expressions 
in square brackets have been added) can be represented as follows [64, 
II, p. 55): 


Circumscribed polygons Inscribed polygons 
a b Co - a b c 
265 306 153 6 = 1351 1560 780 
571 > [V5712 +1537] 153 12 2911 < V29117+780? 780 
> 5914 < 30134 9 
11625 [,/ (11624)? + 1532] 153 24 59243 4 ie 7801 
> 11725 1823 < 1823? + 240? 240 
< 18387; 
23344 (/ (11624)? + 1587] 153 48 36612 bat 240! 
> 23394 1007 < 10077 + 66? 66 
< 10094 
467334 153 96 20164 < ,/(2016%)? + 662 66 
< 20174 


Bifocal Ce ae 
Here the fractions of a and ¢ are reduced to simpler expressions. 


At the end Archimedes had, with cgg : agg and cgg : b9g, calculated 
approximations for the ratio of polygon side to diameter whose relative 
error was less than 4-10~° both for the circumscribed and the inscribed 
96-sided polygons. Through multiplication of the fractions cgg : bog and 
cgg : @gg by 96 he arrived at 


96 - 153 6674 6674 1 
46735 bi 46735 46725 seg wae 
and 
96-66 6336 2844 10 
= ao 2 >3+— (13.16) 


> —— = —_ = 
"? d017i ~ a0171 ~° * 2017! 71 
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and thus completed the famous proof of his famous theorem. 


Voila! What is the most remarkable thing about Archimedes’s 7 
calculation? The accuracy of the result? The fact that it produced two 
limits for 7, which was the first indication that there is no simple value 
for 7? Or the method of calculation itself, which was quite novel in its 
manner and scope? 


Archimedes’s book, The Measurement of the Circle — actually a 
misnomer as it is in fact concerned with calculations rather than mea- 
surements — contains two additional theorems. 

The first of these states that every circle has the same area as 
a right-angled triangle one of whose sides is equal to the radius 
and whose hypotenuse is equal to the circumference. This theorem 
Archimedes proved indirectly by showing that the area of the circle 
cannot be either greater or smaller than the area of such a triangle, 
hence it must be equal to the triangle. His second theorem states that 
the ratio of the circle to the square of its diameter is more or less 
11 : 14. This is obvious from the third theorem stated above, as is 


shown by the relationships 3 + 4 = 32 =4. Te 


Archimedes’s approximation method can in principle be used to 
calculate 7 to any degree of accuracy, and in fact up to the 17th cen- 
tury many of his successors did nothing more than calculate polygons 
with ever greater numbers of sides. In any case, his method remained 
without a serious rival for nearly 2000 years. 

Unfortunately, however, Archimedes’s polygon method does not 
converge particularly well. Even when the lengths of the sides of cir- 
cumscribed and inscribed 96-side polygons are calculated exactly, the 
absolute error of the 7 approximation thus achieved always remains 
0.00112... or —0.00056.... Every time the number of sides is doubled, 
the error reduces only by around 1/4. When formulated accurately, 
regular polygons with n sides produce (at least) |2log,g —1.19| cor- 
rect decimal digits. In this way, for example, 10!8-sided polygons are 
required to calculate 7 to just 36 places. This approach thus guaran- 
teed a lot of sweat. 

Archimedes himself seems to have improved his calculation. Heron 
(1st century AD) refers to a work by Archimedes which has since been 
lost, in which the limits are stated at 211875 : 67441 = 3.14163... and 
197888 : 62351 = 3.1738... [114, p. 273]. But however accurate the 
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first value is, there must be something wrong overall as both values 
are greater than 7. 

400 years after Archimedes’s time the Greek astronomer Ptolemy 
(150 AD) also came up with the approximation 3.1416. It may be 
that he discovered this approximation by simply deriving the approx- 
imate value 3°8’30” = 345 from the sexagesimal representations of 
Archimedes’s limits, 34 = 3°8'34.28” and 372 = 3°8/27.04” [114, 
p. 275], or else he may have separately summed the numerators and 
denominators from their fractions 3 + 1/7 = 154/49 and 3+ 10/71 = 
223/71 to arrive at the mean value of 377/120 [51, p. 127]. 


Rome 


As far as we know, the Romans did not make any further progress in 
the mathematical analysis of circles. As late as 15 BC no more precise 
a value than 7 = 3 appears to have been either required or known. Sur- 
veying in Roman times was evidently not particularly accurate [114, 
p. 277]. 


China 


When Wang Mang came to the throne at the end of the Western 
Han dynasty (206 BC-24 AD) he commissioned the astronomer and 
calendar expert Liu Xin to develop a standard measurement for his 
empire. Liu Xin’s response was to produce a cylindrical vessel made 
of bronze. It is assumed that around 100 copies of this were made and 
distributed throughout the country. One of these has been preserved 
in the Peking Palace Museum. From analysing it, historians have con- 
cluded that Liu Xin must have possessed a 7 approximation which 
was significantly better than 3 and may even have been the accurate 
value of 3.1547. This would then have been around the beginning of 
the Common Era. 

This and also everything else we know about the history of m in 
China comes from an paper [78] by Lam Lay-Yong and Ang Tian-Se, 
most of which has been confirmed by [51]. 

Around a century later Zhang Heng (78-139 AD) improved the 
value of 7 experimentally in the following manner. In his day the ratio 
of the area of a square to an inscribed circle was assumed to be 4: 3. 
By analogy, Zhang Heng calculated that the ratio of the volume of a 
cube to that of an inscribed sphere was its square, i.e. 42 : 3 = 16: 9. 
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As he probably realised that this was too large, he corrected it to 8 : 5. 
When calculating in the other direction, to be consistent he took the 
root /8: /5 for the circle : square ratio and from this he calculated 
mat V/10 = 3.1622... 

In the third century, Wang Fan (217-257 AD) came up with the 
circumference : diameter ratio of i = 3.155... 

He was followed by two important scholars whose 7 calculations 
were systematic and produced better results. The first of these was 
Liu Hui c. 263 AD. He started with a circle of radius 10 and, using 
Pythagoras’s theorem, he calculated the areas of inscribed polygons 
starting with the hexagon and proceeding upwards to polygons with 
192 sides. His calculation ended with the following inequality: 

314 = Ajgo < A < Age + 2(A192 — Age) = 314 (13.17) 
Here, A refers to the area of the circle and A, to the area of an inscribed 
polygon with n sides. 


el Liu Hui obtained his upper limit from 
the inscribed polygon with double the 
number of sides, unlike Archimedes 
who had obtained his upper bound 
from the circumscribed polygon with 
the same number of sides. The expres- 


sion 2(Ag, — An) means n times rect- 
angle AEFC. 


At the end of his calculation Liu Hui then established the following 
approximation from his two limits, which differ by 2%: 


625° 
36 
AXA — : 
192 + 625 (13.18) 
From this he then arrived at the following approximation for 7 
3144 % 


Liu Hui, 263 AD 


which differs from the true value of 7 by 7.346 - 10-®. 

Liu Hui did not give any justification for the relationship (13.18), 
so we can only guess as to how he arrived at it. No doubt it was clear 
to him that the true value he was looking for was closer to the 192- 
sided polygon than to the 96-sided polygon, so he probably used a 
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weighted mean instead of the arithmetic mean. In this way he may 
have divided the difference 169 — 64 = 105 by 3 instead of halving it, 
which would have resulted in the approximation 314 + 99/625 (which 
possesses almost the same error, but with the opposite sign). We can 
well understand how the scholar was unwilling to leave things there: 


the fraction of “is crying out” for a small manipulation which would 


enable it to be replaced by the fraction ae, which is much easier 
to shorten and produces a This was the final crowning touch to a 


formula (13.19) which is both accurate and easy to use. 


Liu Hui’s method is similar in many respects to that of Archimedes 
(see pages 171ff.): both mathematicians used the exhaustion method 
applied to polygons and started with a hexagon, proceeding from there 
in a number of stages in which the number of sides was doubled. And 
both men were the only 7 mathematicians of ancient times to calculate 
two values for 7, namely an upper and a lower limit. 

Unlike Archimedes, Liu Hui only used inscribed polygons and cal- 
culated their areas rather than their perimeters. But above all, he used 
a decimal place system which he had inherited from his ancestors and 
which by his day already possessed the decimal zero. Although he sub- 
sequently reverted to fractions, he was able to dispense with fractions 
during the calculations. This meant that the calculation process was 
significantly simpler and serves as a particularly good example of the 
capability of the Chinese in ancient times to handle large numbers. 
Liu Hui was, for example, aware that he needed to calculate radicands 
from square roots to 10 decimal places accurately in order to obtain 5 
correct decimal places in the result. Nevertheless, the high accuracy of 
(13.19) is not due to his use of decimal numbers but to the fact that 
the mean of the upper and lower limit was almost optimally weighted. 
(That this was the case was first established in 1621 by Wildebrod 
Snell, see page 183.) 


The second important ancient Chinese 7 scholar was Tsu Chhung- 
Chih (or Zu Chongzhi) (429-500). He improved the precision of 7 from 
Liu’s value by around 2 powers of ten to the limits 


3.1415926 < 7 < 3.1415927 (13.20) 


This interval, with its 7 accurate decimal places, held the world 
record for 800 years, although to all intents it remained a secret as 
even in China the two limits were not rediscovered until the fourteenth 
century. 
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Another interesting feature of the result is that Tsu Chhung-Chih 
was one of the first to express these numbers using decimal notation, 
when he wrote [116, p. 312]: 


3 zhang, 1 chi, 4 cun, 1 fen, 5 li, 9 hao, 2 miao, 7 hu 


In this expression, zhang, chi etc. are all units of length which behave 
like 1:10: 100:.... 

If Tsu used the same method of calculation as Liu, as seems likely, 
he used polygons with 12, 288 sides to calculate a and had to record 
his interim results with up to 13 decimal places. 

Tsu also found a second value which was numerically less accurate 
but more visually attractive. This is as follows: 


355 

UA Ta 3.1415929... (13.21) 
This decimal fraction, which is accurate to 6 decimal places, agrees 
with the fourth partial quotient of the simple continued fraction of 
m@ (see page 54), but it was definitely not obtained in this way. It is 
assumed that he obtained the fraction from two less accurate values 
which were then combined fortuitously to produce an especially good 
mean. 


India 


In 499 AD the astronomer Aryabhata (born 476 AD) wrote a work 
called Aryabhatiya. His theorem 10 (out of 133 theorems) goes as fol- 
lows [72, p. 203]: 


“Add 4 to 100, multiply by 8 and add 62,000. This is the ap- 
proximate circumference of a circle of which the diameter is 
20,000.” 


This produces a value for 7 of 62832/20000 = 3.1416. However, this 
value is suspected of being of Greek origin, possibly even originating 
from Archimedes, and of having found its way to India like many 
other things. But Aryabhata may have calculated it himself, for he 
demonstrated that if a is the length of the side of a polygon with n sides 
which is inscribed in a circle of diameter 1, and b is the length of a side 
in a polygon with twice as many sides 2n, then b? = (1 — V1 — a?)/2. 
Beginning with a hexagon he calculated the side lengths of polygons 
with 12, 24, ..., 384 sides. The perimeter of the last polygon he stated 
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as / 9.8694, and from this he calculated the previously mentioned value 
of 3.1416 by approximation of this root [14, p. 341]. 

The Hindu Brahmagupta (born 598 AD) was fascinated by the 
discovery that the perimeters of regular polygons with 12, 24, 48 and 96 
sides and diameter 10 are 965, 981, 986 and 987. He concluded 
from this that if the number of sides were doubled again, the perimeter 
would tend towards /1000. Using this logic he arrived (c. 650 AD) at 
n = 1000/10 = V/10 = 3.16227... [41, p. 68]. 


Choresmia (today Uzbekistan) 


In c. 830 the Choresmian Alkarism made his mark on the history of 7 
by coming up with 3 values of 7, 22/7, 10 and 62832/20000. The first 
of these was intended to serve as a mean value, the second was meant 
for geometricians and the third for astronomers. We also have Alkarism 
or Abu Ja‘far Mohammed ibn Misa al-Khowarizmi to thank for our 
present-day word algorithm, which is based on his name. He wrote a 
famous book entitled Kitab al jabr w’al-mugqabala; and it is from the 
title of that work that our word algebra [77, p. 197] is derived. 


Middle Ages 


In Europe in around 1220 Leonardo of Pisa (1180-12407), better 
known by the name Fibonacci, independently calculated the value 
864/275 = 3.14181... from a 96-sided polygon, without drawing on 
Archimedes’s work. His approach was more accurate than Archimedes’s, 
but not as systematic, so according to Tropfke his 3 correct decimal 
places owe more to chance than to his calculation method. 

It is said that Dante Alighieri (1265-1321), author of “The Di- 
vine Comedy”, possessed the approximation t = 3 + V2/10 = 
3.14142... [41, p. 68}. 

At any rate it was Dante who composed that secular verse which 
could aptly summarise all the endeavours of 7 researchers?: 


As the geometer his mind applies 
To square the circle, nor for all his wit 
Finds the right formula, howe’er he tries,... 


? Paradise, Canto XXXIII, lines 133-135, translated by Dorothy Sayers and Bar- 
bara Reynolds. 


13.2 Polygons 181 


Nicely put indeed. But unfortunately in this stanza he is not talking 
about the calculation of 7 but about the “squaring the circle”, which 
in Dante’s day was still viewed as an unresolved problem rather than 
one that is intrinsically insoluble. 

Leonardo da Vinci (1452-1519) came up with a “mechanical” ap- 
proximation. The inventor of many machines once rolled a circular 
cylinder whose height was equal to half the radius of the cross-section 
for one revolution. The area covered while such a cylinder is rolling 
takes the form of a rectangle and can be measured easily. It is equal 
to the area of the cross-section of the cylinder, i.e. the area of a circle, 
mr? [26, p. 27]. 


All in all, the European Middle Ages saw little progress in the mat- 
ter of 7. Thus in 1464 the man regarded as the greatest European 
mathematician of the fifteenth century, Regiomontanus (1436-1476), 
whose real name was Johannes Miiller, used a value of 3.14243 for 
ma. And Adrianus Metius (1571-1635), rated equally important, was 
using nothing better than Tsu Chhung-Chih’s approximant 355/113 
which the Chinese mathematician had discovered 1000 years earlier, 
and even this he only found through a happy accident when he cal- 
culated the mean values of the numerators and denominators of two 
limits (377/120 and 333/106) [14, p. 343]. At a time when the mathe- 
maticians themselves could not produce anything better than this, we 
should praise the approximation of 7 = 3% = 3.125 which the artist 
Albrecht Duerer (1471-1528) used, 3500 years after the Babylonians 
had first invented it. This value can at least be well constructed with 
a compass and ruler. 
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By far the best approximation to 7 for 180 years was calculated by 
the Persian astronomer of the observatory in Samarkand, Al-Khashi, 
c. 1430. He calculated the following value for 27 using polygons with 
3 - 278 sides [77, p. 198}: 


27 = 6.28318 53071 79586 5 


This value is accurate to 16 decimal places. 

While Al-Khashi may in principle have used the same method 
as Archimedes, he performed his calculations using a different ap- 
proach [69, pp. 314-319]. Especially impressive is the way he contin- 
uously monitored his results for errors, which allowed him to ignore 
redundant decimal places. Al-Khashi performed his calculations using 
the sexagesimal system, but then transformed his 27 to the decimal 
system. 


The modern era 


As far as 7 research is concerned in Europe, the sun did not rise again 
until the end of the sixteenth century, when it did so in most spectac- 
ular fashion. In 1579 the lawyer and amateur mathematician Francois 
Viete (1540-1603) discovered 9 decimal places for 7. In so doing, he 
combined Archimedes’s model with the principles of trigonometry, 
which had in the meantime become established, to calculate polygons 
with 3 - 2!” = 393 216 sides. His results are as follows [114, p. 284]: 


. 180 18 
n-sin-—— <7 <n- tan — 
n n 
and with n = 393216, 
3.1415926535 < a < 3.1415926537 


To find the values of the sine and tangent, Viéte applied the formula 
2sin? 6/2 = 1 —cosé@ [14, p. 343] iteratively. 

Several other Dutchmen then went on to leave their mark on the 
history of 7. The first of these was Adrian van Romanus (1561-1615), 
who in 1593 achieved distinction by calculating polygons with one bil- 
lion sides in order to arrive at 15 accurate decimal places. Three years 
later, in 1596, he was surpassed by Ludolph van Ceulen (1539-1610), a 
professor of mathematics at the University of Leyden. At first Ceulen 
calculated only 20 digits, for which he used the perimeters of the in- 
scribed and circumscribed regular polygons of 60 - 2°? = 480 billion 
sides. 
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He continued his calculations afterwards, but did not publish them 
himself. A posthumous publication from the year 1615 specifies 32 
decimal places derived from polygons of 26? = 4-10!8 sides and in 1621 
as many as 35 places were attributed to him. These 35 places were 
very likely carved on his tombstone (which has since been lost). But 
Ceulen’s record lived on, with the result that up to the time of the 
First World War 7 was still known in Germany as the “Ludolphian 
number”. 

Shortly before the polygon method of calculating 7 was replaced 
by the series method it underwent yet one last significant improve- 
ment. In particular, Wildebrod Snell (1581-1626) succeeded in 1621 
in obtaining 34 digits of 7 from 2°°-sided polygons, whereas Ludolph 
van Ceulen, using the same method as Archimedes, had only managed 
16. Snell divided every sector of the polygon one more time by 3 and 
constructed from each polygon side two further sides which contained 
the arc more accurately. His method was based on the inequality [14, 
p. 344] 


3sin 0 . 6 é 
5 eed <6< 2sin 3 Ta (13.22) 


The lower limit had already been discovered by the German cardinal 
Nicolaus Cusanus (1401-1464) [114, p. 281], while the upper limit was 
discovered by Snell himself. The accuracy of the procedure can be 
easily inferred today from the series expansions of sine and tangent. 
For it appears that the third order terms in the expression 2 sin x+tan x 
drop out, resulting in a quadratic error improvement. Moreover, the 
upper limit of Snell’s inequality (13.22) confirms the correctness of Liu 
Hui’s (intuitive) approach in his calculation of 7 1400 years earlier (see 
page 177). 

It was using Snell’s method that Grienberger, the last mathemati- 
cian of the polygon era, which had lasted almost 2000 years, calculated 
nm to 39 decimal places in 1630. 


The seventeenth century saw the discovery of other alternatives to 
Archimedes’s method. Whereas under Archimedes’s method, first of 
all the perimeters of all the circumscribed polygons are calculated and 
only then are the perimeters of all the inscribed polygons calculated, 
the new approaches involved working in “criss-cross” fashion: first of all 
a pair comprising one inner and one outer polygon is calculated, each 
possessing n sides, and then a similar pair of polygons with 2n sides 
is calculated, followed by a further pair with 4n sides etc. 
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Such an approach was developed by James Gregory (1638?-1675), 
whom we will meet again as one of the originators of the Leibniz series 
(see page 188). Continuing in the style of Archimedes, he held the 
radius of the circle constant over all the iterations, but calculated — 
in criss-cross fashion — the areas J, and i, of the circumscribed and 
inscribed polygons instead of the perimeters. Beginning with a square 
and the radius 2, he repeated his procedure, which results in linear 
convergence on 77, as shown below: 


pened eee. Tyne (13.23) 
ton + In 
Gregory, c. 1667 
The left-hand formula had already appeared in the Middle Ages, in 
the writings of Jordanus Nemorarius (-1237?), but Gregory is unlikely 
to have known of Nemorarius’s work. 

Another innovation was subsequently made by René Descartes 
(1596-1650), who came up with an idea which Cusanus had already 
tried 200 years earlier, but without success: every time one moves on 
to the next iteration, it is no longer the radius of the circle that is held 
constant but the perimeter of the polygons. From a square of perime- 
ter P an octagon with an equal perimeter is constructed, and from this 
in turn a 16-sided polygon with an equal perimeter etc. [114, p. 289]. 
As the number of sides increases, the radiuses of the circumscribed 
and inscribed circles in each case converge from above and below to- 
wards the common value of P/(27). Beginning with the square and 
the perimeter P = 8, Descartes’s recursion rule runs as follows: 


1 
Ra = V2,r4=1; rn = 5(Ta t+ Rn), Ron= Von Rn (13.24) 


Descartes, c. 1649 


Descartes’s procedure converges linearly towards the value 4/7. 

At this point we shall take a detour 160 years forward in time 
to 1809, when Carl Friedrich Gauss (1777-1855) came up with the 
following, almost identical recursion rule which also converges towards 
m, but a lot more quickly?: 


1 

Ry = V2,14 = 1; ran = 5('nt+ Rn), Ron = Vin+Rn (18.25) 
Gauss, 1809 

3 Strictly speaking, the Ran and ren converge towards the value /fan- 7 with 


fa = 1/2; fon = fr —- 2(R3n ~—73,). This results from the formula (7.1) on 
page 87 
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It is difficult to believe, but the small difference of rp instead of ro, 
in the formula on the right-hand side actually results in quadratic 
convergence. The recursion no longer produces a constant improvement 
on every step but instead it delivers each time twice the improvement 
achieved during the previous step, yielding, for example, not just 6 
accurate decimal places of a after 10 recursion steps but over 1000. A 
mathematical miracle! 

Whereas Descartes’s method is based on elementary geometry, 
Gauss’s iteration rule is derived from the quite different theory of 
elliptic functions. The fact that the notation r and R is used in both 
formulae should not be taken to mean that the Gauss formula refers, 
like the Descartes formula, to the radiuses of circles. 

The details, background and the story of how the Gauss algorithm 
came about are discussed in depth in Chapter 7, where the regrettable 
historical accident which resulted in this algorithm being overlooked 
for one-and-a-half centuries, until 1976, is also discussed. 


13.3 Infinite expressions 


The second era in the calculation of 7 began with infinite products and 
infinite series (sums). After almost 2000 years during which mathe- 
maticians had had only geometric methods at their disposal, these 
provided them at last with an analytical tool. 


Beginnings in India 


The first series for 7 were noted down in India in the fifteenth century, 
possibly even earlier. They are thus at least 100 years older than the 
first European series (1593). This fact might have been known for 100 
years, but the essay by Charles M. Whish on this subject dating from 
the year 1835 On the Hindu quadrature of the circle and the infinite 
series of the proportion of the circumference to the diameter exhibited 
in the four Sastras, Tantra Sangraham, Yukti-Bhasa, Karana-Paddhati 
and Sadratnamala was overlooked for 100 years. It was not until around 
1940 that this essay resurfaced and its essentials were confirmed. 

No less than eight m series are found in the Sanskrit texts Yukti- 
Bhasa and Yukti-Dipika, among them, for example, the two following 
series, the first of which begins like the Leibniz series: 
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T (era eae 1 p/2 
—x1l-- _ 13.26 
n Bg ge Oo red key 8.26) 
Nilakantha, 15th century [89] 
4 4 4 4 
P36 e Se Sa apne (13.27) 


3-3 58-5 3-7 98-9 


Nilakantha, 15th century [89] 


All eight of the series are included in our collection of formulae, items 
(16.6) to (16.13). 

We are indebted to S. Parameswaran [89] and Rinjan Roy [98] for 
making us aware of them. According to Parameswaran, the origins 
of these series are complicated, especially as they were passed down 
orally. The Yukti-Dipika was composed by Sankaran (c. 1500-1560), 
who claims to have received directions from Jyestha-devan, who for 
his part wrote down the Yukti-Bhasa. This contains detailed proofs 
for the series as well as the series themselves. These two scholars in 
turn received instruction in astronomy and mathematics from Kelal- 
lur Nilakantha Somayaji (c. 1444 — c. 1545) [sic!], the author of the 
work Tantra Sangraham. If the series were not already composed, then 
the latest person who could have written them is Nilakantha. Recent 
research suggests that some of the series could actually have been for- 
mulated earlier and, in particular, some of them are linked with the 
name of Madhavan, who lived from c. 1340 to 1425. 

Even more surprising, if that is possible, than the great age of these 
Indian series is the fact that they are quite simply better than the first 
European series. 

The author Nilakantha provided a residual sum along with the se- 
ries (13.26). This gives an estimate of the order of magnitude of p~°. 
(See formula (12.5)). As far as we know, Europe had to wait another 
hundred years for an estimate that would be as accurate as this, until 
Euler produced one in 1750. 

The second series (13.27) is significantly better than the first 
(13.26) as regards convergence. For example, the first series required 
10'° terms to produce 10 correct decimal places of 7, whereas the 
second required fewer than 10°. 

A third series (16.6) is even more convergent, in that 28 terms 
produce as many as 16 accurate decimal places. 
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Infinite products 


In Europe, Francois Viéte, whom we mentioned above, produced an 
infinite expression, or, to be more precise, an infinite product. in 1593 
he achieved this feat, remarkable both ‘historically and aesthetically, 
in his work Variorum de Rebus Mathematicis {115}: 


2. seas 
n V2 2 2V2 


Viete, 1593 


(13.28) 


The product is also numerically interesting as it converges very 
quickly to 7, generating 15 accurate decimal places after only 25 terms. 

Viete arrived at his formula through a simple but cunning trick. 
He applied the standard formula sin(#) = 2sin(#/2)cos(x/2) recur- 
sively and thus obtained sin(z) = 2” sin(x/2”) cos(x/2) ---cos(z/2”). 
As n becomes bigger, 2” sin(z/2”) converges to x. To calculate the 
cos expressions, Viéte used another standard formula cos(z/2) = 


,/5(1+ osx). He then only needed to substitute 1/2 for a, ie. to 


set sin(z) = 1 and cos(x) = 0, and - hey presto! - there was his clever 
formula. 

Curiously in the history of 7, the Viéte product was followed by 
another product. This is curious because apart from this product and 
Viéte’s product, there are few other infinite products for 7 but a large 
number of infinite series. In any case in 1655 John Wallis (1616-1703) 
reported the following infinite product in his Arithmetica Infinitorum, 
derived by successive interpolations: 


4  3x3x5xbx7x7x9x9x11lx11x 13x 13--- 13.29 

7 Ox EK AROXORS XOX ION IDM DR TEX 
Wallis, 1655 

Of course no mathematics student today would be allowed to write 

the product in this way because it results in 3. To show the uncondi- 

tional convergence, es numerators and two denominators must each 


be combined together: 4 = 34. $3... (114, p. 292]. 


One can say that Wallis computed the Integral f, a™y*dx (with 
x” + y* = 1) for integral values of m and k [20, p. 68-80]. Wallis’s 
derivation is historically significant as it inspired Newton to a similar 
approach which ultimately led him to the binomial series. 
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Even if the Wallis product can be calculated easily, it cannot be 
used for effective 7 calculations because after 100 terms, for example, 
it is only accurate to 7.8- 1073. 

William Viscount Brouncker (c. 1620-1684) was the first President 
of the Royal Society and “manipulated” (Beckmann) the Wallis prod- 
uct into a continued fraction for 7, the first in the history of 7, in 1658: 


(13.30) 
Oak 
vee 


Brouncker, 1658 


Delbntiis 


According to Beckmann [18, p. 131] we can only guess as to how 
Brouncker arrived at this continued fraction. Leonhard Euler was the 
first person to derive it systematically in 1775, i.e. over 100 years later, 
from the series expansion of arctan 1. 

At the time when the first series were discovered, infinitesimal anal- 
ysis did not yet exist. This explains why the mathematicians concerned 
found the derivations so difficult. 


Infinite sums 


The independent discoveries by Isaac Newton (1643-1727) and Gott- 
fried Wilhelm Leibniz (1646-1716) of differential and integral calculus 
in the second half of the 17th century heralded a boom in series for- 
mulae for 7. 

Some time in 1665-1666, Isaac Newton himself succumbed to the 
temptation to calculate 7 with the aid of one of the new series. He used 
his Method of Fluzions and Infinite Series to derive a quite effective 
series for 7 (see (16.63)) which is essentially an expansion based on 
the arcsin function. Using this, he obtained 15 digits of (which, of 
course, was no world record at that time). Newton later wrote, “I am 
ashamed to tell you to how many figures I carried these computations, 
having no other business at the time” [32, p. 339]. His words show only 
too well the two minds which characterise many 7 “digit hunters”. 

The date 15 February 1671 is of historical importance as the date 
on which James Gregory (16387-1675) stated the first series for arctan 
(without explaining how he derived it), in a letter [20, p. 89]. If r is 
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the radius, a the arc and t the associated tangens, then the Gregory 
series reads as follows [114, p. 293]: 


=t-~st+o5-sp tno 13.31 
a=t— 3a t 5 78 t Ors ( 
which we write in modern form (r = 1): 
7 9 
Hi 
eS a ee ee eae 13.32 
arctant=a2—-— tea ta ( ) 


Gregory himself did not perform the easy step of substituting 1 for 

x which leads to the so-called LeibnizSeries: 
T 1 21 11 

pee te (13.33) 
Leibniz derived this series independently of Gregory and cited it in 
letters to several friends from 1674 onwards. In the meantime we know 
that the same series was already known much earlier in India (see 
page 185). 

The first person to make use of the Gregory series to obtain an ap- 
proximation for 7 was the astronomer Abraham Sharp (1651-1742). In 
(13.32) he substituted tan(7/6) = ,/1/3 for x and in this way discov- 
ered a series (see (16.67)) which produces about 1 digit per 2 terms. 
This he used in 1699 (almost 40 years after Gregory’s invention) to 
calculate 7 relatively easily to 71 correct decimal places. This was the 
very first world record that was not based on Archimedes’s polygon 
method. 


Leonhard Euler 


18th century mathematics was dominated by the Swiss mathematician 
Leonhard Euler (1707-1783). His almost inconceivably extensive life’s 
work, consisting of over 700 books and essays, which take up 80 (still 
not completely published) volumes, attests to his status as the most 
versatile and prolific mathematician in the history of mathematics. 
His creativity and productivity were not impaired in the least by the 
persistent problems he suffered with his eyes, which resulted eventually 
in complete loss of his sight. 

Even though he is sometimes identified more with the number e, 
Euler has the distinction of having decisively increased our under- 
standing of 7. He came up with an exceptional number of formulae for 
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aw, including the one which is commonly rated as the most fascinat- 
ing of all time, because it unites in one formulae 5 basic quantities of 
mathematics: 


é™4+1=0 (13.34) 


You would not believe how much has already been said and written 
about this formula! In the introduction we quoted the enthusiastic 
words of Benjamin Peirce, but he was only one of many who have 
marvelled effusively at the formula. Only a few years ago (1990) it 
was voted the “most beautiful of all” by the readers of Mathematical 
Intelligencer {120]* 

Euler did not actually express “his” formula in this way but like 
this (1743, in Miscellanea Berolinesia [41, p. 89]): 


e = cosz +isinz (13.35) 
Euler, 1743 
which through z = 7 turns into (13.34) because cos 7 = —1 and sinz = 


0. This expression was not entirely new. Roger Cotes (1682-1716) had 
already published the equivalent equation in 1714 


V—1z = log(cosz + /—I1sin 2) (13.36) 


Cotes, 1714 


albeit using a different notation [39, p. 481]. Finally, mathematicians 
like writing Euler’s theorem somewhat cryptically, for example 


mn = —iln(—1) (13.37) 


David Wells, commenting on the results of the reader survey quoted 
above, wondered whether small and “inessential” changes to the for- 
mula (13.34) could also change its aesthetic value and thus the degree 
of favour it would find among readers. For example, he wondered how 
the following equivalent formula would have scored: 


pi Ses (13.38) 


Among Euler’s most spectacular results in the 7 domain is his so- 
lution for the sum of the reciprocal perfect square roots, i.e. for the 
expression + + i + 4 2 ee a +-++, Many great mathematicians, 


In second place was another of Euler’s formulae, namely that which defines the 
relationship between the number of vertices (V), the number of edges (E) and 
the number of faces (F) in a polyhedron: V — E + F = 2. in 14th place was an 
Indian 7 series dating from the 15th century (16.10). 
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among them Leibniz and the brothers Jakob (1654-1705) and Johann 
Bernoulli (1667-1748), had tried their hand at this apparently simple 
exercise without success. Euler was the first one to succeed, in 1736, 
in — this sum with the elegant expression, 


= — = 1.64493 406. 13.39 
YE k2 = ( ) 


By way of proof, Euler considered the equation 


sinz = 0 (13.40) 

For sin z, he took the series that was already familiar to Newton 
sing =a —2°/38l+a°/5!—a7/7!4+... (13.41) 
=a (1—2?/3! + 24/5! — 28/7! 4+...) (13.42) 


or, after substitution of y = x”, 


=2(1—y/3!+y?/5!—y/7! +...) (13.43) 


In order for the right-hand side of the equation to = 0, either x or the 
expression in brackets must = 0. The known solutions of (13.40) 2 = 
tm, +27, +37 thus hold true for the expression in brackets where y = 
n, 2?7?, 327?,... correspond to them. Euler then used the theorem 
from algebra, which states that the sum of the inverse values of the 
n solutions of the polynomial 1 + ayx + agr? +... + anx” is equal to 
—dy, i.e. to the negative of the first coefficient. (Example: the equation 
—4(x — 1)(x — 2)(a — 3) = 0 has the solutions 1.2 and 3. The sum 
of their inverse values is equal to * and this is also the negative 
coefficient of x, as one can establish by multiplying out the left-hand 
side of the equation.) Euler assumed that this must also apply to the 
infinite sum contained in the brackets, which has the same form. This 
first coefficient in (13.43), set negative, is 1/3! = a this value must 
thus equal the sum of the inverse values of the solutions 
1 1 1 1 

Taye Gap gage ee (13.44) 
If both sides are multiplied by 7”, one obtains the sought-after solution 
to this unusual problem. 

In Euler’s previously mentioned primary work Introductio in ana- 
lysin infinitorum of 1748, he delivered another proof for the sum 
(13.39), which satisfies more stringent requirements. 

This work also contains “truckloads” (Beckmann) of other 7 for- 
mulae, e.g. similar summation expressions for 7°, 74, 7® etc. as well 
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as many more beautiful identities. It would actually require a sepa- 
rate monograph to do justice to the wealth of Euler’s discoveries on 
a. Nevertheless, a small selection of his pronouncements is included in 
our collection of formulae on page 224ff. 

Another of Euler’s achievements was, as mentioned above, to make 
the symbol 7 popular. Then, at the age of 72 in 1779, he began calcu- 
lating a and arrived at 20 decimal places using an arctan formula he 
had developed himself and a series of his own for the arctan function 
(see page 74). This only took him an hour. 

But Euler was not the only eighteenth century mathematician to 
add to our collective knowledge of 7. Already in the 15th century it was 
suspected that 7 could not be a rational number, i.e. that it could not 
be represented as a quotient of two integers. Huygens and Leibniz were 
quite convinced of this. But it was not until 1766 that the Alsatian 
mathematician Johann Heinrich Lambert (1728-1777) produced the 
proof that 7 is irrational in [79], His proof begins with the statement 
of an infinite continued fraction for tan v, which he expressed like this: 


1 
tanv = 7 (13.45) 


1 


1 
7:v—1&e. 
Lambert then demonstrated that the right-hand side of the equa- 
tion must be irrational if v # 0 is a rational number. But because 
tan(7/4) = 1 is rational, it follows that 7/4, and therefore also 7 
itself, must be irrational. 
After Lambert, Legendre proved in 1794, that 7? is also irrational. 


5:u 


Arctan formulae 


in 1706 John Machin (1680-1752) outdid Sharp’s 71 decimal places 
with exactly 100 decimal places, all of them were correct. He was the 
first mathematician to use a combination of two arctan series in a 
single expression. His arctan formula became extremely popular: 
1 1 
= 16arctan - — 4 = 
wT arctan © arctan 539 (13.46) 


Machin calculated each of the two arctan expressions using Gregory’s 
series 
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1 41 1 1 

arctan =~ —aatpeo (13.47) 

For the first arctan expression with x = 5 he had to calculate 
around 70 terms in the series (13.47), but for the second expression 
with x = 239 he only needed 20 terms. 

John Machin did not publish his famous achievement himself; his 
(1 + 100)-digit z and his arctan formula appeared in William Jones’s 
previously mentioned work, the Synopsis Palmariorum Mathesos|68], 
in which the symbol z was also proposed for the first time. In this way, 
this work by a self-made mathematician contains two major innova- 
tions regarding 7. 

For more than 200 years afterwards no one came up with a bet- 
ter method of calculating 7 than to use combined arctan formulae. 
However, mathematicians soon learned how to construct other such 
relations after the model of Machin’s formula which might offer scope 
for optimisation. C.F. Gauss (1777-1855) developed some especially ef- 
fective variants. Thus it came about that the arctan method remained 
in use for more than 250 years until 1970, although of course this is far 
short of the life of Archimedes’s method. Even the early computer cal- 
culations almost exclusively made use of arctan formulae, and one of 
those used most frequently was actually the good old Machin formula 
(5.20). 

After Machin many other mathematicians took up the task, and 
every few years a new 7 world record would be set. But as the num- 
ber of decimal places grew, so too did the risk of making a mistake. 
Thus we hear of several instances of calculation errors which in each 
case were revealed inevitably the next time the record was beaten. For 
example, although Fautet De Lagny (1660-1734) discovered 27 digits 
more than Machin in 1719, it turned out when the world record was 
next beaten by Vega (1754-1802), that his 112th decimal place was 
incorrect. However, as this was the only incorrect digit, it seems likely 
that it was a case of a transcription error rather than that the calcu- 
lation itself was at fault. Vega himself also made a mistake — of the 
143 digits he produced in 1789, only 126 were correct. Five years later 
Vega improved on his own record with a 7 that was 140 digits long, 
but the last four of these were also incorrect. 

Even today, the last digits calculated are always the most suspect. 
The current world record holder Yasumasa Kanada cut off 200 digits 
from his 206.1 billion 7 digits to be on the safe side, although his 
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test calculation only differed from the actual calculation in the last 45 
digits. No doubt he thought there were enough digits anyway. 

Euler too was a victim of De Lagny’s error, as he reproduced De 
Lagny’s number in his Jntroductio. Since then, publishers thinking of 
issuing a new edition of this important and interesting work have been 
faced with the dilemma as to whether they should simply correct the 
error or transfer it for the sake of historical truth. A recent English 
edition dating from 1988 chose the latter approach [52, p. 101], while 
an older German edition published in 1885 [53, p. 95] decided on the 
first approach. 

In the 18th century, important mathematicians were also at work 
on 7 in Japan, although they remained behind their European counter- 
parts. in 1722 Takebe Kenko (1664-1739) obtained 41 decimal places 
for 7? using a series for 1” (16.86), while in 1739 Matsunaga obtained 
50 decimal places. Thereafter, according to Beckmann [18, p. 102], the 
Japanese seem to have had more sense than their European colleagues; 
they continued to study series yielding 7, but wasted no more time on 
digit hunting. Today Beckmann would not be able to say this, as in 
recent years no one has pursued the hunt for z digits more vigorously 
than the Japanese Yasumasu Kanada and his team. 

The Austrian mathematician Lutz von Strassnitzky (1803-1852) 
exploited an unusual opportunity which came his way. in 1840, the 
“famous mental computer” Zacharias Dase (1820-1861) visited him 
in Vienna and attended his lectures on elementary mathematics. As 
he was whiling away the time with the “most colossal, but pointless 
calculations”, Strassnitzky persuaded him to do perform some research 
which “at least he would be able to use”, namely the calculation of 7 
to 200 decimal places. Among the formulae it was suggested he should 
use, Dase chose the following arctan formula which does not converge 
as well as Machin’s formula but is well suited for paper and pencil 
(and rubber!) [112]: 


1 1 1 
= arctan 5 + arctan 5 + arctan 5 (13.48) 


In under two months Dase had finished. Dase’s 200 decimal places were 
8 fewer than William Rutherford had achieved twenty years earlier, but 
they were still a world record as only 152 of Rutherford’s digits were 
actually correct. 

Dase was known throughout Germany for his calculation skills. He 
was able, for example, to multiply two 8-digit numbers in his head 
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in 54 seconds, while 200-digit numbers took him only 8 hours and 
45 minutes, a feat which one can scarcely imagine. He offered to calcu- 
late some mathematical tables, so Gauss suggested he should expand 
the existing prime factorisation tables. Dase took up this suggestion 
and, with financial support from the Hamburg Academy of Sciences, 
he calculated the prime numbers in all the numbers between 7 and 
9 million. Beckmann concludes his report on Zacharias Dase with the 
following commentary: “Evidently Carl Friedrich Gauss, an innovator 
in so many areas, was also the first to introduce payment for computer 
time” [18, p. 107]. 


The last records obtained using paper and pencil 


The sad tale of William Shanks (1812-1882) took place against the 
backdrop of the mid-19th century. Shanks performed no fewer than 
four 7 calculations by hand. In 1851 he calculated first 315 and then 
530 decimal places. Two years later he attained 607, and finally twenty 
years later as many as 707. In 1853 he published a complete book, 
which contained not only the 607 digits but a detailed description of 
how he had performed the 530 digit calculation. In the foreword he 
wrote: 

“Towards the close of the year 1850, the Author first formed the 
design of rectifying the Circle to upwards of 300 places of decimals. He 
was fully aware, at that time, that the accomplishment of his purpose 
would add little or nothing to his fame as a Mathematician, though it 
might as a Computer; nor would it be productive of anything in the 
shape of pecuniary recompense at all adequate to the labour of such 
lengthy computations.” 

This was somewhat pessimistic, as Shanks’s version of 7 was ac- 
corded the great honour of being exhibited at the big world exhibition 
in Paris in 1937 (see also page 50). 

Shanks’s calculations concealed a labour of Hercules. In the course 
of his calculations he had to determine some logarithms accurately up 
to 137 places and to calculate the exact value of 277'. A Victorian 
commentator observed, “These huge chains of calculations not only 
prove the persistence and accuracy of this mathematician, but they 
are also a proof that computational skill and courage are increasing in 
society.” [119, p. 51] 

But fate had dealt Shanks an unlucky hand. To quote J.W. Wrench: 
“(His 607 decimal places were) incorrectly calculated beyond 527 dec- 
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imal places. The accuracy was further vitiated by a blunder commit- 
ted by Shanks in correcting his copy prior to publication, with the 
result that similar errors appear in decimal places 460-462 and 513- 
515. These errors persist in Shanks’s first paper of 1873 containing 
the extension to 707 decimals of his earlier approximation. His sec- 
ond paper of that year, which contained his final approximation to 7 
(of 707 decimals), gives corrections of these errors; however, there ap- 
pears an inadvertent typographical error in the 326th decimal place of 
his final value. In retrospect, we now realize that Shanks’s first value 
(530 decimal places) published in 1853 was the most accurate he ever 
published.” [122] 

The error in the 528th digit of Shanks’s various 7 calculations re- 
mained unproven for many years. The person who got the furthest to 
checking it was Richter in 1854; however the latter did arrive at the 
wrong decimals. It was not until 1946, 90 years after Shanks, that the 
error was demonstrated by Daniel Ferguson, incidentally in what may 
have been the last 7 calculation to have been undertaken by hand. 

However, Shanks’s 7 had been suspected of being incorrect much 
earlier. The first person who became suspicious about the accuracy of 
Shanks’s 7 was the mathematician Augustus de Morgan (1806-1871), 
a severe critic of the would-be circle squarer and inventor of the mor- 
bus cyclometricus, defined as the circle-squaring disease. He counted 
the frequency of every digit occurring in the 607 decimal version of 
Shanks’s number and concluded from the deficiency of 7’s that Shanks 
must have made a mistake. Unfortunately he was right. 

This was all very sad as it only went to show how unfair the world 
can be: a person can sweat away at his labours for years only to have 
someone else glance at the results and show that they are wrong in a 
matter of an hour. 


As the 19th century came towards its close, there was a major 
new breakthrough on 7 research. What had already been clear to 
mathematical scholars such as Michael Stifel (1487-1567) in the 16th 
century became certain fact in 1882, when it was established beyond 
doubt that 7 is not only irrational but also transcendental. Stated for- 
mally this means that 7 cannot be the root of any algebraic equation 
containing only rational coefficients. A corollary of this is that it is 
not possible to square the circle with a compass and straight edge. 
Proof of this was certainly in the air by 1873, when Charles Hermite 
(1822-1901) proved the transcendence of e. Decisive proof that 7 too 
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is transcendental was provided a few years later, in 1882, by Ferdinand 
Lindemann (1852-1939). His rationale, which is very heavy going, was 
later simplified a number of times and today is available in an almost, 
elementary form, e.g. see [49, pp. 103-109]. Like the proof of 7’s ir- 
rationality, the proof of its transcendence is once again indirect. The 
argument goes that if e? is the root of a rational algebraic equation, 
then x must be transcendental (and vice versa). In fact, we know from 
Euler’s famous formula (13.34) that e’” is a rational number, i.e. —1. 
Therefore iz must be transcendental and hence 7 also. 


The last world record calculation of 7 to have been performed by 
hand, or at most with the aid of an electromechanical hand-operated 
desk calculator, was performed in the years 1945-1949. Ferguson and 
John Wrench Jr. produced the last and best value yet, 1120 decimal 
places, before the advent of the computer era. 


The computer era 


It was at the end of the 1940s that computers entered the 7 arena, 
signalling an end to the era of only a few hundred 7 digits. 

In 1949 one of the first electronic computers, the ENIAC (Electronic 
Numerical Integrator and Computer), was programmed to calculate 
2,037 decimal places of 7, using John Machin’s arctan formula (5.20). 
The calculation took 70 hours to perform, i.e. more than 2 minutes 
per digit. In 1957, F.E. Felton attempted to calculate 10,000 decimal 
places, but due to a hardware fault only the first 7,480 places were 
correct. The goal of reaching 10,000 digits was achieved the following 
year by F. Genuys on an IBM 704 in 100 minutes [13]. 

On 29 July 1961, two IBM researchers, Daniel Shanks and John 
W. Wrench Jr., reached the 100,000 mark. They used an IBM 7090, 
which took 8 hours and 43 minutes to perform the calculation. They 
wrote a detailed account, still quite readable even today, of their 
project [106], in which they bring out the struggle they had with their 
algorithms. Like their predecessors they only had arctan series (one 
from Stgrmer (5.19) for the actual calculation and one from Gauss 
(5.22) to check it), but they came up with some interesting optimisa- 
tion tricks in the course of their work. 

Several other calculations increased the number of known 7 digits 
by 1973 to 1 million places, using only classical arctan formulae. The 


calculation of 7 to 1 million decimal places took just under one day 
on a CDC 7600. 
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Even though computers were becoming more powerful, the calcula- 
tion of still more decimal places would have run into insurmountable 
obstacles at some point. Daniel Shanks, whom we mentioned above, 
still believed in 1961 that no one would ever succeed in calculating 
more than 1 million x digits. Castellanos [41] commented on this state- 
ment by quoting the Chinese saying that it is dangerous to make pre- 
dictions especially when they refer to the future. 

The Chinese saying did not stop Peter Borwein predicting in a 
lecture in 1995 that we would never discover the 10°!th digit of 7. 
Even if 10°! is a very big number and Peter Borwein an extremely 
distinguished 7 researcher, this is a bold statement indeed. 


13.4 High-performance algorithms 


The third era in the hunt for a digits began in about 1980 when the 
world record still stood at around 1 million decimal places. It was 
around this time that the two breakthroughs occurred which together 
would enable the calculation of 7 digits to new orders of magnitude. 


Fast multiplication 


The first of these occurred in 1965 when the process of multiplying 
two (long) numbers was speeded up dramatically and to a certain ex- 
tent out of proportion and the old “school multiplication” approach 
was superseded. Under the new method, known as fast Fourier trans- 
form (FFT) multiplication, the two multiplicands are first “Fourier”- 
transformed; they are then subjected to an pointwise multiplication 
process which can be executed in linear time, and finally the vector 
product is transformed back again. The critical factor in this mul- 
tiplication process is the fact that the three Fourier transforms can 
be executed very quickly, i.e. at a rate better than quadratically (see 
pages 135ff.). 

The discovery of this multiplication algorithm came more or less 
by chance: 

“During a session of the scientific advisory committee of the Amer- 
ican President [Lyndon B. Johnson in 1964] Richard W. Garwin estab- 
lished that John W. Tukey, who was one of the attendees, was trying 
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to develop some programs for the Fourier transform®. Garwin ... asked 
...and Tukey provided an outline of what was later to be the famous 
Cooley-Tukey algorithm.” 

It just goes to show how a President has his uses! 

“Garwin went to the computer centre of the IBM research centre in 
Yorktown Heights to have the procedure programmed. James W. Coo- 
ley had not been working at the IBM research centre for long and, in 
his own words, was entrusted with the assignment because he was the 
only one who did not have anything important to do ...” [38, p. 8]. 

It was only a short while after publication of the Cooley-Tukey 
algorithm that the search for historical sources began. Someone who 
read their paper described an earlier program of his own with similar 
performance and attributed it to a method by G.C. Danielson and 
C. Lanczos dating from 1942. The authors for their part referenced 
essays by C. Runge and H. Koenig dating from the years 1903 and 
1924 [44]. But these were not the earliest attempts at using FFT. It 
seems that once again it was C.F. Gauss who was the first. to have 
had the all-important idea of speeding up the Fourier transform and 
in fact he did so 100 years (1805) before anyone else [65]. 

The time required for school multiplication is of quadratic order, 
whereas FFT multiplication, of which there are today many variants, 
only requires the order of N - logy N (see page 140). With FFT multi- 
plication, the time it takes to multiply n-digit multiplicands does not 
increase much more quickly than n itself. 


aw-specific algorithms 


But as well as FFT multiplication, a second branch needed to be added 
to the tree of knowledge before today’s 7 feats would become feasi- 
ble, namely the discovery of high-performance algorithms developed 
specifically with the aim of calculating 7 more quickly and to addi- 
tional decimal places. This was achieved from 1976, and as a result 
the arctan methods which had been virtually all that was available up 
to then were completely replaced. 

One of the new methods was based on series which the Indian 
mathematician Srinivasa Ramanujan (1887-1920) had developed back 


° Moreover, John Tukey is the inventor of the word “bit”, short for binary digit, 
in 1946, and he also seems to be responsible for introducing the term “software” 
in the sense as it is used today, in 1958 (“The Economist” June 3rd 2000, p. 96) 
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in 1914. One of these is the following series, which is significantly faster, 
by around a factor of 5, than the best series known before then: 


1 ! 
-_=— ee 13.49 
7 9801 (n!)4 3964” ( ) 


A second significant discovery in this area was the Gauss AGM al- 
gorithm. It consists of an iteration method such that, when executed, 
the number of correct 7 digits is doubled during each iteration stage, 
thus converging quadratically on z. In this way, for example, the first 9 
iterations produce successively 1, 4, 9, 20, 42, 85, 173, 347 and 697 cor- 
rect digits of a [13, p. 53]. 

This algorithm was independently discovered in 1976 by Eugene 
Salamin and Richard Brent. But the underlying formula had already 
been discovered 170 years earlier by the German mathematician Carl 
Friedrich Gauss (see Chapter 7). Salamin at least was aware of the 
origin of the algorithm when he published it. 

In 1985, the Borwein brothers added to the stock of a-specific high- 
performance algorithms when they published iteration procedures in 
the style of the Gaussian AGM algorithm which converge at a rate 
better than quadratically. Thus, in the “quartic Borwein iteration” four 
times as many correct digits are produced during each iterative step 
so that in 1999 the present world record holder, Yasumasa Kanada, 
only needed twenty iterations to calculate 206.1 billion digits of 7. 
The Borweins derived their method from the same theory of modular 
functions which had also led Ramanujan to his series. 

It was thanks to these discoveries that, in an unprecedented boom 
spanning the 19 years from 1981 to 1999, the z world record was 
bettered a total of 26 times, often by more than double the previous 
record, from 2 million to currently 206.1 billion digits. Our table on 
page 206 lists the individual landmarks. 


The new 7a digit hunters 


It is striking that 18 out of the 39 world records are linked with the 
name Yasumasa Kanada (the stress falls on the second syllable). This 
man is Research Adviser in the Department of Science at Tokyo Uni- 
versity. He heads a laboratory, Kanada laboratory, which specialises 
amongst other things in “high performance computing”. To perform 
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this work, Kanada has used special supercomputers, most recently a 
Hitachi SR8000 which contains 128 processors. His feats of calcula- 
tion have been accomplished with these and ever more sophisticated 
implementations of the Borwein algorithms. 

Unfortunately Kanada is not given to talking about his accomplish- 
ments. At the time of writing (April 2000) he has only just brought out 
a paper on his third most recent world record (51.5 billion digits) [113] 
(in Japanese) and he has issued only brief statements on the Internet 
regarding his latest records (68.7 and 206.1 billion digits). Kanada ap- 
pears not to answer all the e-mails which are sent to him, so we know 
relatively little about the details of his work. 

Even less has been divulged by Kanada’s two “rivals”, the Chud- 
novsky brothers, who have six entries in the list of world records. 
However, an excellent biographical report about the two brothers, The 
Mountains of Pi, by Richard Preston appeared in the New Yorker in 
March 1992 [92]. This essay describes the lonely life of David and 
Gregory Chudnovsky in their apartment in Manhattan, where they 
achieved their world records on a home computer called m-zero which 
they assembled from parts purchased in department stores. The money 
used to finance their work came from their wives, for the Chudnovskys 
have been unsuccessful at obtaining university posts although they 
have established track records in number theory. One reason for this, 
Preston remarks bitterly, is that Gregory suffers from a muscular dis- 
order Myasthenia gravis which keeps him bed-ridden. 

David Blatner, author of The Joy of x [28], an attractive little book 
which came out in 1997, apparently tried to track down the Chud- 
novsky brothers. He found out that they had recently opened a new 
office at the Brooklyn Polytechnic University, called the Institute for 
Mathematics and Advanced Supercomputing, which has a staff of pre- 
cisely two (i.e. the Chudnovsky brothers themselves). They no longer 
live in Manhattan. Shortly before moving, they ran one more 7 calcu- 
lation on their m-zero, this time to 8 billion digits, which, including 
checking, took up a week of computing time. This was a new record. 
They then gave up the chase to achieve further records and destroyed 
their home computer. 

It seems that the experts do not trust the Chudnovskys entirely. 
When Yasumasa Kanada announced one of his world records, the 
Chudnovsky brothers said that they had already gone way past that 
figure. Whereupon Kanada sent them a few digits from “his” 7, along 
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with the position from where he had taken them. He asked the brothers 
to send him an analogous section from their a calculation for verifica- 
tion purposes. But the Chudnovsky brothers have never responded. 


The only others to have held a world record since 1981 apart from 
Kanada or the Chudnovsky brothers are Gosper and Bailey. 

As mentioned above, Gosper calculated 17 million decimal places 
in 1985, using the Ramanujan series (13.49). His computer was not a 
supercomputer but a comparatively simple Symbolics 3670 worksta- 
tion which, however, compared with conventional computers, has the 
advantage of unlimited arithmetical precision. When announcing his 
record, Gosper stressed the fact that he had not calculated simple dec- 
imal places but more sophisticated continued fraction places. His se- 
quence thus did not begin with 3,1,4,1,5, but with 3,7,15,1,292. Gosper 
hoped to attain a deeper understanding of the nature of the number 7 
by adopting this representation form, since for number theoreticians a 
continued fraction is definitely a more informative alternative. Sadly 
the continued fraction did not reward the effort of his calculations 
but only suggested “normal probability” (see also Chapter 04 on this 
point). Nevertheless, the calculation did confirm that the continued 
fraction of 7 does not follow any model, which is actually a useful 
piece of information, since, for example, the numbers e, V2 or V3 do 
follow a model. 

To crown it all, Gosper ended up having to convert his continued 
fraction to the decimal form solely in order to be able to check it. 

David Bailey is a scientist at the NASA Ames Research Center in 
California, USA. He has published extensively on high-performance 
calculations and is one of the authors of the BBP algorithm. Between 
7 and 9 January 1986 in a total of 28 hours he calculated 7 to 29 mil- 
lion decimal places and wrote a fine essay about it [9]. In the essay he 
states amongst other things that the main purpose of his calculation 
was to test the hardware (of a Cray-2 supercomputer), the operating 
system and the compiler. He wrote his calculation program in FOR- 
TRAN because the compiler for that programming language was able 
to exploit the vector processor properties of the Cray particularly well. 
The actual calculation required 12 iterations of the quartic Borwein 
algorithm and checking it required 24 iterations of the quadratic Bor- 
wein algorithm. The report also contains statistics on the frequencies 
of different numbers, but these do not produce any striking results. 
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13.5 The hunt for single 7 digits 


We have already quoted the observation by Adamchik and Wagon that 
the “2000-year search [for ever more 7 digits is changing] direction”. 
Today more and more is heard about a new type of 7 record, which 
was proclaimed with the words “The forty trillionth bit of 7 is 0”. 

The background to this is the fascinating “BBP algorithm”, which 
is named after the initial letters of its authors, David Bailey, Peter Bor- 
wein and Simon Plouffe, and was only published recently, in September 
1995. With this algorithm it is possible to calculate individual hexadec- 
imal positions in the middle of 7 without having to calculate all the 
preceding digits. This method is described in detail in Chapter 10. 

This algorithm has opened up a new stage in the quest for 7 digits, 
namely the search for digits as far removed from the beginning of 
nm as possible. The first landmark was set by the three researchers 
themselves with the 10 billionth hexadecimal z digit, corresponding to 
the 12 billionth decimal place. At the time of publication of their data 
(September 1995), this digit was almost twice as far into 7 as the last 
known digit obtained by the conventional route. 

Within only a year later a student called Fabrice Bellard® had 
caught up. He discovered an even better formula and used it to calcu- 
late the 100 billionth (October 1996) and the 250 billionth (September 
1997) hexadecimal digits of 7, which were a factor of 10 and 25, re- 
spectively, more distant. But even these achievements were overtaken 
almost immediately by the disclosure of some hexadecimal digits in 
the trillionth area such as the 1.25 trillionth (August 1998), the 10 
trillionth (February 1999) and the 250 trillionth (11 September 2000)’, 
which in turn bettered the previous records by factors, respectively, of 
5, 20 and 1000. The holder of both records is 19-year-old Colin Per- 
cival, a student at the Simon Fraser University in Burnaby, Canada, 
the same establishment where the Borwein brothers and Simon Plouffe 
work. No doubt we will hear many more great things about this young 
man. He began his university studies in mathematics at the age of 
13 in parallel to his secondary school education, and has successfully 
completed an unusually major project while still in his teens. 

Although the formula Percival used was not new (in fact, it was 
the Bellard formula, 10.8), for the calculation itself he used an unusual 


® http: //www-stud.enst.fr/~bellard/ 
” http: //www.cecm.sfu.ca/projects/pihex/announce 1q.html 
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approach which may well become a standard approach in years to come 
(see also Chapter 15). What was new about it was that he obtained the 
co-operation of 1734 Internet computers based in 56 different countries 
which all calculated parts of his project in their “dead time”. Percival 
then put the results together. In this way he obtained the benefit of 
almost 700 years of computing time in an elapsed period of only two 
years. 

No doubt he will produce another, even more spectacular result 
soon. 


With this we end our excursion through history and through 4000 
years of research into 7. The most important milestones are sum- 
marised one more time in the tables on the following pages. What 
we know now is the beginning and the middle. The end is not yet in 
sight. 


Babylonians 
Egyptians 
Indians 
Bible 

Plato 
Archimedes 
Zhang Heng 
Ptolemy 
Wang Fan 
Liu Hui 
Tsu Chhung-Chih 


Aryabhata 
Brahmagupta 
Alkarism 
Fibonacci 

Dante 

Al-Khashi 
Nilakantha 

Viete 

Romanus 
Ludolph Van Ceulen 
Ludolph Van Ceulen 
Snell 

Grienberger 
Newton 

Sharp 

Machin 

De Lagny 
Matsunaga 

Vega 

Rutherford 

Dase 

Clausen 
Lehmann 

W. Shanks 
Ferguson 
Ferguson 
Ferguson 
Ferguson, Wrench 
Smith, Wrench 


M=Machin (5.20) 


pgm(z) = Polygons with z sides. 
Series: E=Euler (5.25), G=Gregory (5.3), H=Hutton (5.17), L=Loney (5.18), 
, N=Newton (16.63), S=Strassnitzky (16.108), 
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No. of 
Who? When ? | decimals | Algorithm? 


2000? BC 1 | 34+1/8 
2000? BC 1 | 4- (8/9)? 
600? BC 0 | 4- (9785/11136)? 
440? BC 0|r=3 
c. 380 BC 2) 424+V3 
c. 250 BC 2 | pgm(96) 
c. 130 AD 1] V10 
150 3 | 377/120 
c. 250 1 | 142/45 
263 5 | pgm(192) 
c. 480 7 | pgm(12288) 
6 
499 3 | pg(384) 
640? 1] V10 
830 3 | 62832/20000 
1220 3 | 864/275 
c. 1320 3 | 34 V2/10 
1430 6 | pgm(3- 278) 
c. 1501 9 | 104348/33215 
1579 9 
1593 
1596 
1615, 
1621 
1630 
1665, 
1699 G 
1706 M 
1719 G 
1739 H 
1794 E 
1824 E 
1844 Ss 
1847 M 
1853 H 
1853 M 
1945 ie 
1946 tL 
L 
M 
M 


Table 13.1. History of m in the pre-computer era 


last hand calc’ion 


205 


223 22 
71 <T< F 


2n 


last use of p’gons 
first use of series 


127 total 


140 total 
208 total 


desk calculator 


206 


Who? 
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Time 


Computer 


Reitwiesner 
Nicholson, Jeenel 
Felton 

Genuys 

Felton 

Guilloud 

Shanks, Wrench 
Guilloud, Filliatre 
Guilloud, Dichampt 
Guilloud, Boyer 
Miyoshi, Kanada 
Guilloud 

Tamura 

Tamura, Kanada 
Tamura, Kanada 
Kanada, Yoshino, 
Tamura 

Gosper 

Bailey 

Kanada, Tamura 
Kanada, Tamura 
Kanada et al. 
Kanada, Tamura 
Chudnovsky’s 
Chudnovsky’s 
Kanada, Tamura 
Chudnovsky’s 
Kanada, Tamura 
Chudnovsky’s 
Chudnovsky’s 
Takahashi, Kanada 
Takahashi, Kanada 
Takahashi, Kanada 
Chudnovsky’s 
Takahashi, Kanada 
Takahashi, Kanada 
Takahashi, Kanada 
Takahashi, Kanada 
Takahashi, Kanada 


1949.09 
1954.11 
1957 
1958.01 
1958.05 
1959 
1961.07 
1966.02 
1967.02 
1973 
1981 
1981-82 
1982 
1982 
1982 


1982 

1985.10 
1986.01 
1986.09 
1986.10 
1987.01 
1988.01 
1989.05 
1989.06 
1989.07 
1989.08 
1989.11 
1991.08 
1994.05 
1995.06 
1995.08 
1995.10 
1996.03 
1997.04 
1997.05 
1997.07 
1999.04 


1999.09 | 206,158,430,000 
Series: M=Machin (5.20), G=Gauss (5.22), K=Klingenstierna 
S=Stermer (5.19), R=Ramamanujan (13.49), C=Chudnovsky (8.7). 


Iterations: G2=Gauss AGM (alg 7.5), B4=Borwein quartic (alg 9.2) 


8,388,576 


16,777,206 
17,526,200 
29,360,111 
33,554,414 
67,108,839 
134,217,700 
201,326,551 
480,000,000 ? 
525,229,270 
536,870,898 
1,011,196,691? 
1,073,741,799 
2,260,000,000? 
4,044,000,000? 
3,221,225 ,466 
4,294,967,286 
6,442,450,938 
8,000,000,000 
17,179,869,142 
34,359,738,327 
51,539,607,510 
68,719,470,000 


Table 13.2. History of 7 in the computer era [113] 


unknown 
36:52 h 
113:41 h 
116:38 h 
unknown 
5:llh 
15:19 h 
29:03 h 
32:54 h 
37:21 h 


(5.21), 


ENIAC 
NORC 
Pegasus 
IBM 704 
Pegasus 
IBM 704 
IBM 7090 
IBM 7030 
CDC 6600 


FACOM 


MELCOLM 
HIT M-280H 
HIT M-280H 


HIT M-280H 
Symbolics 3670 
CRAY-2 

HIT S-810/20 
HIT S-810/20 
NEC SX-2 
$-820 

CRAY-2 


? | IBM-3090 


HIT S-820/80 


? | IBM-3090 


HIT S-820/80 


£| m-zero 


unknown 

HIT S-3800 
HIT S-3800 
HIT S-3800 
1 week ? 

HIT SR2201 
HIT SR2201 
HIT SR2201 
HIT SR8000 
HIT SR8000 
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Hexadecimal Hexadecimal 
Position | Formula Sequence 

Bailey, 

P. Borwein, 

Plouffe 1995.09 10?° | BBP (10.1) 921C73C683 ... 
Bellard 1996.10 10'! | Bellard (10.8) | 9C381872D2 ... 
Bellard 1997.09 2.5-10'' | Bellard (10.8) | 87F72B1DC9 ... 
Percival 1998.08 1.25 -10'? | Bellard (10.8) | 07E45733CC ... 
Percival 1999.02 10-10? | Bellard (10.8) | AOF9FF371D ... 
Percival 2000.09 10’? | Bellard (10.8) | E6216BO69C ... 


Table 13.3. History of digit extraction records 


14. Historical Notes 


14.1 The earliest squaring the circle in history? 


On the circumference of the circle of radius 5, there are 12 points 
whose co-ordinates are integers. These are the 4 points at which the 
circle is intersected by the co-ordinate axes (+5, 0) and (0, +5) and the 
8 angular vertices of the right-angled triangles whose non-hypotenuse 
sides are 3 and 4, i.e. points (+4, +3) and (43, +4). This is illustrated 
in the left-hand diagram, which shows the first quadrant of the circle: 


(0,5) 


(0,125) (35,120) 
44,117) 


(0,0) (5,0) (0,0) (25,0) (0,0) (125,0) 


The 12 points define an (irregular) 12-sided polygon, 8 of whose 
sides are of length /2- V5, and the other 4 are of length V2. Its 
diameter is 10 and its perimeter 8 x J2V/54+4x Y2Q= 30.9550 ...; 
both together produce an approximation for 7 of 3.09550.... 

If the circle is enlarged by a factor of 5 to radius 25 (centre diagram), 
we find the original 12 points (or rather, their equivalents) (+25, 0), 
(+20, +415), (415,+20) and (0,425) once again, but this time there 
are another 8 extra points which have integer co-ordinates (+24, +7) 
and (+7, +24). The side lengths of the irregular 20-sided polygon thus 
defined add up to 12 x 5\/2 plus 8 x 4/5, and they produce the ap- 
proximation 7 = 3.12814.... 

If the circle is magnified a second time by a factor of 5, we ob- 
tain 8 further points which have integer co-ordinates, (+117, +44) and 
(+44,+117) (diagram on the right). The resulting 28-sided polygon 


210 14. Historical Notes 


with diameter 250 has 20 sides of length 25/2 and 8 sides of length 
3/25, and the approximation is now 3.13200.... 

It will be seen that every time the radius is increased by a factor 
of 5, 8 new vertices occur whose co-ordinates are integers!; even more 
important for calculation purposes is the fact that all the side lengths 
of the resulting 36-, 44- etc. sided polygons can be expressed solely 
using square roots of 2 and/or 5. This captivatingly simple procedure, 
which would doubtless have thrilled Pythagoras, was discovered by 
Franz Gnaedinger of Zurich [59]; the complete proof was contributed 
by Christoph Poeppe. In arriving at this discovery, Gnadinger identi- 
fied additional simple geometric constructions for the formation of the 
vertex co-ordinates and also devised simple methods to approximate 
the square roots from 2 and 5 to any degree of accuracy. For the roots 
from 2, for example, he specifies the following number stack, whose 
construction rule is easy to guess: 


1 1 2 
2 3 4 
5 7 10 
12 17 24 
29 41 58 


70 99 140 


The fractions 10/7 and 7/5 are simple approximations for V2. 24/17 
and 17/12 are better approximations, and 140/99 and 99/70 are al- 
ready very good approximations for V2. 

Now Franz Gnddinger is first and foremost an Egyptologist, and so 
he looked to see whether the good old Egyptians (who of course were 
very young in the pharaonic era, due to their low life expectancy, and 
looked at the world with just the same curiosity that young people do 
today) had known of this method. His conclusion is that they probably 
did. 

To start with, the Egyptians had a motive for measuring circles. 
The hieroglyph for the sun god Re was a circle. If one could only 
understand the circle and fathom its secret number, one would be able 
to share in the power of Re. 


} The co-ordinates of the new points are generated iteratively as follows: 
wo :=0, Yyo:=1 Thereupon fork =0,1,2,...: 
©2k+1 = 3yor — 42or, Yor+i = 4y2n + 322% 
T2k+2 = AYors1 — 3x2K41, Yor+e = 3yor41 + 40 2Kn41 
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But the Egyptians were also quite precocious in mathematical mat- 
ters. They already knew about Pythagorean triangles (right-angled 
triangles whose side lengths are integers), the simplest of which have 
side lengths which are multiples of 3, 4 and 5 and were referred to by 
the Egyptians as “holy triangles”. 

According to Gnadinger, all the elements of a method for approx- 
imating 7 and even the most important numbers are to be found in 
King Zoser’s funerary complex at. Saqqara, in the Cheops pyramid and 
the Chephren pyramid, for example: 


e Saqaara: 17/12 for root 2 

e Saqqara: numerous Pythagorean triads 

e Chephren pyramid: half cross-section = holy triangle 

e Cheops pyramid: holy triangle 15-20-25 in the royal chamber 
e Cheops pyramid: 140/99 for root 2 and 161/72 for root 5 

e Cheops pyramid: basex2:height = 22:7 or approximately 7 


Gniadinger is especially interested in the visionary architectural ge- 
nius Imhotep, who c. 2600 BC designed the monumental and grace- 
ful step pyramid at Saqqara near the former Memphis, to the fame 
and eternal life of Pharaoh Zoser. Gnadinger cites other Egyptologists 
in support of his view that this Imhotep could well have developed 
extremely good approximations for 7 based on the above procedure 
and the rational approximations for the roots of 2 and 5 which have 
been handed down. After just two iterations, with irregular 20-sided 
polygons, he would have arrived in systematic manner at the approx- 
imation 7  3.128..., which is significantly better than the value of 
(+2)? = 3.160... which is found in the Rhind Papyrus of 1850 BC 
and was probably discovered empirically (see page 167). This more 
accurate version of 7 would have been more than 700 years older. 


14.2 A zw law 


100 years ago a law prescribing the value 3.2 for 7 was very nearly 
passed in the state of Indiana, USA. The story is no doubt mainly 
amusing to Americans, perhaps because the event took place on Amer- 
ican soil and in any case everything turned out well in the end, or 
perhaps another reason why they like it could be that a former, less 
popular vice-president came from Indiana. 
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At the end of the nineteenth century, a country doctor named 
Dr. Edward Johnston Goodwin (1828?-1902) lived in the town of Soli- 
tude, Indiana. According to his biography, this man discovered the 
true value of the number 7 by supernatural means in the first weeks 
of March 1888. 

Strictly speaking, the one revelation must have included several val- 
ues of 7, since, in a reader’s letter to the fledgling “American Mathe- 
matical Monthly”?, he actually gave 5 different values of 7, from 2.56 
to 4.0. 

He applied for copyright for his discovery in several states, including 
Germany and Austria. He then persuaded a representative of his home 
town to introduce a Bill on his new mathematical discovery. 

The proposed Bill was written by Dr. Goodwin himself. In this 
Bill he described 7 in words and - as he had previously done in the 
American Mathematical Monthly — in several ways. House Bill No. 246 
contains, for example, the passage: 


... disclosing the fourth important fact, that the ratio of the 
diameter and circumference is as five-fourth to four... 


This “fact” results in 7 = 16/5 = 3.2. Elsewhere in the text three 
other values of 7 are given, namely, the argument that the area = 
(circumference/4)* produces 7 = 4, the argument that the area = 6- 
(circumference/4)?/5 results in 7 = 10/3 = 3.33333, while 7 = 32/9 = 
3.555556 is obtained from diameter” = 9? and circumference/4 = 8. 

The Bill met with its first hurdle in the Indiana house of repre- 
sentatives on 5 February 1897. After deliberation in the responsible 
committee, the Bill was passed to the senate for confirmation, with 
the recommendation that it should be become law. 

In defence of the representatives it must be said that their primary 
consideration was the commercial good of their state and in mathe- 
matical affairs they relied entirely to the reputation of Dr. Goodwin. 
One representative argued that if this Bill were passed, then the author 
would give his home state the right to use his discovery free of charge 
and, for example, to publish it gratis in school textbooks whereas ev- 
eryone else would have to pay a royalty to use it. 

Luckily for the reputation of Indiana Professor C.A. Waldo of Pur- 
due University happened to be visiting the house of representatives 
that day and listened in on the committee session. He pointed out 


? The magazine had actually existed earlier but under the name of “Ladies Diary”. 
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the shortcomings of the Bill to the senators, who placed all further 
readings of the Bill on hold, and the matter was permanently laid to 
rest. 

One of the historians recounting this event, David Singmaster, felt 
that Goodwin was due particular credit as one of only very few “circle 
squarers” to have possessed several values for 7 [110]. The mean value 
of all the z’s which Goodwin served up in articles, interviews and in 
the above draft Bill, was calculated by Singmaster at 3.28907. 

This story even appeared in the German newspaper “Die ZEIT” 
(1997/28, 4 July 1997). There it appeared with the following comment: 
“Before we laugh too loudly at the legislature of Indiana or at the 
general ignorance which prevailed in 1897, we should pause a moment 
and reflect on what fate the draft Bill would have met, had it been the 
subject of a referendum today. 


14.3 The Bieberbach story 


During the Nazi era Hitler’s Germany formed the backdrop to a dis- 
graceful episode concerning 7. Between 1909 and 1933 the Jewish 
mathematician Edmund Landau (1877-1938) pursued a distinguished 
teaching career at the University of Géttingen, a renowned centre of 
excellence in mathematics whose prominent figures included, for ex- 
ample, David Hilbert, Felix Klein and Emmy Noether. In his lectures 
on differential and integral calculus he used the definition which today 
is regarded as standard that 7/2 is the smallest positive zero of cos x. 
In the telegram style which was characteristic of his writings, Landau 
wrote in a textbook, “The universal constant from theorem 262 will 
always be denoted by 7 [51, p. 130].” 

In 1933 Landau was dismissed from his chair on grounds of his 
race. An important colleague of Landau’s subsequently added insult to 
injury by gratuitously suggesting that Landau’s dismissal was justified 
on mathematical/psychological grounds. 

This Berlin colleague of Landau’s was the function theoretician 
Ludwig Bieberbach. In June 1934 he wrote the following lines in a 
treatise on Personality structure and mathematical creativity: 

“In this way ... the ultimate reason behind the courageous rejec- 
tion which the students at Géttingen University meted out to a great 
mathematician, Edmund Landau, was that his un-German style in re- 
search and teaching had become intolerable to German sensitivities. 
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A people which has seen how alien desires for dominion are gnawing 
at its identity, how enemies of the people are working to impose their 
alien ways on it, must reject teachers of a type alien to it.” 

The English mathematician Godfrey H. Hardy, whom we encoun- 
tered earlier as S. Ramanujan’s patron (see page 106), responded to 
Bieberbach in these words [109]: 

“There are many of us, many Englishmen and many Germans, 
who said things during the (First) War which we scarcely meant and 
are sorry to remember now. Anxiety for one’s own position, dread 
of falling behind the rising torrent of folly, determination at all costs 
not to be outdone, may be natural if not particularly heroic excuses. 
Prof. Bieberbach’s reputation excludes such explanations of his utter- 
ances; and I find myself driven to the more uncharitable conclusion 
that he really believes them true.” 
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In this chapter we introduce you to a procedure which enables 7 to be 
computed using a distributed technique and at the same time allows 
the results thus computed to be recycled for later computations. This 
approach means that large parts of the computational work can be 
shared out over many small computers on the Internet. This has the 
major advantage that ultra-expensive supercomputers only have to be 
used for those parts of the calculation which only they are capable of 
performing. 

The underlying algorithm is called the binary splitting algorithm, 
or binsplit algorithm for short. This algorithm, which has been around 
for some time, was recently re-examined in more detail by Bruno 
Haible [62]. It is precisely the 7 series which have long since ceased 
to be used in the quest for world records that are now returning to 
favour. The critical factor here is, however, rapid convergence. With 
this in mind it is not surprising that the previously mentioned series 
developed by the Chudnovsky brothers (8.7), which converges with 15 
decimal places per term, is now the candidate for the binsplit algo- 
rithm. 


15.1 The binsplit algorithm 


Just for once in this book, we invite you to attempt the task of arriving 
at a correct derivation yourself. But don’t worry, this derivation is very 
short, very elementary and once you have done it you will be that much 
wiser. 

To recap, the time taken to naively total a sum Se, ay is propor- 
tional to N*. To improve it, one calculates the ratio r, of successive 
summands: 

ak 


Thi= se 
OP Ges (15.1) 
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(To avoid treating k = 0 as a separate case, one sets a_; := 1.) Hence, 
N-1 


So ag =: ro (Lt ri (Ltr (1 +r3(L+...(1+rn-1)---)))) (15.2) 
k=0 


Now we define 


tan = tn fom Go ra}e)) where m<n (15.3) 


Tmym = Tm (15.4) 
Then, 
aT nr 
mn = So ax (15.5) 
Qm-1 aay : 


(No need to believe it, just work it out!) 
In particular, 


n 
ron = >, oh (15.6) 
k=0 
Moreover, the following also holds: 
mn =fmttm'Tmti ttm’ Pmsl  Tmt2 + (15.7) 
eb lm et Pe thm Pe (Pett toe thet. Pn] 
x 
= Erige II Tk Te+l1,n (15.8) 
k=m 
hence 


Tmn = Tm + 


* latin (15.9) 
Aam—-1 


(where m < ¢ < n). All the terms listed here are rational numbers, 
and therefore consist of two integers. 

In this way we can formulate the binsplit algorithm by simply spec- 
ifying a recursive binsplit function: 


rational function r (rational function a, int m, int n) 
rational ret; 
if m==n then 
ret := a(m)/a(m-1) 
else 


{ 
x := floor( (mtn)/2 ) 
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ret := r(a,m,x) + a(x) / a(m-1) * r(a,xt+1,n) 


return ret 


Here, a(x) is a function which returns the kth term of the series to 
be summed. As an example let us take arctan(1/10): 


function a(int k) 


if k<O then return 1 
else return (-1)*k/((2*k+1)*107 (2*k+1)) 


The call r(a,0,N) returns S79 ae. 

If one looks at the terms which occur on the call r(. ,0,7), it will 
be apparent that this procedure is better than the naive route. Here 
first of all is the recursive structure: 


°0,7 
—— 
T0,3 T4,7 
a ee 
T0,1 72,3 T45 '6,7 


mn, ooo—, mn = 

roo) 6T11t 0672.2 73300 (44 5B O66 7,7 
Every node corresponds to a call to the function r, the top one to 
the user call r(. ,0,7,); all the lower nodes are recursive calls of r by 


itself. 
Specifically, for our arctan(1/10) example we obtain 


ot 4489574451464393497 
45045000000000000000 


ce re 


20930417 4964393497 


a 210000000 ~~ 643500000000 
———o —_———— 
+299 —417 7637 — 16357 
3000 70000 990000 1950000 
ti Tt is nei Tt ti 
feck. 1 _ 3 1 ot 9 11 13 
10 300 500 140 900 1100 1300 1500 


The numerators and denominators in row k (counted from the top) 
are approximately N log(N)/2* digits long, where N is the number of 
digits in the end result. If we make the simplifying assumption that the 
time required to perform a multiplication operation increases linearly 
with N!, it can be shown ((62]), that the total time required under 


" Instead of the realistic N-log(N) log(log(N)), which can be achieved with the best 
known multiplication method, namely the Schénhage-Strassen method [104]. 
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reasonable assumptions is proportional to M(N) - (log(N))?, where 
M(N) indicates the time taken for a multiplication operation of length 
N (In row k of the tree there are proportionally 2* multiplication 
operations of length N log(N)/2*.) In this way, series with linear but 
sufficient convergence can be considered once more as candidates for 
achieving 7 world records. 

We have actually cheated a little: it is true that the terms r(m,n) 
which occur in our tree are of a length proportional to n-m, but the 
a(n) which occur during recursion are proportionally n long, so that 
on the right-hand side of the tree they are always of maximal length. 
This is not actually so bad as the quotients a(k)/a(j) which occur 
are again only proportionally k-j long. We therefore specify a function 
which calculates this quotient without a detour involving relatively 
long terms: 


rational function a(int k, int j) 
if j<O then return (-1)°k/((2#k+1)*10° (2*k+1)) 
else return (~-1)*(k-j)*(2*j+1)/(2*k+1)/10° (2*(k-j)) 


The binsplit function which is effectively doing the calculation thus 
oes: 


function r(function a, int m, int n) 
rational ret; 


if m==n then 


ret := a(m,m-1) 
else 
{ 

x := floor( (mtn)/2 ) 

ret := r(a,m,x) + a(x,m-1) * r(a,x+i,n) 
} 


return ret 


A really nice characteristic of the binsplit algorithm is the fact 
that each fraction, once calculated, can be reused for later, expanded 
calculations. Let us assume that in the latest (N-long) world record 
r(.,0,N-1) has already been calculated. Let us suppose that technical 
progress means that we now have a computer which for the first time 
can calculate numbers 2N digits long. We therefore want to work out 
r(.,0,2N~-1) for a new world record. This is not a problem, since 
according to formula (15.9) the following applies (with x = N — 1): 
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70,2N—1 = T0,N~1 + @N-1°TN,2N-1 (15.10) 


We already have ro,v-1, so what we need to compute is rn2n-1. 
However, this can actually be done on the “old” computer and could 
therefore also be calculated in advance. The new supernumbercruncher 
would then actually only need to perform the last but one iteration. 


15.2 The 7 project on the Internet 


Armed with the binsplit algorithm, we would now like to describe a 
project for calculating a on the Internet. Instead of numbers of digits, 
what we are concerned with here is memory size (there is only one 
proportionality constant throughout, typically, for example, 2 [deci- 
mal places per byte]). We will assume that our supercomputer has 1 
terabyte (TB) of memory, i.e. 24° bytes. This amount of memory can 
be halved 40 times until we are down to one byte; thus the binsplit 
recursion depth is 40 (in reality, a little smaller if the series converges 
rapidly). We now divide the work into 3 layers: 


e Right at the top is a supercomputer. This will take over as few rows 
as possible (in the tree structure), ideally only the ones which really 
cannot be handled by any other computer. 

e For the lower levels, we need as many voluntary Internet partici- 
pants as possible (for example, you!) who have computer time avail- 
able on their workstations (which must have a reasonable amount of 
memory). They will take over as many rows as possible. But as the 
amount of memory available on such PCs is significantly lower than 
1 TB, we plan to increase the amount of virtual memory by a factor 
of 4 to 16 using “mass storage FFTs”?. A typical PC has around 64 
MB, which mass storage FFTs can then effectively transform into 
256 MB (= 278 bytes). This means that the Internet volunteers can 
each take over 28 rows, i.e. almost two-thirds of the necessary CPU 
work, 

There is no doubt that the existing CPU resources are easily suf- 
ficient for this: CPU cycles equivalent to 500,000 years or a whole 
geological era of CPU time, capable of executing a million instruc- 
tions per second, were recently applied on a distributed project (an 
? These are fast Fourier transform (FFT) algorithms which can handle data vol- 


umes larger than the RAM storage available; they work with files on the hard 
disk. 
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attempt to break an encryption code). Ideally one would only use 
periods during which the computers are not doing anything for this 
project. There is one remaining problem: since for reasons of econ- 
omy we do not want to burden the mainframe with all 12 remaining 
rows, there is a yawning gap. 

e Hence, a company which manufactures really nice computers is mak- 
ing available to us enough computing time on a computer fitted with 
16 GB of RAM (and a vast amount of hard disk storage space), on 
which we will be able to calculate the rows up to and including 128 
gigabytes*. In this way the supercomputer will only need to process 
the rows with operations requiring 256, 512 and 1024 GB, a total of 
3 out of 40. 


Meanwhile we must not forget that the Chudnovsky series also 
requires a square root to be calculated. But this is not a major problem: 
for roots of integers, any number of good rational approximations can 
be specified. If ma is used as a starting approximation for Vd, then the 
iteration produces 

Undi ue +d 


= 15.11 
Un+1 2 Un Un ( ) 


an improved approximation with twice the precision (see section 11.5). 
If one really wants to transform the huge fraction into the digit se- 
quence 3.14159..., another division operation is necessary, as the bin- 
split algorithm produces the numerators and denominators separately. 
This division entails 4 multiplication operations (see section 11.4). 


The question of how to transfer the data thus generated requires 
some thought. Transfer of the (spatially distributed) lower rows to the 
middle rows will certainly take place over the Internet, in chunks of 
several hundred megabytes. It is therefore essential to have a good 
Internet connection. The chunks will add up to 2 TB in all, 1 TB 
for the numerators and 1 TB for the denominators. The transfer to 
the supercomputer will probably be performed by post, since at the 
end of the day it is several orders of magnitude cheaper to send a few 
kilograms of storage media than to transfer 2 TB over the Internet. 
Here the binsplit algorithm will demonstrate its compatibility with 
truly traditional methods of data transfer. 


3 Here too mass storage FFT will be used. 
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The project is feasible. We have analysed it and it looks good. It 
would be the start of a new era in 7 world records. 
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circumference 
™ = diameter (16.1) 


area of circle 
= 16.2 
™ ~ Tadius of circle (16.2) 


nm = 4arctan1 (16.3) 
m = arctan + arctan 2 + arctan 3 (16.4) 
x = —iln(—1) (16.5) 


Nilakantha series, 15th century 


1 1 1 1 
= -—-—4+-— - >= t+ SS 16.6 
7 vi (1 Sar on oe ) (16.6) 
Nilakantha, 15th century [89] 
T 1 1 41 1 p/2 
~ae1l—--— oe eae oe eta’ ——. 16.7 
4 gag pet pad ven) 
where p is the last odd denominator +1 
Nilakantha, 15th century [89] 
2 
T 1 i oi 1 EF +1 
Seege |ecnce Meee, Deno oe ot hee eA 16.8 
r 375 Fp ee as 1) aE) 
where p is the last odd denominator +1 
Nilakantha, 15th century [89] 
T 1 1 1 1 
16 144-1 3844-3 44-5 44-77 ey 
Nilakantha, 15th century [89] 
4 4 4 4 
m=3+ 35-3 - ps5 + 7-7 sgt (16.10) 
Nilakantha, 15th century [89] 
4 4 4 
WHET Seg ae Bee (16.11) 


4 + 4 
p2-1” W%p+i)?+4 
where p is the last even perfect square in the series 


pee os 


Nilakantha, 15th century [89] 
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w 1 1 1 1 1 


+ + a $a 


8 22-1 6-1 102-1. 142-1 187-1 
Nilakantha, 15th century (89} 

7 1 1 1 1 1 

8 2 42-1 8?—~1 122-1 167-1 
Nilakantha, 15th century [89] 


Formulae of Leonhard Euler (1707-1783) 


in 2 — 27% 


e™ = —lor: a7 = —iln(-1) or: e” = i 
Euler, 1743 


a0 
arctan © = 
1+ 


Euler, 1755 


ea ee ee rae OC ee 
~ 10 100 3-5 (100 ate 


30 336 2/ 144 2-4/ 144 \* 
* 700000 jr 3 (sane ) TBs, (sina) +. 


Euler, 1779 (114, p. 295} 


1 
nr=af V1l-—2? dz 
0 


Euler, 1738 


5 Jo V1—a4 
Euler, 1739 
af mh oda 
o Vl—-a2t*Jo V1l—24 
Euler, 1748 
z= lim a svn ~ k? 
noon 


Euler, 1738 


Euler (41, Ma 
n= 3V3 3(a-5 ee eee 
4 
Euler, 1739 


1 
7 = Sa ana aos 


ae 


(16.12) 


(16.13) 


(16.14) 


(16.15) 


(16.16) 


(16.17) 


(16.18) 


(16.19) 


(16.20) 


(16.21) 


(16.22) 


(16.23) 
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te 24 1 1 41 1 1 1 1 1 
7 a(\- x BR tes Bese me mt 
1 1 1 1 1 1 
tem tos 7 1? @ 7? * @ ip 
Pee ee ear ee ew oe 
232° (2-13)? 292 (2-3-5)? 
Euler, 1737 
m stptatpta 
6 LP 32 52 
een 
DEB asthe g Ae 
6 B-] FS1 el Fa 
oe oh ett Mah a 
8 12 32 ' 52 ' 7 
Euler, 1748 
2 
r oes ee ea 
1g i ort ge ga te 
Euler, 1748 
ne 1 1 1 
a eS abe ers 
32 13 33° 58 7 
Euler, 1748 
rt 


94 1 
680 2 k4(*) 


Euler, 1738 
1 1 1 
= 74 + 7 + 34 + 
Euler, 1748 
1 1 1 
Live 
Euler, 1748 
1 1 1 
‘ pt gio get 
Euler, 1748 


eM Nes oe 2s 
~~ 76977927 224 \ 126 © 926 © 326 


Euler, 1738 
eae ei a aie ieee a pee La 
n n? + 12 n2 + 22 n? +n? e2mm 
B B B B 
2 6 4 10 eae 


n2 3-22.86 | 5.94.10 7.96 -ni4 
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(16.24) 
(16.25) 


(16.26) 


(16.27) 


(16.28) 


(16.29) 


(16.30) 


(16.31) 


(16.32) 


(16.33) 


(16.34) 


(16.35) 


(16.36) 


(16.37) 


where the B; are the Bernoulli numbers: By = 1/6, Be = 1/42... 


Euler [41, (3-13)] 


fl (2 


p prime 


Euler, 1748 


(16.38) 


226 16. 7 


wT 3 
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5 7 ll 13 17 #19 


2° 2 


where the numerators are the odd prime numbers 
and the denominators are even numbers, not divisible by 4, 


6 6 10 14 18 18 


which differ from the numerators by 1. 


Euler (20, p. 656] 


was 


=1+= 


1 2 6 12 20 30 42 


LS Ps ks 


Euler, 1739 


1 3 8 15 24 


2+5 5 


2424242424: 


Euler, 1739 


sin 7z 


Formulae 


oe. 


= (7 


(ss) 
k=1 


For z = 1/2, (16.91) applies. 
Euler, 1735 


(2rd - ‘ z real, non-integer 


where I'(x) := [5° e~'t”~ ‘dt for all real 2 > 0 
Euler’s ee function 


of S. Ramanujan (1887-1920) 


2n *42n +5 
QRn+4 


Eoin [96, (29)], 1914 


ae 


is x (4n)!) [1123 + 21460n} 
~~ 3528 Bo : 


(nlj444e 8822" 


AS {96, (39)], 1914 


i. ya (any 1103 + 263907] 
™ 9801 


3964” 


NOK ie [96, (44)}, 1914 


NIA 


1 1-3 1-3-5 f1 
3 (3) +53 (3) +33 (4)+ 


Ramanujan [41, (8-1)] 


SE te aE ET EE 
V5 fg? lage eo 


ae eee 
1+1+1+14+i1+--- 


Ramanujan [41, p. 89] 


(16.39) 


(16.40) 


(16.41) 


(16.42) 


(16.43) 


(16.44) 


(16.45) 


(16.46) 


(16.47) 


(16.48) 
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Tv 1 ol 1-3 1 -3°5 1 
=1+5- vee 16.4 
gee 1 5 ge ora ats ey eae (89) 
Ramanujan {41, (8-2)] 
1 1-3 1 -3-5 1 
= Sle 16. 
Pee 7 an2)? = I+5° atey ata ae at (16.50) 
Ramanujan [41, (8-3)] 
BBP-like series 
 (-1)” 2 2 1 
ee 16.51 
a > ae \anel indo” ants (erat) 
Adamchik and Wagon, 1997 [2] 
lee} 
1 4 2 1 1 
= —_— —_ 16.52 
i Lie Ces 8n+4. 8n+5 as) (1602) 
Borwein, Bailey and Plouffe, 1995 
Ep 95 1 98 
- 16.53 
a ee qion (-< antl Me3* lOnt1* aes) 
/ a eet 1 
10n+3 10n+5 One? 10n +9 


Bellard, 1996 [19] 
2 wri {12 . 384 45/2 1215/2 
Se et ay 16.54 
z Sea eet ae ae Int+3 eo?) 


Adamchik and Wagon, 1997 {2] 


[o.9) 


rod (= 285/2 667/32 5103/16 


n+l 2n4+1 4n+1 4n+3 


n= 


35625/32 
| yoy 
Adamchik and Wagon, 1997 [2] 
- (— 1)" 927 925 925 g24 
*= oD on \30n+-1 Tan+1 lon+1 20nt3° 
922 920 919 918 935 
eee Sa SS aa 
6n+1 60n4+15 10n4+3 20n+7 12n+5 
g}5 gi2 912 910 99 
+ + 
20n+9 30n4+15 20n4+11 12n4+7 20n+13 
Q" 28 2? 23 2 
ee eet tt tt 
10n+7 60n+45 6n+5 20n + 17 10n+9 
1 1 
* Trait iat 3) 820) 


Pschill, 1999 
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21 3 1 
a= Fixe Ces - x3) 


or, general: 


20 Sey (ACE a aes 
= > 2,3,4... 
wal a eer Tee nus 


t=1 
Pschill, 1999 


Other series 


eis Wau) 


3.5 #7 
Leibniz, 1674 
1 1 1 
a +4) 


Knopp after [ ae 


2 
gen 1 
r= an (@5) ay 


Bauer [17], converges a lot better 


n= 24 es +f" Va~#s) 


_ 3v3 1 1 


ae + (5 - 5-28 28-97 79-99 


oO 


5-++ (2k — 3) 1 


© £4 4-6-++ (2k) (2k + 3) 22443 


Newton, 1665, after (32, p. 339] 
sin ! 
= af&rc = 
2 


Oe ee ee ence 
~ 2° 2 3-23 ° 2. 
Newton, 1676 


NES) 


3 1 
4 


Bw] w 
fond 1 


= arctan vs 
3 


1 
Bo ta 


1 


) 


Sharp, 1699 - p. 294] 


eves honest ae ee 


1- ano" 5-7-38 9-11-35 


Used by De Lagny in 1719 


+) 


(16.57) 


(16.58) 


(16.59) 


(16.60) 


(16.61) 


(16.62) 


(16.63) 


(16.64) 


(16.65) 


(16.66) 


(16.67) 


(16.68) 


(16.69) 
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2-4-6. 1 
sl Ra ee a ES ep a 
eer ek 2s 


After Stirling, 1730, (85, p. 81] 
0° 
ar? (In 2)? Ee S~ 1 1 
12 2 gf: 28 
s=1 
Legendre, 1811, {85, p. 81] 


~E (8) 


+co A 
sin zv 

r= > (=) 

L=—-CO 

3 aay sinx \? 
n=3 > (@) 

@r=—- 
pee sin x : 
~ 9 x 

@r=—- CO 
Wig PAY 1 ISON te eae 
rT 2\2 3\2-4 4\2-4-6 


Catalan, 1948 [41, p. 86] 


wae ged (Gee aa 


J. and P. Borwein [32, p. 101] 
1 2. 3 P(n) ) 
= 4 } — 20379280 
740025 b Gp.) 
where P(n) := — 885673181 n° + 3125347237 n* — 
— 2942969225 n? + 1031962795 n? — 


— 196882274 n + 10996648 
Bellard, 1996 [19] 


=24+ 32+ 22+ 52+ 524+) 


Series for spigot algorithm (see page 78) 


2:3 3-5 


r=3+208+2 8. 313+ Fp 47g 8+ (23+: 


13- rae 


Gosper, 1974 


(16.70) 


(16.71) 


(16.72) 


(16.73) 


(16.74) 


(16.75) 


(16.76) 


(16.77) 


(16.78) 


(16.79) 


(16.80) 


*)))) (16.81) 


(16.82) 
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T= Hn) (3- aap ) (16.83) 


where b(n) refers to the number of odd decimal digits in n 
(b(901) = 2, b(811) = 2, (406) = 0) 


J. and P. Borwein, 1992[34] 


a | 
ee 3v35~ ps (16.84) 
n=l n( n ) 
Comtet, 1974 
r= 8) ae) ae (16.85) 
Euler, 1748 
so g2nt+l (pty? 
2 
r=4 #2 One 3! (16.86) 
Takebe Kenko (1722) [98, p. 306] 
(2— n 
nr? = 72 ya Co (16.87) 


aaa 1994 ay 


4 382404 1 
m= = Sy (16.88) 
17 n=l ee) 


Comtet, 1974 


ies, xe 1ye__(6k)!_ 13591409 + 545140134k (16.89) 
T Taiaae » (k)3(3k)! (6403203) 
D. and G. ga eats 1987 
Products 
2. ff. ee Lele ee 16.90 
a Va Vata Va \atayata ya" ee) 
Viéte, 1593 
mG) (16.91) 
) 
sn (16.92) 
4n? : 


SS 2Ptty — 1 oPtin4 4 
QPtin | aPtIn 


(n radicals) (16.93) 
Osler[88], 1999 


g-i+l 


as a 
wT G+. 
€ =s2]] (4 ) 


j=0 
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where ao = 1, b0 = 1/V2, aj41 = (a; + b;)/2, bj41 = Va; - 5 


Salamin [100, p. 569} 


Continued fractions 


For an explanation of the notation, see (4.67) on page 65. 


1 1 1 1 1 
w=3+5 


7T+154+1+2924+14+ 


a ee ee 
T+1+2+14+3+1+14+-- 


+... 


Seti 


44,8 8 8 2 ot 

™ 2424242424... 
Brouncker, 1658 

4_,,2 13 3:5 5:7 

w 7+ 8 + 8 + 8 
Euler, 1783 (114, p. 292} 

T 2 1-3 3:5 5-7 
2 3+ 4+ 444 4 
Euler, 1783 [114, p. 292] 

2 2 2 2 
a ee me idee 
us 34+54+74+ 94+ 
2 . 

Sq d’ deh AR 28 
6 1+ 1 4+ 14 21 
a_i, oo at st 
7 a5 27 40 ew 
m4 1 2:3 1:2 4:5 
2 3 1 3 1 
Stern, 1833 
ie ame cea i 

r23¢— 5 Se 


Lange, 1999 [80] 
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(16.94) 


(16.95) 


(16.96) 


(16.97) 


(16.98) 


(16.99) 
(16.100) 


(16.101) 


(16.102) 


(16.103) 
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Arctan relations 


With the notation [2] = arctan +: 


nmp~A els 


AIA BIA BIN AIA AIR BIA AIA AIA BIR ALA [A BIA OLS 


ALA 


IA LA 


= [1] 
= 2[V2] + [2V2] 
Wetherfield, 1996 


= 2[3V3] + [4v3] 
= [2] + [3] 


Euler, 1738 
= [2] + [5] + [8] 
Strassnitzky, 1844 
= 2(2] — [7] 
Hermann, 1706 
= 2[3] + [7] 
Hutton, 1776 
= 3[4] + [20] + [1985] 
Loney, 1893 
= 4[5] — [70] + [99] 
Euler, 1764 
= 4[5] — [239] 
Machin, 1706 
= 5[7| + 2(79/3] 
Euler, 1755 (114, p. 295] 
= 6[8] + 2[57] + [239] 


Stormer, 1896 


(16.104) 


(16.105) 


(16.106) 
(16.107) 


(16.108) 


(16.109) 


(16.110) 


(16.111) 


(16.112) 


(16.113) 


(16.114) 


(16.115) 


= 7[10] + 8[100] + [682] + 4[1000] + 3[1303] — 4[90109] — 2[500150} (16.116) 


Wrench Jr. [41, (9-34)] 
= 8[10] — [239] — 4[515] 
Klingenstierna, c. 1730 [114, p. 296] 
= 8[101/10] — [239] + 4[52525) 
Gauss [56, II, p. 524 
= 12(18] + 8[57] — 5239] 
Gauss [56, II, p. 524 
= 22[28] + 2[443] — 5[1393] — 10[11018} 
Escott 
= 12[38] + 20[57] + 7[239] + 24[268] 


Gauss [56, II, p. 525] 


(16.117) 


(16.118) 


(16.119) 


(16.120) 


(16.121) 


m1 > 


mp) > aa BIA BLA ALA 


LA 


mL rE] mA 


ALA 
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= 4457] + 7[239] — 12[682] + 24[12943} (16.122) 
Stormer, 1896 

= 88[172] + 51[239] + 32[682] + 44[5357] + 68[12943} (16.123) 
Stormer, 1896 

= 88[192] + 39[239] + 100[515] — 32{1068] — 56[173932] (16.124) 


Arndt [7], 1993 
322[577] + 76[682] + 139[1393] + 156[12943] + 

+ 132[32807] + 44[1049433] (16.125) 
Arndt [7], 1993 
1587([2852] + 295[4193] + 593[4246] + 359[39307] + 

+ 481[55603] + 625[211050} — 708[390112} (16.126) 
Arndt [7], 1993 

1074[4246] + 1257[5357] + 1731[6107] + 295[12943] + 

+ 625[19703] — 481(32807] — 1042(39307] + 398[390112] (16.127) 
Arndt [7], 1993 

7162[12943] + 3796[32807] + 2558{34208] + 

+ 2729[44179] — 708[51387] + 2192[1 14669] — 

— 2805[157318] — 3696[485298] — 240724208144] (16.128) 
Arndt [7], 1993 

50539[51387] + 1555[114669] ~ 6601[157318] — 

— 20678[390112] — 5617[485298] — 64126[/617427] + 

+ 10958[1984933] — 30569(3449051] + 

+ 23407(22709274] + 25433(24208144] (16.129) 
Arndt [7], 1993 

36462(390112] + 135908[485298] + 274509[683982] — 

— 39581[1984933] + 178477[2478328] — 114569[3449051] — 

— 146571[18975991] + 61914[22709274] — 6044[24208144] — 

— 89431[201229582] — 43938[2189376182} (16.130) 
Arndt [7], 1993 

446879[683982] + 172370{1635786] — 193720[1984933] + 

+ 369078[2478328] + 18231[3014557] + 21339[3449051] — 

— 154139[6225244] — 110109[18975991] + 80145[22709274] — 

— 223183[24208144] — 107662[201229582] — 216308[2189376182] (16.131) 
Arndt [7], 1993 

872408[1984933] + 619249[2298668] + 369078[2478328] + 

+ 18231[3014557] — 1217159(5033696] + 911989[6225244] + 

+ 783649[18975991] — 70886[22709274} — 374214[24208144] — 

— 1044789{168623905] + 339217[201229582] — 446879[2848622638} + 

+ 402941(2189376182] (16.132) 
Arndt, [7], 1993 


= 3 [n2tn+]] (16.133) 


n=1 
Knopp 
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[o-e} 


T 

ma z [Fom-+1] (16.134) 
a= 
where F;: Fibonacci numbers, F, = 1, Fp = 1, Five = Fini +: Fi,i>l 
Arndt, [7], 1994 

T 3V5—5 a 

tae eas > Fan ((3Font2 + Fin+2)/2] (16.135) 


Arndt, [7], 1994 


Miscellaneous formulae 


—74 
14+i7 
Fagnano [118, p. 199] 


m = [2(1/2)!]? = (1/2)'(—1/2)'"(—1/2) = (1/2) = (1/2(-1/2))? (16.137) 
where I(x) := [5° e~*t®~‘d¢ for all real 2 > 0 
Euler’s Gamma function 


— = ¢(2) (16.138) 


where ¢(s) = S772, 4 Riemann’s zeta function 


nw = 2iln 


(16.136) 


> 6ln ie (Fi 
a pas cel . : Te ee) 
where fcm: least common multiple, 
F,: Fibonacci numbers, Fy = 1, Fo = 1, Fi4e = Fign + Fiji > 1 
Matiyasevich [84] 


22 ‘ot — x)4 


Backhouse, [8], 1995 


e+1 = 1 
—= 244) Gm ti (16.141) 


Kempermann 1995 (73, p. 98] 


oo 2(k—4) (k+2) 
SEE 
E ys | =|] | varpary 1 (16.142) 
k=0 0 1 
Bellard, 1996 [19] 


16. « Formula Collection 235 


l7z =< 1 P\ on ees 

ar = (1+ 5+--+3) k (16.143) 
Au-Yeung, 1993, after http://www.nas.nasa.gov/Pubs/NASnews/97/05/math. html 

37n® i = 1 aes 

mo 7 COD (HD+. +5) -k (16.144) 


Bailey, http://www.nas.nasa.gov/Pubs/NASnews/97/05/math. html 


Iterative algorithms 


Algorithm (16.145) Archimedes, 250 BC, linear (alg 16.145) 
Initialise: 
ag := V3 
bo := 2 
Iterate: 
Qk+1 := Qk + dy <6 QRH fe 
beer = afl taz,, > 6-2" fry 
Then 
b 
aaa <7< weet 
Archimedes, c. 250 BC 
Algorithm (16.146) Descartes, c. 1649, linear (alg 16.146) 
Initialise: 
po = V2 
go =H. 
Iterate: 
Pro v= Pept ia ye ye 
Qk41 (= J/Pr+14k ne 4 
Then: 
4 4 
Gk+1 <a< Pk+1 
Descartes, c. 1649 [114, p. 289] 
Algorithm (16.147) Bit recursion (alg 16.147) 
Initialise: 
ap := tan(1) 
Iterate: 
Qe41 *= (2ax)/(1— af) 
_ jl tf 2<0 
Me) \e Else 
Then: 
co (fa 
- = ie=0 ee? 


Plouffe from {36} 
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Algorithm (16.148) Gauss AGM 


Initialise: 
ao 
bo 
80 
Iterate: 


Qr41 : 
beti : 
2 i 
Ce4i 


Sk41 3 


Then: 


Pra = 


T — Pn 


AGM2(1,1/V2) 
Gauss, c. 1800, Brent, 1976, Salamin, 1976 


Algorithm (16.149) Gauss AGM, Schénhage variant 


Initialise: 


Iterate: 


‘= 1 

= 1 

= 0.5 

= 0.5 

= (Ax + By) /4 
== VBr 

= (ax + bg) /2 
pete 

= Ghat 

== 2(Argi — T) 
:= 8~ + 2°41( Baas — Anti) 


Schénhage [105, p. 266] 


Algorithm (16.150) Borwein, quadratic 


Initialise: 


Iterate: 


= (Jan + Ae)/2 
:= (/an(1 + be))/(an + bx) 
= (pebeoi(1 + aee1))/(1+bn¢1) 29 


1 
= 102” 
J. and P. Borwein, 1984 [30, p. 360] 


us 


(alg 16.148) 


(alg 16.149) 


(alg 16.150) 
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Algorithm (16.151) Borwein, cubic (alg 16.151) 


Initialise: 

ag = 1/3 

so := (V3—1)/2 
Iterate: 


ray 2= 3/(1+ 2(1 — s§)*/*) 
Skt i= (Tr+i — 1)/2 
3 
Oke1 = Tho —3* (rey -1) 0 
J. and P. Borwein, 1987 [13, p. 53] 


ale 


Algorithm (16.152) Borwein, quartic (alg 16.152) 


Initialise: 
ao :=6—4/2 
Yo := 2-1 
Iterate: 
yee = ((l— ye) 4 -D/(d- ys) 4 +1) > 0+ 


Ong1 2= On ((1 + yei)?)? — 27* 43 yp 41 ((1+ yest)? ~ yeti) —> 4 
Then: 
0 <da aa < 16-4" oe 
J. and P. Borwein, 1987 [32, p. 170] 
Algorithm (16.153) Borwein, quintic (alg 16.153) 
Initialise: 
So := 5(V5 — 2) 
ao := 1/2 
Iterate: 
Seti 2= (25)/(se(z+2/2+1)?) > 1 
where 
oe: 
y:= (2-1)? +7 
1/5 
23S G (y+ Vr 423) ) 
oe k 82-5 5 1 
Ok+1 = $pae — 5” (AS + V/ se (sf —28e+5)}) —> = 
Then: 


_7kn 
an — + <16-5%e~7™ 
J. and P. Borwein, 1987 [33, p. 115] 


238 16. a Formula Collection 


Algorithm (16.154) Borwein, nonic (alg 16.154) 
Initialise: 
ao := 1/3 
To i= (V3 >= 1)/2 
so = (1— 73) 
Iterate: 
t r= 1+ rp, 


u:= (Ore(1 tre + rp)? 


vi=P+tu+u? 
m := (27(1+ sn + sR))/v 
Qk41 1= May + 37k-1(4 _ m) =o 4 
Seti 2= (L—re)®)/((E+ 2u)v) 
Trt+1 i= (1 = s3)1/3 
J. and P. Borwein, 1987 [13, p. 53] 


17. Tables 


17.1 Selected constants to 100 places (base 10) 


wT 


fas} 


3.1415926535 
5820974944 


0.3183098861 
2897495334 


0.6079271018 
9293073654 


9.8696044010 
0626413349 


31.0062766802 
7694144538 


97 .4090910340 
1691467859 


1.7724538509 
7128213807 


1.4645918875 
7174357255 


1.3313353638 
4258453707 


2.7182818284 
9574966967 


22.4591577183 
2249203002 


23 . 1406926327 
1993445046 


2.1932800507 
2334858015 


1.1447298858 
1571513623 


1.6514961294 
1529406788 


0.4971498726 
2446134053 


26253741264 
9999999999 
2707537410 


8979323846 
5923078164 


8379067153 
6881177935 


5402662866 
1913650387 


8935861883 
3762200448 


9982017547 
1038063949 


0243723644 
3899708554 


0551602729 
7898529112 


6152326302 
9371383936 


0038971279 
4828667007 


5904523536 
6277240766 


6104547342 
5540669260 


7926900572 
4095243423 


3801545655 
9186570268 


4940017414 
0714721377 


7231879804 
5154881029 


9413385435 
4999249471 


0768743. 
9925007259 
3782106479 


2643383279 
0628620899 


7767526745 
9526845307 


3276779258 
2577341264 


4490999876 
2241920524 


6315067101 
1746570603 


0332688705 
5682719619 


8167483341 
8459103218 


0142527263 
4979828626 


7534917950 
6101723561 


0287471352 
3035354759 


7152204543 
4039911791 


9086367948 
5069045278 


9769659278 
6418923693 


3427351353 
6988482607 


3279295108 
6358454143 


1268288290 
1208955267 


7198185688 
1011860731 


5028841971 
8628034825 


0287240689 
0180227605 


3658334261 
7147255643 


1511353136 
3001773403 


3952022252 
7566701032 


1112497275 
0121867234 


1451827975 
1374950656 


7903917385 
6145682067 


2808533093 
4968245891 


6624977572 
4571382178 


7350275893 
2318519752 


5473802661 
3516971997 


7382234616 
4126522812 


0587116472 
9783623270 


0073350184 
8960264792 


8988736516 
4655547386 


8793538563 
2951181346 


6939937510 
3421170679 


1929148091 
5325061719 


5264803347 
5537310256 


9940724079 
7185522318 


8856588510 
6028861930 


8567268542 
7529925509 


4945612238 
7385446654 


9685562793 
8203538208 


6622381810 
0567069459 


4709369995 
5251664274 


1513399669 
7271430315 


0624260021 
0675492196 


3764199427 
5781694047 


9481291531 
2754897077 


7692676304 
8098541017 


7832438044 
4642912223 


3733699086 
1860645041 
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17.2 Digits 0 to 


vie = 
(0051) 
(0101) 
(0151) 
(0201) 
(0251) 
(0301) 
(0351) 
(0401) 
(0451) 


(0501) 
(0551) 
(0601) 
(0651) 
(0701) 
(0751) 
(0801) 
(0851) 
(0901) 
(0951) 


(1001) 
(1054) 
(1101) 
(1151) 
(1201) 
(1251) 
(1301) 
(1351) 
(1401) 
(1451) 


(1501) 
(1551) 
(1601) 
(1651) 
(1701) 
(1751) 
(1801) 
(1851) 
(1901) 
(1951) 


(2001) 
(2051) 
(2101) 
(2151) 
(2201) 
(2251) 
(2301) 
(2351) 
(2401) 
(2451) 


3.1415926535 
5820974944 
8214808651 
4811174502 
4428810975 
4564856692 
7245870066 
7892590360 
3305727036 
0744623799 


9833673362 
6094370277 
0005681271 
1468440901 
4201995611 
5187072113 
5024459455 
7101000313 
5982534904 
1857780532 


3809525720 
0353018529 
5874857242 
8175463746 
8583616035 
9448255379 
9331367702 
2533824300 
6782354781 
5570674983 


3211653449 
6369807426 
8164706001 
1613611573 
4547762416 
5688767179 
8279679766 
7392984896 
0674427862 
4677646575 


9465764078 
2671947826 
4962524517 
5709858387 
6868386894 
8459872736 
4390451244 
4169486855 
0168427394 
6456596116 


2,500 of 7 (base 10) 


8979323846 
5923078164 
3282306647 
8410270193 
6659334461 
3460348610 
0631558817 
0113305305 
5759591953 
6274956735 


4406566430 
0539217176 
4526356082 
2249534301 
2129021960 
4999999837 
3469083026 
7838752886 
2875546873 
1712268066 


1065485863 
6899577362 
4541506959 
4939319255 
6370766010 
7747268471 
8989152104 
3558764024 
6360093417 
8505494588 


8720275596 
5425278625 
6145249192 
5255213347 
8625189835 
0494601653 
8145410095 
0841284886 
2039194945 
7396241389 


9512694683 
8482601476 
4939965143 
4105978859 
2774155991 
4469584865 
1365497627 
5848406353 
5226746767 
3548862305 


2643383279 
0628620899 
0938446095 
8521105559 
2847564823 
4543266482 
4881520920 
4882046652 
0921861173 
1885752724 


8602139494 
2931767523 
7785771342 
4654958537 
8640344181 
2978049951 
4252230825 
5875332083 
1159562863 
1300192787 


2788659361 
2599413891 
5082953311 
0604009277 
4710181942 
0404753464 
7521620569 
7496473263 
2164121992 
5869269956 


0236480665 
5181841757 
1732172147 
5741849468 
6948556209 
4668049886 
3883786360 
2694560424 
0471237137 
0865832645 


9835259570 
9909026401 
1429809190 
5977297549 
8559252459 
3836736222 
8079771569 
4220722258 
8895252138 
7745649803 


5028841971 
8628034825 
5058223172 
6446229489 
3786783165 
1339360726 
9628292540 
1384146951 
8193261179 
8912279381 


6395224737 
8467481846 
7577896091 
1050792279 
5981362977 
0597317328 
3344685035 
8142061717 
8823537875 
6611195909 


5338182796 
2497217752 
6861727855 
0167113900 
9555961989 
6208046684 
6602405803 
9141992726 
4586315030 
9092721079 


4991198818 
4672890977 
7235014144 
4385233239 
9219222184 
2723279178 
9506800642 
1965285022 
8696095636 
9958133904 


9825822620 
3639443745 
6592509372 
8930161753 
5395943104 
6260991246 
1435997700 
2848864815 
5225499546 
5593634568 


6939937510 
3421170679 
5359408128 
5493038196 
2712019091 
0249141273 
9171536436 
9415116094 
3105118548 
8301194912 


1907021798 
7669405132 
7363717872 
6892589235 
4771309960 
1609631859 
2619311881 
7669147303 
9375195778 
2164201989 


8230301952 
8347913151 
8890750983 
9848824012 
4676783744 
2590694912 
8150193511 
0426992279 
2861829745 
7509302955 


3479775356 
7727938000 
1973568548 
0739414333 
2725502542 
6085784383 
2512520511 
2106611863 
4371917287 
7802759009 


5224894077 
5305068203 
2169646151 
9284681382 
9972524680 
0805124388 
1296160894 
8456028506 
6672782398 
1743241125 


17.3 Digits 2,501 to 5,000 of a (base 10) 


17.3 Digits 2,501 to 5,000 of 7 (base 10) 


(2501) 
(2551) 
(2601) 
(2651) 
(2701) 
(2751) 
(2801) 
(2851) 
(2901) 
(2951) 


(3001) 
(3051) 
(3101) 
(3151) 
(3201) 
(3251) 
(3301) 
(3351) 
(3401) 
(3451) 


(3501) 
(3551) 
(3601) 
(3651) 
(3701) 
(3751) 
(3801) 
(3851) 
(3901) 
(3951) 


(4001) 
(4051) 
(4101) 
(4151) 
(4201) 
(4251) 
(4301) 
(4351) 
(4401) 
(4451) 


(4501) 
(4551) 
(4601) 
(4651) 
(4701) 
(4751) 
(4801) 
(4851) 
(4901) 
(4951) 


1507606947 
2287489405 
9009714909 
2265880485 
5428584447 
2135969536 
0374200731 
8687519435 
8191197939 
9839101591 


5679452080 
6638937787 
0306803844 
6660021324 
1005508106 
4011097120 
2305587631 
7321579198 
7229109816 
5725121083 


6711136990 
3515565088 
8932261854 
6549859461 
2332609729 
5836041428 
1809377344 
4492932151 
2131449576 
2807318915 


6655730925 
4769312570 
3348850346 
8455296541 
7002378776 
1127000407 
6343285878 
2021149557 
0990796547 
2996148903 


9389713111 
0480109412 
8530614228 
7716692547 
9769265672 
8888007869 
6171196377 
4252308177 
6222247715 
7805419341 


9451096596 
6010150330 
6759852613 
7564014270 
9526586782 
2314429524 
0578539062 
0643021845 
9520614196 
9561814675 


9514655022 
0830390697 
7734549202 
3408819071 
6587969981 
6280439039 
7635942187 
4148488291 
9091528017 
5791513698 


8658516398 
4909989859 
8963213293 
6371802709 
9712084433 
1388303203 
4030707469 
6084244485 
8572624334 
4411010446 


4711055785 
5863566201 
1136576867 
2665408530 
5913440171 
8547332699 
5698305235 
6158140025 
3761255176 
0463994713 


7904297828 
1472213179 
8137585043 
4873898665 
1463853067 
2560290228 
9213375751 
0367515906 
8915049530 
4473774418 


0940252288 
8617928680 
6554978189 
4775551323 
1051141354 
8493718711 
1983874478 
3191048481 
6342875444 
1426912397 


5231603881 
9207734672 
6054146659 
0486331734 
6357473638 
7595156771 
3125147120 
6447060957 
3506712748 
8209144421 


3150197016 
9823873455 
3089857064 
8199430992 
5732654893 
8249037589 
2112019130 
9637669838 
4189303968 
8232527162 


3763466820 
8558100729 
5324944166 
6143444318 
2749470420 
3908145466 
8089330657 
0126228594 
5675135751 
2962107340 


5647503203 
4764777262 
0633217518 
4949450114 
3609657120 
4721040317 
1495950156 
7350235072 
9844489333 
4263129860 


7971089314 
9208747609 
3129784821 
7964145152 
7357395231 
0145765403 
0847848968 
0053706146 
0643745123 
4894090718 


9301420937 
2182562599 
2520149744 
6496514539 
4052571459 
5770042033 
5329281918 
5270695722 
5832228718 
0067510334 


5151168517 
2833163550 
2046752590 
4488957571 
8239119325 
8524374417 
2033038019 
9522868478 
6426243410 
0105265227 


6531098965 
3606598764 
8039626579 
5867697514 
5622305389 
4645880797 
5740679545 
1302164715 
7829666454 
4375189573 


1986915140 
2414254854 
2979866223 
6540628433 
9180763832 
2118608204 
6049631862 
8354056704 
0963408780 
8099888687 


5669136867 
1782493858 
6829989487 
3746234364 
1342716610 
5902799344 
3321445713 
8067491927 
7181921799 
6494231961 


6213785595 
6615014215 
2850732518 
0579626856 
1028970641 
7869936007 
2618612586 
0917567116 
3520935396 
6711031412 


1437657618 
7647918535 
7091548141 
2828905923 
9746366730 
0291327656 
7621101100 
3123552658 
7732269780 
2111660396 


2691862056 
8611791045 
7877185560 
5661406800 
9456131407 
2708266830 
7163775254 
5097925923 
7791745011 
5961458901 


2870808599 
5403321571 
7172159160 
6639379003 
7166416274 
1900042296 
9472654736 
0386743513 
7693259939 
4132604721 
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17.4 Digits 0 to 2,500 of m (base 16) 


Tt = 
(0051) 
(0101) 
(0151) 
(0201) 
(0251) 
(0301) 
(0351) 
(0401) 
(0451) 


(0501) 
(0551) 
(0601) 
(0651) 
(0701) 
(0751) 
(0801) 
(0851) 
(0901) 
(0951) 


(1001) 
(1051) 
(1101) 
(1151) 
(1201) 
(1251) 
(1301) 
(1351) 
(1401) 
(1451) 


(1501) 
(1551) 
(1601) 
(1651) 
(1701) 
(1751) 
(1801) 
(1851) 
(1901) 
(1951) 


(2001) 
(2051) 
(2101) 
(2151) 
(2201) 
(2251) 
(2301) 
(2351) 
(2401) 
(2451) 


3.243F6A8885 
2EFA98EC4E 
29B7C97C50 
A698DFB5AC 
F12C7F9924 
S574E69A458 
4AEE7B54A4 
F0CA417918 
D71577C1BD 
48986263E8 


86AF7C72E9 
169B87931E 
6B4BB9AFC4 
EC8032EF84 
ACCS5OF6D6F 
5E21C66842 
960FA728AB 
F1651D39AF 
AS5C33B8B5E 
62363F7706 


49F1CO9B07 
794C3B976C 
246368FB6F 
2CCC814544 
COCBA85745 
A100C6402C 
16DFFD616B 
483E00DF82 
287EFFC3AC 
FO11A010FA 


4565D28E49 
E8EF20CADA 
EAADSE716B 
F6E2FBF212 
F191B3A8C1 
OFBS6F74E8 
D2ADA8D916 
B5FA86C754 
7E4900250E 
1E5563911D 


8326037662 
5100529A53 
6FB5S7 1BE9 
2EC5855664 
B5B32944DB 
EDB266ECAA 
4029405913 
D6A1D29C07 
6382E9C602 
7F35845240 


A308D31319 
6C89452821 
DD3F84D5B5 
2FFD72DBDO 
A19947B391 
FEA3F4933D 
1DC25A59B5 
B8DB38EF8E 
314B2778AF 
144055CA39 


93B3EE1411 
AFD6BA336C 
BFE81B6628 
5DS5DE98575 
F383F44239 
F6E96C9AG67 
5133A36EEF 
017666CA59 
BEEQ6F75D8 
1BFEDF7242 


5372C98099 
EOBD04C006 
AF3E6C53B5 
AFS5EBDO9BE 
C8740FD20B 
T2796 79F 25 
152F501EC8 
9E5C57BBCA 
6732C68C4F 
3D98FD2183 


BC4BFB9790 
36774C01D0 
93D5A0D08E 
2B648888B8 
AD2F2F2218 
18ACF3D6CE 
5SFA2668095 
42F5FB9D35 
2D2071B35E 
SODFAGAAT8 


95CFA911C8 
2915D60F57 
1IFF296EC6B 
53BO2D5DA9 
75092EC419 
8C71699A17 
40E4183A3E 
EFE830F54D 
1ECC5E0968 
E286B79C53 


8A2E037073 
E£638D01377 
B547091792 
1ADFB7B8E1 
6CF70801F2 
TEOD95748F 
9C30D5392A 
79DCBO603A 
2FDAS5605C 
6A2AAB10B6 


636FBC2A2B 
24CFSC7A32 
219361D809 
B1iDC262302 
2E0B4482A4 
OC9C61ABD3 
OB6C137A3B 
3E82430E88 
85C1207340 
9B023D37D0 


1B7B25D479 
BACIA94FB6 
1339B2EB3B 
E3D004DE33 
5F39B9D3FB 
FEFB1FA3CC 
ADO552AB32 
6F8CA01A87 
5573695B27 
B84AFCB56C 


E1DDF2DAA4 
7EQEFE2BF 1 
D1IDOAFC725 
12900DF01¢C 
BEOE1777EA 
89E299B4A8 
770593CC73 
CFEBCDAFOC 
226800BB57 
C14389D95A 


19684E734A 
3FBCOBC6E4 
2AQDD915B6 
OF8FA108BA 
2623AD6EA6 
FF5664526C 
3F54989A5B 
2D38E6F025 
6B3F3EBAEF 
05AA500737 


4444093822 
BE5466CF34 
16D5D98979 
AFED6A267E 
E2858EFC16 
728EB6587 1 
F26013C5D1 
180E6C9EOE 
60E65525F3 
B4CC5C3411 


A9C55D7418 
5381289586 
CCFB21A991 
EB651B8823 
84200469C8 
88F06A51A0 
E4BA3BF050 
8CEE861945 
1A449F56C1 
D724D00A12 


D8F6E8DEF7 
409F60C45E 
52EC6F6DFC 
4AFD660F 28 
DB5579COBD 
8EA5SE9F8DB 
3DB5FAFD23 
562EDF1769 
BOBBCA58C8 
2DD1D35B9A 


CB7E3362FB 
1FB495DBDA 
EOSE3SCSB2F 
4FAD5EA068 
752DFE8B02 
4FEOFD13E0 
14211A1477 
7TB3E89A0D6 
B8EOAF2464 
537F207D5B 


41B3472DCA 
2B60A47681 
636521E7B9 
47996E8507 
BO49A7DF7D 
C2B19EE119 
429D656B8F 
5DC14CDD20 
C93097 1814 
3E07841C7F 


299F31D008 
E9OC6CCOAC 
FB1BD1310B 
96BA7C9045 
636920D871 
8BCD588215 
B023286085 
8BBO1E8A3E 
AAS5AB9457 
41 E8CEA154 


31F6CE5C3E 
773B8F4898 
487CAC605D 
893E81D396 
FO4A9E1F9B 
D208542F68 
7EFB2A98A1 
6F9FB47D84 
6AAG4ED3AA 
48DBOFEAD3 


E3FE501AB6 
5C9EC2196A 
511F9B3095 
07192E4BB3 
1A60320AD6 
3222F83C75 
876053317B 
DBD542A8F6 
E1FFA35DB8 
53E479B6F8 


1341CEE4C6 
4DAE909198 
8E7594B78F 
8FC31CD1CF 
1FALE5A0CC 
B77CC43B81 
E6AD206577 
411BD3AE1E 
369BFO09B9 
A202E5B9C5 


7B14A94A1B 
E6740008BA 
FOB6FF3405 
6A4B7A70E9 
9CEE60B88F 
3602A57509 
E4D699F73F 
868470EB26 
6B6A70A168 
DEAESC8E7D 
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(2501) 
(2551) 
(2601) 
(2651) 
(2701) 
(27581) 
(2801) 
(2851) 
(2901) 
(2951) 


(3001) 
(3051) 
(3101) 
(3151) 
(3201) 
(3251) 
(3301) 
(3351) 
(3401) 
(3451) 


(3501) 
(3551) 
(3601) 
(3651) 
(3701) 
(3751) 
(3801) 
(3851) 
(3901) 
(3951) 


(4001) 
(4051) 
(4101) 
(4151) 
(4201) 
(4251) 
(4301) 
(4351) 
(4401) 
(4451) 


(4501) 
(4551) 
(4601) 
(4651) 
(4701) 
(4751) 
(4801) 
(4851) 
(4901) 
(4951) 


44EC5716F2 
1A3CB574B2 
22F547013A 
DOO30EECC8 
B3314E548B 
795679B072 
5512721F2E 
9FQABCE94B 
18473215D9 
02133AE4DD 


D7A3C76B3C 
153C6E86E3 
O6FA2965DC 
6AC6150EBA 
1939260F19 
BC4595A67B 
218568AB98 
2829076170 
AA0363CFB5 
622CA79CAB 


BB5040685A 
9995F7997E 
0E358829C7 
83C3FF1AC2 
F2EF34C6FF 
14203E13E0 
EF6ABBB565 
816250CF62 
749247848A 
0058428D2A 


D65FECF16C 
07808419F8 
ABFC800BCA 
D3105588CD 
F16DFF2015 
8140F7F64C 
0068D40824 
4614214F74 
BFBCO9ECO3 
2547E6ABCA 


1462D74869 
067AF4D6B6 
DOF385B9EE 
E397B23A6E 
B397454056 
4B55A867BC 
SEF47E1C90 
C11548E4C6 
79A45D886E 
34602A9C60 


B8BO3ADA37 
25837A58DC 
ES5E58137C2 
C73EA4751E 
384F6DB908 
BCAF89AFDE 
6B7124501A 
7D8CEC7 AEC 
08DD433B37 
7ADFF89E10 


11183B5924 
4570EAE96F 
B999E71D0F 
94E2EA78A5 
C279605223 
C883B17F37 
O2EECEASOF 
ECDD477561 
735C904C70 
SCABB2F384 


323C2AB4B3 
623D7DA8F8 
E61FD696DE 
4696CDB30A 
EAFE28ED61 
45EEE2B6A3 
4F3B1D41CD 
A1F25B8D26 
0B5692B285 
OCS55F5EA1D 


223BDB7CDE 
SO9EE8EFD8 
DC9E447A2E 
675FDA79E3 
3E21E78FBO 
2610946929 
713320F46A 
BF8B88404D 
BD97857FAC 
0A9A285078 


O0680ECOA4 
AACE1E7CD3 
39D7AB3B12 
FA74DD5B43 
ACBA489527 
A1159A58CC 
29317CFDF8 
6D2248C113 
17325F51EB 
DFF8E8A31F 


FO500CODFO 
0921BDD191 
DADCC8B576 
41E238CD99 
6F420D03F6 
9A771FD993 
DDE69F84CD 
3ADB851DFA 
24C2BA1612 
314E5581AC 


ASOOF28FE6 
Bi860E5E0A 
803E89D652 
FC3C531E0A 
A708F71312 
D1018CFF28 
DB2F953B2A 
9F151013CC 
A239D59E9E 
6E648B1EAF 


319EE9D5CO 
37889A97E3 
DFA17858BA 
EB532E3054 
EE7C3C735D 
AAABEADB6C 
2105D81E79 
46FC8883A0 
OS5BBFOO0AD 
ADF43E233F 


3759CBEE74 
5561D99735 
C3453484FD 
674340C5C4 
3D4AE6E39F 
34411520F7 
43B7D4B750 
95FC1D96B5 
6DD031CB85 
25530429F4 


27A18DEE4F 
375FECCE78 
4E8B1DC9OFA 
326841E7F7 
55533A3A20 
A9296399E1 
E80204272F 
3FC70F86DC 
D59BCOD1F2 
636C1BO0E12 


1€1F040200 
13F97CA92F 
349AF3DDA7 
3BEAOE2F32 
OAO4BF2CB8 
0810B38BAE 
877A584718 
63094366C4 
A14D432A65 
77D65F1119 


ED97F1FBFA 
5ASE2AB377 
66C8252E4C 
2DF4F 2F74E 
BG6EBADFEGE 
C332DDEFBE 
EF7DADSB6E 
A830EB61BD 
OBCBAADE14 
19BDFOCAAO 


21B8F79B54 
2D7711ED93 
9957F584A5 
8FD948E46D 
4A14D9E864 
4FiSFACB4F 
9E86854DC7 
C1C7B6A37F 
19489D1462 
70613372F0 


604085F2A7 
A969A7AAC5 
D567050E1E 
3465713E38 
2BDB83ADF7 
7602D4F7BC 
0061AF1E39 
91AF70F4DD 
0496EB27B3 
OA2C86DAE9 


3FFEA2E887 
A399406B2A 
F74B6D1856 
CA7820FBFB 
838D87FE6B 
DB33A62A4A 
7080BB155C 
O7F9OCOEE41 
BCC18F4111 
B4C202E132 


B3FFAEOCF5S 
F694324773 
A94461460F 
80BBA1183E 
129024977C 
12DCCF3F2E 
7408DA17BC 
64C3D2EF1C 
C451509400 
9B043556F 1 


9EBABF2C1E 
1FE71C4E3D 
C9789C10B3 
A7361D2B3D 
EAC31F66E3 
6CS5AA56558 
2F841521B6 
960334FE1E 
EECC86BC60 
2369B9655A 


0B19875FA0 
5F16681281 
1B2272639B 
BC312858EB 
B7E342105D 
DOC742F442 
E44B476A3D 
1524C369CB 
B17423820E 
928D937E41 


CE77326EA6 
OCO6C25A04 
9EC9DB73DB 
D83D28F89E 
E93D5A6894 
F46B2ED4A2 
F62E972445 
D366A02F45 
55FD3941DA 
B66DFB68DC 


AD8CB58CEO 
4220FE9E35 
26A36631EA 
OAFS4ED8FE 
A9B7D09695 
563F3125F9 
05282CE395 
041FOF4047 
3564257B78 
QEAF664FD1 
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17.6 Continued fraction elements 0 to 1,000 of zw 
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17.7 Continued fraction elements 1,001 to 2,000 of z 
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A. Documentation for the hfloat Library 


The following is (almost) the documentation that comes with the hfloat 


package! . 


A.1 What hfloat is (good for) 


e hfloat (for ‘huge floats’) is a library package for doing calculations 

with floating point numbers of extreme precision. It is optimised for 

computations with 1000...several million digits. The computations 
can be done in (almost) arbitrary radix. 

The library contains routines for addition, subtraction, multiplica- 

tion, division, n-th power, square root, n-th root, logarithm, expo- 

nentiation and many more. 

e There are implementations of several superlinear converging algo- 
rithms for the computation of pi=3.14159265... (in src/pi/). The 
computation of 1 million decimal digits of pi takes about 2 minutes 
on an AMD Athlon/800. 

e Code examples for the usage of the library are in examples/. 

Code for a binary that collects the pi algorithms can be found in 

calcpi/. 

Included is the fxt-library, containing many FFT-implementations, 

code for convolution, correlation, spectrum and much more. 

e High precision computations test your systems reliability (hardware 

and compiler): every little error results in garbage digits. 

Digits of appropriate constants can be used as high quality ‘random’ 

numbers eg. for cryptographic stuff. 

You may (and are encouraged to) use the fast multiplication in your 

own noncommercial bignum software. 


‘hfloat is online at http://www.jjj.de/hfloat/, the author of hfloat is Jorg 
Arndt. 
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A.2 Compiling the library 


hfloat is developed under Linux with GNU C It has been compiled 
under Linux on intel (386, 486, 586 and compatibles and ia64), power 
pe, alpha and $/390. Compilation under other UNIXes should be pos- 
sible with few or no changes, especially if GNU C is used. Basically 
you need a decent make-utility and a C-compiler?, GNU C and GNU 
make are strongly recommended. To compile the library 


e Type ‘make dep’ (for dependency files) 
e Type ‘make 1ib’ to make the library 


A.3 Functions of the hfloat library 


Member functions of the hfloat class are declared in src/include/ 
hfloat.h 

Static member functions, they affect some property of the whole 
hfloat class: 


e hfloat::default_prec() returns the default precision that can be 
used (unit is LIMBs)?; 
hfloat: :default_prec(unsigned long m) sets the default preci- 
sion m; 
call it once at the beginning of your code 

e hfloat::radix() returns the radix, which is the same for all 
hfloats; 
use hfloat::radix(unsigned long r) to set the radix. 
Note that after a radix change all hfloats contain garbage data in 
their mantissa so they must be reassigned new values before they 
are read. 
normally you will use hfloat::radix(unsigned long r) once at 
the beginning of your code 


Nonstatic member functions, they affect one particular instance of 
an hfloat: 


e the constructor hfloat() creates an hfloat with 
default_precision() 


? expect problems with crippled Microsoft compiler-oids 
3 for the notion of a LIMB see page 251 
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e the constructor hfloat (unsigned long n) creates an hfloat with 
n LIMBs 
Create hfloats like hfloat a; (for default precision) or 
hfloat a(1024); (for a precision of 1024 LIMBs). 
Direct initialization like hfloat a = 1234; is not possible because 
the constructor hfloat(unsigned long) has the explicit modifier. 
Instead say: hfloat a; a = 1234; 
e the copy constructor hfloat(const hfloat &h) creates a copy of 
the hfloat h 
the(assignment) operator = 
for arguments (i.e. right hand side quantities) int, long, unsigned 
long, double, strings (i.e. char *) and hfloat, 
e size() returns the size of the mantissa (in LIMBs) 
size(unsigned long s) resizes the mantissa to s LIMBs 
e prec() returns the current working precision (in LIMBs) 
prec(unsigned long p) sets the working precision to p LIMBs, re- 
sizes if necessary. 
e exp() returns the exponent (with respect to LIMBs); 
exp (long) sets the exponent 
e sign( returns +1,0,—1 as usual; 
sign(int s) sets the sign 


Operators for hfloats are declared in src/include/hfloatop.h: 


e the shortcut operators +=, -=, *=, /= 
for right arguments long and hf eat. 
® comparison operators ==, !=, >=, <=, <, > 


for comparisons of hfloats with hfloats or longs 
e comparison operators <, > 
for comparisons of hfloats with doubles 


Functions for hfloats are declared in src/include/hfloatfu.h: 


e functions of the type func(src,result) 
where func € inv, sqr, sqrt, isqrt, cbrt, log’, exp, 
e functions of the type f(srcel,src2,result) 
where func € add, sub, mul, div, pow, root, iroot, log, 


The function names should be self-explanatory. 
Print hfloat.h, hfloatfu.h and hfloatop.h now! 


4 logarithm to base 2.71828... 
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There are also the binary operators +, -, *, / and functions 
that return a hfloat, like func(src) where func € inv, sqrt, 
but do not use them if you are after performance: they create tempo- 
rary hfloats and are there only to allow lazy coding. 
E.g. instead of 
xX=atb; 
use 
X= a; x += b; 
or 
add(a, b, x); 
Instead of 
x = exp(a); 
use 
exp(a,x); 
Note that the result is always the rightmost argument. 


A.4 Using hfloats in your own code 


In order to write your own code that uses hfloats 


® you must #include src/include/hfloat.h to get the functions of 
the hfloat lib. 

e use hfloat::default_prec(n) where n is the precision in LIMBs 
(use a power of two) 

e use hfloat: :radix(rx) where rx is the radix (use 10000 for decimal 
numbers or 65536 for hex numbers) 

e use hfverbosity: :tell_all() if you like to have many operations 
echoed, hfverbosity: :hush_al1() for silent operations 

e when compiling yoursrc.cc that uses hfloats link it against the 
library libhflt.a 

e for extreme precisions increase the maximal workspace size, as de- 
scribed on page 250. 


Cf. examples/ex*.cc for some simple examples of how to use 
hfloats. Look into examples/index.txt for what’s there. 


A.5 Computations with extreme precision 


In order to do computations with the maximal possible precision on 
your computer you have to manually set the maximal workspace size: 
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Set the environment variable NOSWAP_BYTES according to the size of 
physical RAM where no swapping will occur, e.g. with bash say: 
export NOSWAP_BYTES=32M 

See src/fxt/auxil/workspace.cc for the default. 

Do not give the total amount installed RAM, your machine will 
swap to death if you try really use it for hfloat. Currently if you don’t 
give a power of 2 then the size is increased to the next bigger power 
of 2. You may append ’k’ for kilobyte or ’M’ for megabyte. 


A.6 Precision and radix 


For the quick readers I begin with the resumee: 


e for decimal digits and precisions up to 22? LIMBs® use radix 10,000 
(for even greater precisions choose radix 1,000) 

e for hexadecimal digits and precisions up to 2'8 LIMBs® use radix 
65,536 (for even greater precisions choose radix 4,096) 


The mantissa of a double consists of (typically) 53 bits’, its radix 
(base of representation) is 2. The analogous quantity in the mantissa 
of a hfloat is a LIMB (typedef’d to an unsigned 16 bit quantity). So the 
radix of a hfloat can be in the range 2...65536(= 2!6). 

If one wants to get decimal numbers one would not use radix 10 
but the greatest power of 10 that is < 2!®, which is 10000. Due to 
the implementation of the convolution there is a second restriction 
to the radix: The cumulative sums c, have to be represented exactly 
enough to distinguish every (integer) quantity from the next bigger 
(or smaller) value. The highest possible value for a cy, cm, must not 
jump to ¢, +1 due to numerical errors. For radix R and a precision 
of N LIMBs 


Cm = N(R-1)? 


This is N times the product of two ‘nines’ (R — 1), which can appear 
in the middle term of the convolution. c,, needs 

log,(N (R — 1)”) = log, N +2 logs(R — 1) 
> corresponding to more than 32 million decimal digits 


8 corresponding to more than 1 million hexadecimal digits 


” Of which only the 52 least significant bits are physically present, the most signi- 
cant bit is implied to be always set. 
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bits to be represented exactly. 
Due to numerical noise there must be a few more bits for safety. 
The cy are computed using doubles. We need to have 


M > logy N +2 log,(R-1)+S 


where S :=safetybits and M :=mantissabits. With log.(R -—1) < 
logy(R) we have equivalently 


Nmaz(R) 2 9M-S—2 logy(R) 


Thus if we want base 2 numbers we would first choose radix R = 
2'6 but this can (if we have M = 53 mantissabits and require S = 
3 safetybits) only be used for precisions up to 


Nmaz (tadix = 65,536) = 2°3-3~2:16 — 918 — 256kiloLIMBs 
(corresponding to 4096kilo bits = 1024kilo hex digits). 
Nmax(tadix = 32,768) = 27° = 1MegaLIMBs 
(corresponding to 15360kilo bits = 3840kilo hex digits). 
Nmax(tadix = 16,384) = 2?? = 4MegaLIMBs 


(corresponding to 57344kilo bits = 14336kilo hex digits). 
For decimal numbers 


Nmax (radix = 10,000) = 253-3-?:18-29 — 973-42 gif egaLIMBs 
(N = 23 corresponding to 32Mega decimal digits). 
Naz (radix = 1,000) = 2°°°7 > 1GigaLIMBs 


(N = 30 corresponding to 3Giga decimal digits). 
If the LIMBs weren’t restricted to 16 bits: 


Nmazx(radix = 100, 000) = 21678 > 16kiloLIMBs 
(N = 16 corresponding to 80kilo decimal digits). 

Nmax (radix = 1,000, 000) = 21°13 > 1kiloLIMBs 
(N = 10 corresponding to 6kilo decimal digits). 
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A.7 Compiling & running the 7-example-code 


To compile the code in the directory calcpi/ 


e Type ‘make pi’. 

e cd to the bin directory, find the example binary pi there. 

e Type ‘pi --help’ for usage information (the help text can also be 
found in the file doc/pihelp.txt). 

e Type ‘pi 10’ to run the program. It will compute 4096 decimal digits 
of 7 (in about 1 second on a not very ancient computer). 

e See the file result.txt for the digits of 7. All but the last few 
digits (10 or so) of the output should be correct. Check correctness 
like this: 

e Type ‘pi 10 314’ to run the program selftest which uses several 
algorithms and outputs how many LIMBs differ in the results. 

e Type ‘pi 8 0 65536’ to get 1024 hexadecimal digits of 7. 

e Type ‘pi 18 16’ to get > 1 million decimal digits of 7. 


A.8 Structure of hfloat 


The hfloat code is divided into two layers: 

The class hfloat (top, user interface) layer. A hfloat consists of a 
unique id number (for internal use only), sign and exponent plus and 
a pointer to class hfdata. Currently there is a one-to-one correspon- 
dence between hfloats and hfdata (it possibly will remain like this). 
The arithmetical operators and functions like mul (src1,src2,dest) 
are here. The iterations (for root extraction, inversion, ...) are also in 
this layer. 

Declarations are in src/include/hfloat.h (class), src/include/ 
hfloatop.h (operators) and src/include/hfloatfu.h (functions). 
Source files are in src/hf/. 

The class hfdata (mantissa operations, number crunching) layer. A 
hfdata consists of a pointer to the digit field, the size and precision of 
the mantissa data. Typical function names are dt_something(...), 
Declarations are in src/include/hfdata.h (class) and src/include/ 
hfdatafu.h (functions). Source files are in src/dt/. 
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A.9 Organisation of the files 


directory 
bin/ 
doc/ 
examples/ 


which files are there 2 
binaries and libs 

the main documentation 

simple example code, look there! 


calcpi/ m7 example 
src/ (source directory) 
src/fxt/ source for the fxt-librarry 


src/fxt/mult/ | source for the fft-multiplication 
src/include/ | header files for the hfloat-librarry 
src/tz/ source for the transcendental functions 
src/hf/ source for the hfloat-layer 

src/dt/ source for the hfdata-layer 

src/pi/ source for the 7-library 

testing/ cryptic test routines, better ignore 
*/pucket/ garbage & trash 


Selected files in some directories: 


e src/include/: (declarations) 
—hfloat.h: the hfloat class 
— hfloatfu.h: hfloat functions 
—hfloatop.h: hfloat operators 
— hfverbosity.h: adjust how talkative the hfloat operations are 
— hfdata.h: the hfdata class 
— hfdatafu.h: hfdata functions 
e src/pi/: implementations of the 7-algorithms 
e src/hf/: 
—hfloat.cc: hfloat class member functions 
—hfloatop.cc: hfloat class operators 
— init.cc: magic initialiser for the hfloat class 
~— it*.cc: code for iterations (inverse, sqrt, inverse n-th root) 
e src/dt/: 
— hfdata.cc: hfdata class member functions 
— dt*.cc: hfdata functions 
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A.10 Distribution policy & no warranty 


legal stuff 

e The hfloat package and code is freeware, you may use it at no cost 
for noncommercial purposes. 

e The copyright remains by the author (Jérg Arndt, arndt@jjj.de). 
Obvious exceptions are the included pieces of code by other authors. 

e You may (and are encouraged to) give hfloat away free of charge. 
Always give a pointer to the original hfloat if you redistribute pieces 
of it. 

e You are not allowed to make money with hfloat (or parts of it) in 

any way. 

Before putting hfloat on a CD or similar get my agreement. 

e WARNING: hfloat is distributed ‘as is’, you are using hfloat at your 
own risk. I will take no responsibility for potential damage that might 
be caused. 


end of legal stuff 


Please be nice and give me credits if you use hfloat for anything in- 
teresting /noticable/scientific. I am interested in hearing about your 
project. 

If you use hfloat for scientific purposes then cite it in your publica- 
tions as you would cite an ordinary publication. 

Please check for newer versions before passing hfloat on. I tend to 
upload new versions even for small changes. 

If you notice errors in the code or the documentation please take the 
time and drop me an email. 
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